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1. Introduction and Preliminaries

Life is full of changes is a constant, But in some
certain situations the amount of distance between
two point must be exists. For this consideration, in
1906 Frecht [7] introduced a metric space. After
that Banach introduced the Banach contraction
principle in metric space, which is the most
important key tool in fixed point theory. Many
researchers extended and generalized the Banach
contraction principle in different ways and
different fields [17, 18, 19, 21, 23]. In 2000,
Branciari [3] initiated the rectangular metric space.
Many originators generalized the concept of
rectangular metric space and discussed the in fixed
point results in different type of contractive
conditions [1-14]. Sedghi et al. [20] initiated the
concept of S- metric space in 2012. Recently O.K.
Adewale and C. lluno [1] introduced rectangular S -
metric space and proved some fixed point results.
In this paper we introduce a concept of
Rectangular cone S - metric space and proved
some fixed point results in various contractive
conditions.

Definition 1.1. [3] Let X be a nonempty set and a
function § : X2 > [0,0°) satisfying the following
conditions.

(1) &(ag,a2) = 0if and only if a1 = az for all az,02 €
X.

(2) &(a1,a2) = & (02,a1) for all az,a2 € X.

(3) 8(az,02) <€ 6 (a1,03) + &(as,04) + 6(as,a2) for all
a1,02 € X and all distinct points as,as €X —{a1,02} 6
is called a rectangular metric in X and (X, 6) is
called rectangular metric space.

Definition 1.2. [20] Let X be a nonempty set and a
function 6: X3 > [0, o) satisfies the following
properties.

1. & (o,02,03) 2 0.

2.6 (a1,02,03) =0 if and only if o1 = a2 = as.

3. 6 (aoz,03) £ & (az,01,B) + & (0z,02,B) + &
(az,03,B) for all as,02,03,8 € X. Then 6 is called S-
metric on X and the pair (X, 8) is called an S-metric
space.

Definition 1.3. [1] Let X be a nonempty set and
define a function § : X = [0, =) satisfies the
following properties.

(i) 8 (o, 02, a3) = 0 iff o1 = a2 = @a.

(ii) S (an,00,08) € & (aw,a1,B)+ 8(oz,a2,B)+ &
(az,a3,B) for all a1,02,a3 €X and distinct points B €
X —{a,00,03}

The pair (X, 8) is called the rectangular S - metric
space.

Definition 1.4. [9] hung and zung Let E be the
Banach space and a subset M of E is called cone if

and only if
(i) M is closed and non-empty
(ii) pai+ qaz € M for all a1, 0o € M

(iii) Mn(-M)=0

A cone McC E define a partial ordering << with
respect to M by a << B if and only if B —a € M. The
cone M called normal if there is a number K > 0
such that 0 < a < B implies that|a| < K |B] for all q,
B € E. The least positive number K is called a
normal constant.

Definition1.5. [11] Suppose E be the Banach space
then M be a cone in E. Let X be a non-empty set
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and define a function I: X3 > E satisfying the
following properties

(i) M(ow,002,03) 2 0
(ii) Maz,02,03) =0ifand only if a1 = a2 = a3
(iii) Mo, 02,03) <

Iag,a1,B)+M(02,02,B)+M(as,as3,B)

Then I is called the cone - S-metric and the pair (X,
I is called the cone S- metric space.

2. Main Result

In this section we introduce a rectangular cone S-
metric space and prove some fixed point theorems
in rectangular cone S — metric space.

Then (X, T) is called the rectangular cone S - metric space.
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Definition 2.1. Let X be a non-empty set, £ be a
real Banach space and M be the cone of €.

Define T : X* > & is satisfying the following
properties,

(i) T (a1, az, a3) 2 0.
(ii) T (a1, a2, az) = 0 iff or = a2 = @z,
(iii) [ (a,00,03) € T (az,00,B)+ T (az,00,B)+ T

(az,03,B) for all as,02,03 €EX and distinct points B €
X —{ai,00,03}

Example 2.2. Let £ = R2, M = {(au, 02): a1, a2 2 0}, for X= N U{0}, T :X3 - € such that

0

If0(1=0(2=0(3

T (0, ap,03) ={d(ay, o3) + d(ay, a3), cd(ay, a3) + d(ay, 03)  forallc > 0and oy, 0,03 € X

is a rectangular cone S- metric space.

Definition 2.3. Let (X, T) ne a rectangular cone S-metric space and a sequence {a,,} in X converges to a if and
only if T (o, , @y, 0 )=>0 as n = oo then there exists no € N such that n2ngand I (o, , &, @) <K ¢ forallc €
£ 0<<c.
Definition 2.4. Let (X ,T) be a rectangular cone S-metric space and a sequence {a,} is called a Cauchy
sequence, if T (a,,q,, o) = 0asn, m=>oo, (i.e)there exists no € N such that T (o, , a,,, a,,,)<< ¢ for each ¢
€fand0<< €.
Definition 2.5. The rectangular cone S-metric space is complete, if every Cauchy sequence is convergent.
Theorem 2.6. Let (X, T) be a complete rectangular cone S-metric space and M be the normal cone with normal
constant k. The mapping T: X - X satisfies the following condition
F'(Ta, Ta, TB) < cT'(a, 0, B) (1)
Foralla, B € X andc € [0,1), then T has a unique fixed point y € X, and we have 7;1_{210 T"a =y for each a €
X.
Proof: Let ao € X and the sequence {a,} be defined as T"a, = a,,.
Then T (o, 0, 0,41) =T (Tay_q, Ta,_q, Ta,)
<cT (aoy, g, )
<c"T (0, 0, ay) (2)

Taking limit n > oo, we get lim T (a,,0, a,41) =0, since c €[0,1). The € >0 implies that lim

n-co n-co
T (0t , @y, 0py1) = 0.
Next to show that {a,} is Cauchy. Assume that {a,} is not Cauchy, then there exists € >0 and subsequence
{amk} and {ank} such that m;, < ng<my,q,
T (amk s Ay ank)» € (3)

And T (amy , @myr tny,_,) <€ (4)
Then T (amy_, » Tmy_yr ¥ny_,)

< T (@, » Oy @) +T (@ » Oy mg) + T (Qyy > @y Uimy,)

<2T (amy_, s Omy_ s @y ) + T (@, » @y Ay,

< 2T (@, » Ay yr @y ) + €
Taking limit k > oo,
m T (@, » Ty Any,) <€

k—oo

From (1), (2), (3)
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e<T (amk » Xy ank) <T (amk—1 ' By ank—l) sce
Which is a contradiction, since ¢ € (0,1). Hence {a,} is a Cauchy since X is complete. There exists y € X such
that 7111_1)130 T"a =y
From (1)
T (Ty, Ty, @n41) = T (TY, Ty, @)

<cT(vyan)
lim I (Ty, Ty, a1 Il < ¢ KIIT (Ty, Ty, v)l
Since c € (0,1), then T ( Ty, Ty,y) = 0 which implies that T ( Ty, Ty,y) < 0 thus Ty = y.
Next to prove that T has a unique fixed point. Let y,y; be two fixed points of T such that y # y;
From (1) T(y,y,71) =T(Ty, Ty,v1) < cT(y,v,v1)
Where c € (0,1), which implies that T(y,y,y1) =0
Thusy = y;.
Corollary 2.7. Let (X ,T) be a complete rectangular cone S-metric space and M be the normal cone with
normal constant k. The mapping T: X = X satisfies the following condition

I(T"a, T"a,T"B) < cT(a,a,B)

Where c€ (0,1) is a constant then T has a unique fixed point.
Proof: Form theorem 2.6, T" has a unique fixed point y, but T*(Ty) = T(T"y) = T(y).
Therefore Ty is also a fixed point of T™. Hence Ty =y, y is a fixed point of T and also a fixed point of T™.
Theorem 2.8. Let (X, T) be a complete rectangular cone S-metric space and T: X = X be a mapping there exists
a real number b satisfying 0 <b <% such thata, B,y € X.

[(To, TB, Ty,) < b[T(a, Ta,,Ta,) + T(B, TR, TBR,) + L'(y, Ty, Ty,)] (5)

Then T has a unique fixed point.

Proof: Let a € X, define a sequence {a,} by a, = T"a,.

ThenT (a, , 0, 0tyy1) =T (Tot—q , Toty—q, Taty,)
< b[T (01, Tap_1, Toty_1) + T (0y—1, Tay_1, Toty_1) + T (0, , Taty, Tat,)
< b[r (an—l » O,y an) + F (an—l » Oy an) + I: (an » Q1) O‘n+1)
< be (O(n—l » Oy, an) + bf (O(n » A1) O‘n+1)
< 2bT (01, Oy, 0) + BT (001, Oy, O)

2b =
= (1-b) F(O(n—110(n—1;0(n)
Since T is symmetric and p = —= £
ce T'is symmetricand p = =~ < -

r (0, O, Oppi1) < pr (Y Sy
Continuing the process, we get
r (an » Oy an+1) < pn r (O‘O » 0o, 0(1)
By (ii) of definition 2.1, we have
r (o ) QU O) < r (@n, 0y Oy 1) + r () Oy Q1) + r (A, Q) O1)
= I: (an , 0y, A gy) + ZF_(O(m s Oy Oy ge1) _
<T ((Xn » O,y (Xn+1) +2T ((Xm+1 » Om+ 1, O(n+2) + ZZF ((Xm » O, O(n+2)

ST () Ay, Qpyy) + 2 T (Qp1 > Cng s Cngz) +
22T (2 » Oz Opppg)Fee vnenennnnn A2 (o, 5 Oy O 1)
<p" T (ag, a9 a;) + 2™ T (ag, g, a1) +
22p™*2 T (ay, 0, @y )+ +ene e +2m1p™m=1 T (aq, ag, ;)
<p"(1+2p+ (2p) %+ .cninnnn.n. +(2p)™ ™ DT (g , g, 01)

T (o, i, ) < p™(1 = 2p) 7T (0t , g, 0t1)
Taking the limitn, m — oo, we have

lim T (a,,am a,) = lim p"(1—2p) T (aq, ay, ;) = 0.
n,m —oo n,m —oo

Fornm,l € N withn>m>|
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r (an » O,y al) < r (an » Oy, O‘n—l) + r (am » Oy an—l) + r (al ,» A, O(n—l)
Taking the of T (at, , 0y, ;) as n.m. 1. — oo

lim T (o, a)=0.
n,m,l -»oo

Therefore{a,,} is Cauchy sequence and (X, T) be a complete rectangular cone S- metric space such that {a,,} is
T — convergent to a. Suppose Tat # o
From (5)
T (o, To, Ta) < b[T (0ty_1, 0y, &) + T (a, Ta, Ta) + T (o, Ter, Tax)
< b[T (01 , 0y, ) + 2T (o, Tar, Tax)
Taking the limit as n— oo,
T (a,,Ta, Ta) < 2bT (a,, Ta, Ta)
Hence T (o, , Ta, Ta) < 0, which is a contradiction.
Therefore Taa = a, to show that the uniqueness y# a such that Ty =y, then
[ (T, Ty, Ty,) <b [T (o, Ty, Ty) + T (v, Ty, Ty,) + T (v, Ty, Ty,) ]
Since Ta = Taand Ty = y implies that a = y.
Example 2.9: Let X be a non- empty set, E=R? be the real Banach space, and M be the normal cone in E. Then
the function T:X3 — £ is defined by T (a,B,v,) = |a— y|+|B— vl for all a, B,y €X then (X,T) be a

complete rectangular cone S-metric space. Consider the mapping T : X->X is defined by Ta = aTH then

[ (To, Ta, TB) = |Ta — TR| + |Ta — TP

= 2|Ta — TB|
=%lo— Bl

< [2la—BI]
=cl(o,0B)

Since c=1/2 < 1. Hence T satisfies all the conditions of theorem 2.7 and 0 € X is a unique fixed point.

3. Conclusion

In this paper, we introduced a rectangular cone e

S- metric space and proved some fixed point

results. Our results extends several fixed point

results in existing literature.
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