Vol 44 No. 9
September 2023

Journal of Harbin Engineering University
ISSN: 1006-7043

Relation Between Second and Third Coefficients of Taylor’s Expansion of
Functions Belonging to A Subclass of Univalent Functions

Ananda S. Patil
Dept of Gen. Eng., Bharati Vidyapeeth’s College of Eng., Kolhapur, Maharashtra,
Gurmeet Singh
GSSDGS Khalsa College, Patiala, Punjab

Abstract: The objective of this paper is to present new class and various subclasses of that class of univalent
functions. We discuss approximations on the Taylor—Maclaurin coefficients |a,,;1| and |azm+1|, and the
Fekete—Szego problem is also considered for the new class and its subclasses of functions introduced. We

denote these classes byKS*(f,f',a,) and will be defined asKS*(f,f’,a)z{f (z);%[l—a+

{Zf’(Z)}’] _ (1+w(z)

o | = 1+W(z));ZEE}.KS (f,f, a A B d)will give its various subclasses for different values of the

zf'(2)
f(2)

@) _
f'@

parameters A,B& and will be defined asKS*(f,f',a,A,Bd)= {f (2); [1 —ata

(1:‘;—::8)6 ; zeE}. We obtain a Fekete—Szego inequality for certain normalized analytic function belonging to
these classes and subclasses defined on the open unit disk. As a special case of this result, the Fekete—Szego
inequality for this class of functions defined through extremal function which makes the inequality justified
strongly is obtained. We establish the coefficient inequality proved by Fekete and Szegd [5] in 1933 by using
the analytic functions of the formf(z) = z +Y%_, a; z*belonging to the newly established class of analytic
functions.
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Introduction
It is well known that the coefficient problems in
geometric function theory have ever demanding
attention. Bieberbach was the first to prove the
Coefficient result |a,| < 2 for functions f € §
i.e. class of Starlike functions and equality holds if
and only if f is a rotation of the Koebe function.
Having proved that |a,| <2, Bieberbach
conjectured that the coefficients of each function
fes satisfy la,| <nforn = 2.Strict
inequality holds for all values of n unless f is the
Koebe function or one of its rotations. Loewner
proved the Bieberbach conjecture for n = 3,
Garabedian and Schiffer proved it for n = 4,
Pederson and Schiffer proved it for n = 4and
Pederson proved the Bieberbach conjecture for
n = 6. Since the Bieberbach conjecture was
difficult to settle, several authors have considered
different classes defined by different geometric
conditions. Notable among them are the classes of
convex function, Starlike function and Close-to-

convex function. At last, Louis de Branges proved
the Bieberbach conjecture completely.

In this paper, we will be dealing with geometric
function theory that is abranch of complex analysis
which deals with the regular functions
geometrically. The pillar of this theory is Riemann
Mapping Theorem which was proved in 19"
century. It initiated its roots in the work of great
mathematician Koebe [10] in 1907, who stated
that "An analytic function which is univalent has
properties of conformal mapping i.e. angle
preserving property". From this theorem,
Bieberbach conjecture was proved. This was given
by L. Bieberbach[2] in 1916 but proved finally by
Louis De Branges [3] in 1985 and while tackling
with this conjecture, an equality arises, which is
called FeketeSzegé Inequality given by Fekete and
Szeg6 [5].

The inequality which is for the function f (z) €A and
based on Bieberbach conjecture,is named as
FeketeSzego Inequality, which states that if f(z) is
a function of type
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flz) =z + Zakzk
k=2
which is univalent in E, then

/
3—4pifu<o0

2u
3 —pa3 | < 1+2exp<1
4p—-3ifu=1
This is an inequality which is related to univalent

analytic functions [8],[16],[18] — [40] and gives
the necessary condition to map the unit disk of a

)lf0<u<1

complex plane injectively to the complex plane. It
gives the relation between second and third
coefficient of univalent analytic function.

In order to prove our result, let us explain some
classes and some basic results related to our
work:-

Aconsists all those functions f which are analytic
in open unitdisc E ={ze(C:|z| < 1} and are of
the formf (z) = z + Yo, a,z® ,  with
=0, f'(0) =

S be the family of functions fwhich are univalent

normalization conditions f (0)

in the open disk { ze C:|z| < 1} with conditions
f©) =0,f'(0) =1 and f(2) =
Z:;zakzk.

§*(¢p) is the class of functions in f &S, for
whichzf%z()z) < ¢ (z), given by Ma and Minda [12]

and is known as class of starlike functions.

t(z)be a family of analytic functions in the open
unit disk £, having functions of the formt(z) =
Y Cp 2™ , it is a class of bounded analytic
function denoted by U, if the conditions

t(0) = O0and |t(z)| < 1hold. The necessary
conditions for any function to be bounded analytic
function are [c;/ £ 1, [c,] < 1-/c1/2; which were
given by Miller et. al. [13].

Let u (z) and v(z) are two analytic functions in E. If
there existsaSchwarzian function F(z) (analytic in E)
in such a way that [F(z)] <1, F(0) =0 and u(z) =
V(F(z)) ; z € E then the function u(z) is subordinate
to v(z) written as u(z) < v(z) and this concept
(called subordination) was given by Lindelof [11].
We introduce more
subclassesKS*(f, f', @),KS*(f.f', a, &),
KS*(f,f',a,A,B), KS*(f,f',a,A,B 6)of
KS*(f,f', a)containingfunctions f@=z+
Y7, a z¥; defined as

Using these values of a, and a3, one can construct
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e 2@,
Ks<f,f,a)—{f<z> o)
@y
'@
_(1+w(2)\
—(m>'“E}-
P #' @,
Ks<f,f,a,6>—{f<) o)
'@y
f'@)

2f'(@)
{f()f()

o zf' @Y
f'(@)

_ (1 + AW(Z));ZEE}.

KS*(f.f',a,A,B)

1+ Bw(z)
KS*(f,f' a A B &)
zf'(2) )
{f @ Fey
o {zf' (@)}
f'(@)

_(1+Aw(2) 6.
_(1+Bw(z)) ’ZEE}'

Il Main Results
THEOREMZ1:- Let f (z2)eKS*(f,f',a) and ¢ (z) =
Lw(@) . ;W(z) is a Schwarzian function , then
1-w(z)’
|(Ba + 1)az — u(Ra + 1)2a3 |
(20: +3

l2a+1

__4 . P
Bh=20a+1)’
a+1
<11 < u< ;
| "2Qa+1) 2 +1
4 2+ 3 S Q +1
P R L
The result is sharp
PROOF: - By definition of KS*( f, f', @), given by
(1.1)

and using w(z) = ¢,z +cpz% + c323 + ...,

flz)=z+ a,z® +azz3 + ...

f'(z)=1+2ay,z +3a3z% +4a,z3 + ... weget
{1+ Qa+Dayz+ {28a+ Da; — Ra +
Daz}z? + ..} =1+2z+ 2(c; + ¢?)z%+ ...
Comparing like coefficients, one can easily obtain

2a+3 o
€1
2a+1

1
a, = = ——1c
2 (3a+1){ 2

2a+1
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2a + 3

3 Da; — u(2 1)%a2 = (—— 4 ) 2

Ba+1az —ua + 1)%a; c; + a+ 1 u)cy
After applying mode on both sides, we get

5 5 a+3 )
(Ga+ Da; - p@a+ D@3 < ool + [~ 4u I
Using [c;] <1 — |¢q|% we get
2 2 20+ 3 )
|Ba + Daz — uQRa+ 1)%a5| < 1 + {|2a+1 - u|—1}|cl|
Case 1:- If pu< 243 1 this case, we obtain
4(2a+1)
|Ba + Daz —uRa + 1)%a2| <1+ {Za 1 4,11} lcs|?
2
Subcase — 1 (a):- Whenu< Qe
By using |c;] <1, we get
|G + Das —p(2a + 23| < 253 _y (12)
a as — a as| < — .
3~ H 2 2a+1 U
Subcase — 1 (b):- When p > 4(262”1). It gives us
|Ba + Daz — uQRa + 1)?a3| < 1 (1.3)
2a+3
Case — 2:- |f|J.Z m.
We can easily obtain
4(a+1)
3a + Da; — uQRa + 1)%ad3| < 4uy————
|Ga+ Das — p(2a + 1%a3 | < 4p—— ——

Subcase-2 (a):- When p > % It yields
|(3a + Dag — uRa + 1)?%a3| < 1 (1.4)
Subcase — 2 (b):- Whenu< % Solving, we get
2+ 3

2a0+1
Combining (1.2), (1.3), (1.4) and (1.5) , we get the required result.

Corollary 2:- Putting @ = 0, the result becomes

|(Bar + Dag — u(Ra + 1)?a3 | < 4u — (1.5)

(3 4u;n < 1-
i W= 5
— < 1
las —ua; | < 1y Sus
4u—3;p=1.
which is the required resultofFeketeSzego inequality for class of starlike functions.
THEOREMS3:- Let f (z2)e KS*(f,f',a,6) and ¢ (z) =%§2,’W{Z) is a Schwarzian function, then
§+26(a+1 6+26(a+1)—Ra+1
( @+D) o 0420@HD-Qat)
2+ 1 4(2a + 1)62
3a+1 §+26(a+1)—(Ra+1) §+28(a+1)+Q2a+1)
—u(2 1%a?| <{1; Su< ;
5% rRatDar| < 4(2a + 1)62 " 4(2a + 1)62
[ ,  6+28(a+1) §+28(a+1)+ Ra+1)
| 46°u — Tu= .
20 +1 42a+1)6

The result is sharp

PROOF: - By definition of KS*(f, f', @, 6), given by (1.1)

and using w(z) = ¢z +c,z% + 323 + ...,

flz)=z+ a,z® +azz3 + ...

f'(z)=1+2ay,z +3a3z% +4a,z3 + ... weget

{1+ Qa+ Daz+ {2Ba+ Das; — Qa+ 1a3z}z? + ..} =1+4+28z+ 25(c, + 6ct)z%+ ...
Comparing like coefficients, one can easily obtain
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28¢, _ 5+28(a+1) -
a2 2a+1and 3T (3¢x+1){ 2 2a+1 1}
Using these values of a, and as , one can construct
B3a+1 6+26(a+1)
5 uQa +1)%a2 = c, (Za—-l-l - 462u> c?
After applying mode on both sides, we get
3a+1 §+26(a+1)
5 B~ nQa +1)%a; | < e, + |T— 48%u| |cf|
Using [c;] <1 — |¢y|% we get
3a+1 2 2 6§+ 26(a+1) ) )
| 5 a3—,u(2a+1) a; < 1+{|T—46y—1}|cl|
Case 1:- If p< %. In this case, we obtain
3a+1 §+28(a+1)—Qa+1)
3 as; — uQa + 1)%ad? S1+{ 5+ 1 — 482t |y |?
Subcase — 1 (a):- Whenu< S+28@tl)-@atl)
42a+1)
By using |c;| < 1, we get
|3a+1 2q + 122 <6+26(a+1) 457 31
5 % ~HQa+Day| < o+ 1 v (31)
. 6+26(a+1)-(2a+1) .
Subcase — 1 (b):- When p> T agar) It gives us
3a+1 2 2
5 a; —uRa+1)as| < 1 (3.2)
. 5+26(a+1)
Case2:- Ifu=> TCaro?
We can easily obtain
3a+1 §+25(a+1)+ Ra+1)
—u(2 1)2a2| < 46%u—
| 5 G THCatDiay| < 457 2a+1
. 6+28(a+1)+(2a+1) .
Subcase-2 (a):- When p> T a@ary It yields
3a+1
| 5%~ uRa+ 1% < 1 (3.3)
. 5+28(a+1)+(2a+1) .
Subcase — 2 (b):- Whenpu< T agar) Solving, we get
3a+1 6+ 26(a+1)
_ 202 | < 482y — N7 7 77
| 5 % uQa + 1)%as | < 46°u o+ 1 (3.4)
Combining (3.1), (3.2), (3.3) and (3.4) , we get the required result.
Corollary 4:-Putting 6 =1, the result becomes
20+ 3 4 <
2a+1 PHRE20ar )’
1 a+1
3a+ Da; —puRa+1)%a3| <4 lj,—————< p<—;
IC Jaz — u( )?as | ,2(2a+1)_u_2a+1,
2a+3 a+1

4u — JU = .
P 2a+1'" " 2a+1
which is the required resultof FeketeSzego inequality in Theorem 1 above.

Corollary 5:- Putting & = 0, the result becomes

( 36 —1
6(3—46u) 0 < ———;

462
la 2] < 1.36—1< <35+1.
6 3 I'LZ — ) 462 —u— 462 ]

S(4su—3) > 0L
(40 =32 =3

Corollary 6:- Putting @ = 0,6 = 1, the result becomes
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(3 4 u < L
i LU= 5
laz —paz| < 1:%SHS1;
4u—3;p=1

which is the required resultof FeketeSzego inequality for class of starlike functions.

THEOREM?7:- Let f (2)eKS™(f, f', @, A, B) and ¢ (z) = ifﬁﬁii

((A=2Ba+1)

;w(z) is a Schwarzian function , then

A-2B(a+1)—Qa+1)

' 2arl A B ms (2a+Do2(A-B)2
2Ba +1) L, A-2B(a+1) - (a+1) A-2B(@a+1)+Qa+1)
a—p & HRat D S{L CatDA-B? "5 ZarDA-B?

A-2B@+1) _A-2B@+1)+Qa+1)

A=BYu——— g 12 (2a + 1)(A - B)?

The result is sharp

PROOF: - By definition of KS*( f, f', a, A, B), given by (1.1)

and using w(z) = c;z +c,z% + c32°% + ...,

flz)=z+ ayz* +azz3 + ..

f'(z)=1+2a,z +3a3z% +4a,z° + ... weget

{1+ Qa+ Daz+ {2Ba+ Da; — QCa+ 1a3}z? + ..} =1+ (A —-B)z+ (A—B)(c, — Bct)z%+ ...
Comparing like coefficients, one can easily obtain

_ (4-B)cy (A-B) { L+ A-2B(a+1) cz}

a
2 2a+1 2(3a+1) 2a+1 1

anda; =

Using these values of a, and as , one can construct

2Ba+1) A—2B(a+1)
A-B) a; —puQRa + 1)%a3 = ¢, <—2a 1 - (A- B)2y> ct
After applying mode on both sides, we get
2Ba + 1) A—-2B(a+1)
4-B) az — u2a +1)%a5 | < e + |—2a+1 — (A—=B)%ul|c?|
Using [c,] <1 — |¢q|? we get
2(3a + 1) A—-2B(a+1)
——a; —u(2 D22 < 1 — — (A-B)?*u| -1 2
G % HQa+ D < +ﬂ e~ (A= B = 1¢la
. A-2B(a+1) . .
Case 1:- If p< GarD(AB)E" In this case, we obtain
23a+ 1)

as — uQa + 1)%a?

Sl+{A—23(0{+1)—(2a+1)

T —(A—B)Zu}lcllz

(A-B)
. A-2B(a+1)-(2a+1)
Subcase - 1 (a):- Whenp< (2a+1)(A-B)?

By using |[c;| £ 1, we get

|(3a + Das — u(2 242 LM_ — B)?
3 —HQRa+1)%a3| < a1 (A—B)*u (7.1)
. A-2B(a+1)—(2a+1) .
Subcase — 1 (b):- When p > T eain@B? It gives us
2Ba+1
ﬁ(lg - /1(20( + 1)2a% <1 (72)

A-2B(a+1)
Ifu= (2a+1)(A-B)?’

We can easily obtain

Case — 2:-

2(3a+1) A—-2B(a+1)+ RQa+1)
——a; —u(2 12%a2| < (A-B)?u-—
G—F) %~ HQe+ VG| < (A-B)u e
. A-2B(a+1)+(2a+1) .
Subcase-2 (a):- When p > TRtz It yields
2(3a + 1)
|m as — ,LL(Z(I + 1)2a§ <1 (73)
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A-2B(a+1)+(2a+1)

Subcase - 2 (b):- Whenu< (2a+1)(A—B)2

. Solving, we get

%0@ —puRa+1)2%a2| < (A-B)?u-— % (7.4)
Combining (7.1), (7.2), (7.3) and (7.4) , we get the required result.
Corollary 8:- Putting a= 0, the result becomes
A—2B—-1
.(A—ZB_(A_B)ZM;Hﬁw;
2 5 A—-2B—-1 A—-2B+1
—(A_B)as—#az < 1;7(/1_3)2 < ”37(/1—8)2 ;
5 A—-2B+1
k(A—B) ﬂ—A—ZB;HZW

which is the required result of FeketeSzego inequality for the class S*(4, B).

Corollary 9:- Putting A = 1, B = —1, the result becomes
2+ 3

20+ 1

1
— A S S
BH=50a+ D
1 a+1
5 TS WS o
2Qa+1) 2a+1
4 2a +3 S a+1
S R o
which is the required resultof FeketeSzego inequality in Theorem 1 above.

|Ba + Dag — uRa + 1)?%a3| << 1

Corollary 10:- Puttinga = 0,A = 1, B = —1, the result becomes

1
(3 -4 < 5
as —ua?| < 1
las — ua; | |1;ESHS1;
k4y -3p=1.
which is the required resultof FeketeSzego inequality for class of starlike functions.
THEOREM11:- Let f (z)eKS*(f,f',a,A,B &) and ¢ (z) = %,‘W{Z} is a Schwarzian function , then
2(3a + 1)
ma3 - ‘LL(ZCZ + 1)2a§
A6 —26B(a+ 1) A6 —26B(a+1)— (Ra+1)

—82(A-BYupu<

2a+1 Qa+ )62(A—B)Y

A6 — 26B(a +1) — (2a +1) 48 —26B(a +1) + Qa+1)

S\VY T Qa+ D624 - B Qa+ 1)62(A—B)YE '
| A5 —28B(a+1) A8 —28B(a+1)+Qa+1)

204 _ P\2,, _
|4 =B)Yu 2a+1 M T T Qa+1)62(A—B)?

S upu<

The result is sharp

PROOF: - By definition of S*( f, f', a, A, B §), given by (1.1)

and using w(z) = c;z +c,z% + c32°% + ...,

flz)=z+ az® +azz3 + ...

f'(z)=1+2a,z+3a3z% +4a,z% + ... weget

{1+ Qa+ Daz+ {2Ba+ Da; — Qa+ Da3}z? + ..} =1+6(A—B)z+ 8§(A—B)(c, — §Bc?)z%+

Comparing like coefficients, one can easily obtain

_ 8(A-B)cy _ 8(A-B) A5-26B(a+1)
27 2a+1 andaz = 2(3a+1) {Cz + 2a+1 Cl}
Using these values of a, and a3 , one can construct
2(3a+1) A5 — 26B(a+1)
SA-B) a; —uQRa+ 1% = ¢, + ( at 1 - 62(A—B)2/1>c12
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After applying mode on both sides, we get

2Ba +1) AS — 28B(a + 1)
m‘ls —puQRa+1)%a;| < lc| + | a1 — 8%(A—-B)*u||cf|
Using [c;] < 1 —|cq|? we get
2Ba +1) A8 — 26B(a + 1)
——az — u(2 1D2%a2| < 1 - 82(A-B)%u| -1 2
|5(A—B)a3 uQCa+1)%a; | < +{| 2a+1 ( )u |cal

AS5—26B(a+1)
i us (2a+1)82(A-B)?’
2Ba+1)
sA-B) =

Subcase — 1 (a):- Whenu<

Case 1:- In this case, we obtain

{A(S —28B(a+1) — (2a + 1)

— u2a + 1)2a2
ua + 1)%a; at1

<1+

—8%(A— B)ZM} |ea?

A6-26B(a+1)-(2a+1)
(2a+1)82%2(A-B)?

By using |c1] <1, we get
A6 —26B(a+1)

|Ba + Das — uRa + 1)2a3| < — 6%2(A-B)?%u (11.1)

20+ 1
. A6-26B(a+1)—(2a+1) .
Subcase — 1 (b):- When pu > GarDo2(AB) It gives us
2Ba+1) 5y 2
ma3 —uQRa+1)as| < 1 (11.2)
. A8—-26B(a+1)
Case — 2:- Ifu=> GarDst A’
We can easily obtain
2Ba+1) A6 —26B(a+ 1)+ (2a+1)
——a; —u(2 D2asz| < 6%2(4—B)?u-—
‘5(A—B)a3 pQa+1)%a; | < §%( )*u 2+ 1
. A6-26B(a+1)+(2a+1) .
Subcase-2 (a):- When p > Qe A It yields
2@Ba+1
|ﬁa3 - //[(2(1 + 1)2(1% <1 (113)

A6-26B(a+1)+(2a+1)
(2a+1)62%2(A-B)?

Subcase — 2 (b):- Whenpu< . Solving, we get

2Ba+1) A8 —26B(a + 1)
——a; —u(2 1)2a2| < 5%(A—B)%u— 11.4
Combining (11.1), (11.2), (11.3) and (11.4), we get the required result.
Corollary 12:- Putting § = 1, the result becomes
A—-2B(a+1) A—-2B(a+1)—Qa+1)

—(A-B)Ppp<

2a+1 (Qa+1)62(A—-B)2 ’
2Ba+1 A—2B(a+1)—RLa+1 A—2B(a+ 1)+ 2a+1
gag—u(2a+1)2a§ << ( )~ ( )Sus ( )+ ( );
(A-B) (2a + 1)(A — B)? (2a + 1)(A — B)?
| . A—2B(a+1) _A—2B(a+1)+Qa+1)
| A-B)u— TR —7
2a+1 (2a+1)(A—-B)
which is the required result of FeketeSzego inequality proved in Theorem 5.
Corollary 13:- Putting A=1B=-1, the result becomes
6+26(a+1) 6+26(a+1)—Ra+1)
—————— — 48 < ;
20 +1 42a + 1)6?
3a+1 §+26(a+1)—(Ra+1) §+25(a+1)+Q2a+1)
—puQRa+1)%a5| << 1; <u< ;
5 G HRa+ Dz < 4(2a + 1)62 H 4(2a + 1)52
[ ,  6+28(a+1) §+28(a+1)+ QRa+1)
Y =
20+ 1 4(2a + 1)62
which is the required result of FeketeSzego inequality proved in Theorem 1.
Corollary 14:- Putting A=1B=-1,6 =1, the result becomes
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{2a+3

|20c+1_4‘“HS

2Ca+ 1)’

|Ba + Da; — uRa + 1)2%d3| < { 1

a+1
e S WS o/
2Qa + 1) 2a+1
2a + 3 a+1

4y — HTe .
s P e P

which is the required resultof FeketeSzego inequality in Theorem 1 above.

Corollary 15:- :- PuttingA = 1,B = -1, = 1,a = 0, the result becomes

3 = 445 1<y
lag — paj| < Losus< 1
4u—3;pu=1.

which is the required result of FeketeSzego inequality for Starlike functions.

Conclusion: A subclass of analytic functions which
take a broad view of some well-known subclasses
of analytic and univalent functions was
demarcated. The better estimates for the Fekete-
Szegd functional for the defined class were
obtained along with extremalfunctions. The study
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