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Abstract—A novel methodology is suggested to track the desired trajectory, which is used for delta robot. The 
prposed method is based on the fractional order polynomial for Cartesian space. In which, two types of fractional 
order polynomial has been prposed. One is partial fractional order polynomial and another is full fractional order 
polynomial. The new set of polynomial coefficient for fractional order polynomial is derived. Further, Simulink model 
has been developed to validate the applicability of prposed method. The position, velocity and acceleration profile has 
been plotted and compared for step input and sinosodial input.  
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I. INTRODUCTION  

A specific robot devolved for manufacturing industries 
with more than three degrees of freedom is called delta 
or parallel robots. Delta robot has six degrees of 
freedom in which it utilizes three basic axes in the x, y 
and z plane along with three additional movements as 
pitch, roll and yaw movements. This robot is also known 
as the parallel robot because of its specific construction, 
which provides tremendous flexibility of operation in 
manufacturing and other industries. This robot firstly 
came into existence for the chocolate maker industry 
and professor ReymondClaval has developed a delta 
robot for pick and place application. The prison 
requirements of the parallel robot are very high to do 
the specific task in the workplace. In the construction of 
the delta robot, multiple parallel links are connected 
with the base from one end and the second end of these 
multiple links are connected with an end-effector.The 
control of the delta robot needs the correct information 
about the motion of their arms through forwarding 
dynamics and inverse dynamics analysis[1]. In recent 
years, many researchers are interested in developing 
kinematics theory of various versions of delta robots for 
differentapplications[2][3][4]. Another important task 
for the smooth operation of the robot is path planning 
and according to the polynomial theory, numerous 
methods have been proposed[5][6][7]. The cartesian 
polynomial scheme and joint polynomial scheme of 
delta robots have been discussed in [8]. In which 
integer-order polynomial expression and their 
coefficient value for trajectory traking were derived. As 
an emerging area of research in the various field of 
engineering and other fields, fractional-order calculus 
came with their significant advantages. In this paper, an 
attempt has been made to develop a fractional-order 
polynomial scheme for apath planning of delta robot. 
The position, velocity and acceleration of the arm of the 
delta robot have been studied under the umbrella of 
fraction order polynomial. The simulation model of the 
delta robot has been developed first in the MATLAB 
environment for this purpose. The prototype of the 
delta robot developed by Acrome has been used for 

creating the Simulink empowerment. In the next step, 
the outcome of the proposed method has been 
compared with the related existing integer order 
method.Simulation results shows the effectiveness of 
fractional polynomial in cartesion space by comparing 
the different parameters during operation of delta 
robot.  

II. DELTA ROBOT CONSTRUCTION AND DYNAMICS 

In the construction of the delta robot, multiple parallel 
links are connected with the base from one end and the 
second end of these various links areassociated with an 
end-effector.It makes an assembly to form a 
parallelogram and provides rotation flexibility in 
addition to the three basic movements in the x, y and z-
direction. In normal robots, the rotation movement is 
restricted, making the delta robot a better alternative 
for fast and flexible operations. The base of delta robot 
is connected to a firm surface near or above the working 
area and all the driving actuators are mounted on the 
base as shown in figure.1. The multiple flexible links can 
be made lighter with respect to the base because they 
don’t carry any actuators, provide a low moment of 
inertia, and give flexibility of the fast movement of the 
robotic arm. Another end of the arm is ended with an 
end–effecter used to hold the object.  
 

 
Fig. 1. The General Mechanical Structure of delta robot: 

1. Smart Servo Motor 2. The base Plate 3. The 
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Travelling End-effector Plate 4. The Upper Arm 5. 
The Lower Arm 

The ACROME Delta Robot comprises three identical 
arms in parallel between the base plate and the 
traveling end-effector plate. Combining the constrained 
motion of these arms results in 3 translational degrees 
of freedom. The upper robot arms are directly attached 
to the actuators. The three actuators are rigidly 
mounted on the base plate with 120° in between. Each 
of the lower arms has two parallel bars. It connects the 
upper arm with the traveling end-effector plate. The 
system was integrated with a round electromagnet and 
an USB camera for pick and place applications.  

(a) Forward Kinematics 

 In this section, the analysis of the kinematics of Delta 
Robot presents solutions in two forms: Forward and 
inverse kinematics. Delta Robot mechanism’s 
kinematics analysis issimply the study of mapping 
between the cartesian space and joint space. Mapping 
from thejoint space to Cartesian space is called forward 
kinematics, while the mapping fromcartesian space to 
joint space is called inverse kinematics, as shown in 
figure.2. 

 

Fig. 2. Relations between forward and Inverse 
Kinematics 

As the forward kinematics is shortly described above, 
the three joint angles (𝜃1, 𝜃2, 𝜃3) are inputs and the 
Cartesian coordinates (𝑥, 𝑦, 𝑧) are the outputs forward 
kinematics as shown in figure.3. Joint angles are 
applied to servo motors and the corresponding 
Cartesian coordinates arecalculated via forwarding 
kinematics equations. 

 

Fig. 3. Mapping from Joint Space to Cartesian Space 

To construct the forward kinematics of the Delta Robot, 
let’s first designate the physical parameters of the robot 
below in table I. 

 

Table I. Parameters nomenclature of delta robot 

f Side of the base plate triangle 

e Side of the traveling plate 
triangle 

rf Length of the upper arm 
re Length of the lower arm 

 

A reference will be chosen at the center of the base 
triangle so the z-coordinate of the end-effector will 
always be negative. It is useful for choosing the unique 
and correct solution in the forward kinematics solution 
set. 

 

 

Fig. 4. Delta Robot Schematics 

The forward kinematics equations for delta robot are 
described as given in (1) and (2)[9] 

𝑥 =
𝑎1𝑧+𝑏1

𝑑
(1) 

𝑦 =
𝑎2𝑧+𝑏2

𝑑
  (2) 

Where the denominator parameter is defined in (3) 

𝑑 = 𝑥3(𝑦2 − 𝑦1) − 𝑥2(𝑦3 − 𝑦1)                                        (3) 

Finally, the value of different parameters𝑎1, 𝑏1, 𝑎2, 𝑏2 
are given in (4),(5),(6) and (7) 

𝑎1 = (𝑧1 − 𝑧2)(𝑦3 − 𝑦1) − (𝑧3 − 𝑧1)(𝑦2 − 𝑦1)      
(4) 

𝑏1 = −0.5[(𝑤2 − 𝑤1)(𝑦3 − 𝑦1) − (𝑤3 − 𝑤1)(𝑦2 − 𝑦1)]  
(5) 

𝑎2 = (𝑧2 − 𝑧1)𝑥3 − (𝑧3 − 𝑧1)𝑥2                                        (6) 

𝑏2 = 0.5[(𝑤2 − 𝑤1)𝑥3 − (𝑤3 − 𝑤1)𝑥2]                            (7) 

As mentioned before, one can choose the negative z 
solution because the origin point is located on the base 
plate. Therefore, the downward direction has a 
negative sign. The negative solution for z is given in (8) 



 

 

 

1574 

 

 

Journal of Harbin Engineering University 
            ISSN: 1006-7043 

 

Vol 44 No. 9 
September 2023 

𝑧 =
−𝑏+√∆

2𝑎
     

 (8) 

To complete the forward kinematics solution of the 
Delta Robot, we substitute z from (8) into (1) and (2). 
Finally, the solution is shown in (9) 

{𝑥 𝑦 𝑧}𝑇                                                                               (9) 

(b) Inverse Kinematics 

To know the desired position of the end-effector, it 
iscompulsory to determine the angle of each joint to set 
motors in the proper position for picking. This process 
is known as inverse kinematics.The following section 
the explaination of the inverse kinematic solutions for 
the Delta Robot and the mathematical equations. The 
schematic presentation of inverse dynamics of the 
Delta robot is shown in figure.5. 

 

Fig. 5. Mapping from Cartesian Space to Joint Space 

To construct the inverse kinematics of the delta robot, 
let’s return to figure 4  and remember the Delta Robot’s 
physical parameters. Like the forward kinematics 
section of the Delta Robot. The inverse kinematics 
solution for the first joint is given in (10)[9] 

θ2 = arctan (
𝑧𝐽1

𝑦𝐹1−𝑦𝐽1
)                                                     (10) 

For remaining angles 𝜃2, 𝜃3, let’s rotate the coordinate 
system in the XY plane aroundthe z-axis by 120 and -
120 degrees and the final solution is given in(11) and 
(12) 

𝑥′ = 𝑥 cos (
2𝜋

3
) + 𝑦 sin (

2𝜋

3
)                                         (11) 

𝑦′ = 𝑦 cos (
2𝜋

3
) − 𝑥 sin (

2𝜋

3
)                                         (12) 

Which gives the final form of inverse kinematics as 
shown below in (13) 

𝐸0(𝑥, 𝑦, 𝑧)                                                                        (13) 

III. PATH PLANNING OF DELTA ROBOT 

In general, a trajectory or path describes the desired 
motion of a manipulator in a multidimensional space. In 
robotics, trajectory defines as a time history of the 
position, velocity, and acceleration for each degree of 
freedom. Here, the basic problem is trajectory 
generation which refers to designing the trajectory in 
joint space from the initial point to the final point.  

Trajectory generation occurs at run time; position, 
velocity, and acceleration are computed in the most 
general case. These trajectories are computed on 
computers in discrete-time so the trajectory points are 
calculated at a specific rate, called the path-update rate 

In Cartesian space, path generation is described in 
terms of x, y and z coordinates functions. The joint 
angles are repeatedly calculated through inverse 
kinematics equations of the Delta Robot. The Cartesian 
reference frame of the Delta Robot is the center of the 
base plate triangle. Therefore, Cartesian space 
trajectories move relative to this reference frame. 

Each axis moves independently, so there are three 
trajectories for the Delta Robot. There are advantages 
to Cartesian space schemes. The motion between the 
initial and final points is known at each instant and is 
controllable. The motion is also visual, so it is easy to 
describe. Many smooth functions are different than 
each other between two points. They are shown in 
Figure 6. 

 

Fig. 6. Possible Path Shapes for a Single Joint 

To obtain a fractional order polynomial, four 
constraints are needed. The initial and the goal position 
of the manipulator are two constraints: 

𝜃(0) = 𝜃0 

and 

𝜃(𝑡𝑓) = 𝜃𝑓 

The other constraints come from velocity. The final and 
the initial velocities have to be zero, so our desired 
trajectory has to satisfy the following constraints: 

𝜃̇(0) = 0 

and 

𝜃̇(𝑡𝑓) = 0 
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To satisfy the above constrain, the trajectory function's 
ordermust be an integer or fractional order polynomial 
function. While in literature, third order polynomial 
was also used to do the specific task. In the proposed 
work, two trial has been carried out with partial 
fractional-order and full fractional-order polynomial. 
These four constraints are used for solving four 
unknown coefficients of the function. In the first trial, 
the partial fractional-order polynomial has the 
following form and position, velocity and acceleration 
is given in (14), (15) and (16), respectively  

First trial 

𝜃(𝑡) = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡2 + 𝑎3𝑡3.5                                  (14) 

𝜃̇(𝑡) = 𝑎1 + 2𝑎2𝑡 + 3.5𝑎3𝑡2.5                                       (15) 

𝜃̈(𝑡) = 2𝑎2 + 8.75𝑎3𝑡1.5                                               (16) 

When four constraints are applied to the (14) and (15), 
one can obtain the coefficient value as given below 

𝑎0 = 𝜃0 

𝑎1 =  0 

𝑎2 =
7

3𝑡𝑓
2 (𝜃𝑓 − 𝜃0) 

𝑎3 = −
2

1.5𝑡𝑓
3.5 (𝜃𝑓 − 𝜃0) 

The first simulation model for trajectory generation 
using partially fractional-order polynomial in cartesian 
space has been developed with the information given 
above. 

Second trial 

In the second trial, the full fractional-order polynomial 
has the following form and position, velocity and 
acceleration is given in (17), (18) and (19), respectively  

𝜃(𝑡) = 𝑎0 + 𝑎1𝑡1.5 + 𝑎2𝑡2.5 + 𝑎3𝑡3.5                            (17) 

𝜃̇(𝑡) = 1.5𝑎1 + 2.5𝑎2𝑡1.5 + 3.5𝑎3𝑡2.5                           (18) 

𝜃̈(𝑡) = 3.75𝑎2𝑡 + 8.75𝑎3𝑡1.5                                         (19) 

When four constraints are applied to the (17) and (18), 
one can obtain the coefficient value as given below 

𝑎0 = 𝜃0 

𝑎1 =  0 

𝑎2 =
7

2𝑡𝑓
2.5 (𝜃𝑓 − 𝜃0) 

𝑎3 = −
5

2𝑡𝑓
3.5 (𝜃𝑓 − 𝜃0) 

The second simulation model for trajectory generation 
using partially fractional-order polynomial in cartesian 
space has been developed with the information given 
above. 

IV. SIMULATION RESULTS 

To simulate the path tracking, one Matlab 
simulation model has been developed. The same model 
has been used to validate the applicability of the 
proposed method. This model used two s-function 
blocks to define the desired fractional-order 
polynomial. The computation of the coefficient of the 
fractional polynomial is carried out through the derived 
equation as done in the above section. 

In the first attempt, the initial position was defined 
from the origin and the final position was kept on 40, 
which was one kind of step signal as shown in 
figure.7.Integer order polynomial developed in [9] 
were used to take the first result. The remaining two 
results have been taken based on the partially 
fractional-order polynomial and entire fractional-order 
polynomial. These two polynomial coefficients show 
the significant difference from the integer order 
polynomial. All three polynomial acquired different 
paths to follow the same final position from the same 
initial position. 

 

Fig. 7. Position profile comparison of different 
polynomial schemes for step trajectory. 

To understand the velocity and acceleration profile 
behavior, two separate results have been taken from 
the simulation model. One is for the velocity shown in 
figure.8, and another is for acceleration which is shown 
in figure.9.  The entire fractional-order polynomial 
shows the highest pickup in the velocity profile and the 
lowest dip in the acceleration profile. 
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Fig. 8. Velocity profile comparision of different 
polynomial scheme step trajectory. 

 

Fig. 9. Acceleration profile comparison of different 
polynomial scheme step trajectories. 

Another attempt has been made to follow the 
sinusoidal trajectory and the same simulation model. 
Figure.10 shows the trajectory tracking of all three 
different polynomials. In which full fractional-order 
polynomial aquire the lowest undershoot and 
overshoot during the tracking operation of the same 
sinusoidal path. 

The other two profile for the same signal is shown in 
figure.11 and figure.12, which shows the velocity and 
acceleration, respectively. All three cases have different 
profiles during the path tracking operation, and full 
fractional-order polynomial renders the fast operation 
and improved acceleration profile. 

 

Fig. 10. Position profile comparison of different 
polynomial schemes for sinusoidal trajectory. 

 

Fig. 11. Position profile comparison of different 
polynomial schemes for sinusoidal trajectory. 

 

Fig. 12. Position profile comparison of different 
polynomial schemes for sinusoidal trajectory. 

V. CONCLUSIONS 

The proposed method improves the velocity and 
acceleration profile for different inputs tracking used 
by the delta robot. The method uses two trials of 
fractional order polynomial. The new set of coefficients 
for fractional order polynomial were used to develop 
new simulation model along with parameters values of 
delta robot. In addition to this two main inputs were 
employed to the developed model. One is step input 
and another is sinosodial trajectory. The novel 
fractional order polynomial method in Cartesian space 
shows the faithfull tracking of both the signal and 
shows the applicability of proposed method. 
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