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Abstract

This paper aims to present various forms of e-connectedness within R -cubic topological spaces. The
conceptual foundation for these constructions is derived from cubic sets, a framework developed by Y.B. Jun.
Furthermore, we explore the interconnections among these different forms of connectedness, providing
illustrative examples for clarity.
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1 Introduction closure, various types of open sets, and continuous

Zadeh introduced the concepts of fuzzy set and
interval-valued fuzzy set (IVFS) in [13, 14]. The
notion of a fuzzy topological space was first
presented by C. L. Chang in 1968 [3]. Building upon
the ideas of fuzzy sets and interval-valued fuzzy
sets, Y. B. Jun introduced the novel concept of a
cubic set in 2012 [9]. Akhtar, in 2016, extended this
theory to create the framework of cubic topological
space, exploring P-cubic and R-cubic topological
spaces [1]. In 2019, Loganayaki and Jayanthi further
developed the theory by introducing interior,
Preliminaries

mappings in P-cubic and R-cubic topological spaces
[11].

The exploration of e -open sets in topological
spaces was initiated by Ekici [4, 5, 6, 7]. This paper’s
objective is to introduce several forms of e -
connectedness within R-cubic topological spaces,
extending the research initiated by Ekici.
Additionally, we investigate the relationships
between these various types of connectedness,
providing illustrative examples for better
understanding.

This section covers the fundamental definitions and properties of R-cubic topological spaces.

Definition 2.1 [14] An interval number, denoted by b = [b™, b*], is defined as a closed sub-interval of 1 =
[0,1], where 0 < b~ < b* < 1. The set of all interval numbers is represented by [I].

Definition 2.2  [14] Consider a non-empty set Z. A function U:Z — [I], mapping elements of Z to interval

numbers, is termed an Interval Valued Fuzzy Set (IVFS) in Z.The set of all IVFSin Z is denoted by [I]%. For any
U € [I]? and z € Z, the degree of membership of z in U is represented as U(z) = [U™(z), U*(2)]. Here,
U™:Z—>1 and U*:Z - I individually denote fuzzy sets in Z, where U~ is referred to as the lower fuzzy set,
and U% istermed the upper fuzzy set.
Definition 2.3  [9] Consider a non-empty set Z. A structure U = (z, w(z), A(z))/z € Z is defined as a cubic
set(CS) in Z, where p is an interval-valued fuzzy set (IVFS) in Z, and A is a fuzzy set in Z. A CS can be
succinctly denoted as U = (|, A), and the collection of all CS’sin Z is represented by CZ.
Definition 2.4  [9] For a non-empty set Z (Z # ¢),a CS U = (W, A) is termed an Internal Cubic Set (ICS) if,
forall z € Z, the condition u™(z) < A(z) < u*(z) holds.

Definition2.5 [9] Foranon-emptyset Z (Z # ¢),a CS U = (u,A) isconsidered an External Cubic Set (ECS)
if, for all z € Z, the condition A(z) € (U™ (z), u*(2)) is satisfied.
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1. ACS U= {uA) where u(z) =0 and A(z) =1 (or, respectively, u(z) =1 and A(z) = 0) for all
z € Z isdenotedas 0 (or 1).
2. ACS U=(wA) where u(z) =0 and A(z) = 0 (or, respectively, p(z) =1 and A(z) = 1) for all
z € Z isdenotedas 0 (or 1).
Let U= (wA) and V=(B,n) betwo CS’sin Z, Then we define;
U=Vepu=pand A=n
UCgrVepucf and A=2n
U=U=<pS 1-2>={z 1), 1-2A(2))/z€ 7}
U)=U)=U
0°=71and1°=0
0°=71and1°=0
R-Union Uien U = {(z, (Uien 1) (2), (AAi € N(2)/z € Z)}
8. R-Intersection Niey U ={(z, (Nien K1) (2), (VA € N(2)/z € Z)}
Definition 2.6  [1] A R-cubic topology is the family Fr of CS’sin Z which satises the following conditions;
1. 0,0,1,1 € Fe.
2. Llet A; € Fg,Then Ug A€ Fr.i €N
3. Let A/B € Fg, Then ANr B € Fy.
The pair (Z,Fr) isreferred to asan R-cubic topological space, abbreviated as Rcts.
Definition 2.7 [11] Aset U is said to be a R-order Cubic set (in brief, CSg)
1. regular open set (briefly, CSgdros)if U = CSgint(CSgcl(U)).
2. regular closed set (briefly, CSgdrcs)if U = CSgcl(CSgint(U)).
Definition 2.8 [11] Aset U issaidtobea CSg
1. interior(resp. & interior ) of U (briefly, CSgint(U) (resp. CSgr&int(U) )) is defined by CSgint(U)
(resp. CSgdint(U)) = U {G:GSU & G isa CSgos (resp. CSgdos) in Z}.
2. closure(resp. & closure ) of U (briefly, CSgrcl(U) (resp. CSgrécl(U) )) is defined by CSrcl(U)
(resp. CSRScl(U)) = N {G:G2U & G isa CSgcs (resp. CSgdcs) in Z}.
Definition 2.9 [11] Aset U is said to
1. B open set (briefly, CSgBos)if U S CSgcl(CSgint(CSgcl(V))).
Definition 2.10 [12] Aset U issaid tobea CSy
S-pre open set (briefly, CSgéPos)if U S CSgint(CSgécl(U)).
6-semi open set (briefly, CSgéSos)if U € CSicl(CSgdint(U)).
e-open set (briefly, CSgreos)if U € CSgcl(CSgbint(U)) U CSgint (CSgocl(U)).
e*-open set (briefly, CSge*os)if U S CSgrcl(CSgint(CSgr6cl(U))).
a-open set (briefly, CSgraos)if U € CSrint(CSgcl(CSgdint(U))).

No vk e

vk wnN e

The complement of a CSge-open set (resp. CSgbo0s, CSgpdPos, CSpréSos & CSge”os) is called CSge- (resp.
5, 6-pre, 8-semi & e*)closed set (briefly, CSgecs (resp. CSgbcs CSrb6Pcs, CSgpdScs & CSge*cs))in Z.
The family of all CSgéPos (resp. CSgréPcs, CSrdSos, CSgrdScs, CSgpeos, CSgecs CSgpe*os & CSge*cs) of
Z is denoted by CSR8POS(Z) (resp. CSROPCSR(Z), CSrES0S(Z), CSr8SCSR(Z), CSgre0S(Z), CSgreCSgr(Z)
CSre™0S(Z) & CSre*CSr(Z)).
Definition 2.11 [12] Aset U issaidtobea C

1. e interior(resp. & pre interior & 6 semi interior) of U (briefly, CSgeint(U) (resp.
CSpO6Pint(U) & CSgpéSint(U) )) is defined by CSgeint(U) (resp. CSgéPint(U) & CSpésint(U)) =
U {G:GSU & G isa CSgeos (resp. CSgéPos & CSgdSos) in Z}.

2. e closure(resp. & pre closure & & semi closure) of U (briefly, CSgecl(U) (resp. CSgéPcl(U)
& CSR8Scl(U) )) is defined by CSgecl(U) (resp. CSg8Pcl(U) & CSgdScl(U)) = N {G:GSU & G is a
CSgecs (resp. CSgrdPcs & CSrdScs) in Z}.

3. Various types of R-order e-connectedness in cubic topological spaces
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Definition 3.1 Inan Rcts (Z,Fg), it is considered CSge-disconnected if there exist CSgeos L and ] in Z,
where L =0, ]+ 0, L uj= 1, and L nj= 0. If Z is not CSge-disconnected, then it is termed CSge-
connected.
Example 3.1 Let Z be a non-empty set and Fg be the collection of CS’s in Z then (Z,Fgr) be Rcts
{0,0,1,1,H,,H,, Hy, Hy, He, Hy, H,, Hg, Ho, Hy, Hyq, Hyp, Hys, His, Hys) where H, = ([0,0],0.3),H, =
([0,0],0.4), H; = ([0,0],0.6), H, = ([0.2,0.4],0), H; = ([0.2,0.4],0.6), H; = ([0.2,0.4],1),H, =
([0.5,0.7],0), Hg = (]0.5,0.7],0.3), Hy = (]0.5,0.7],1), H;, = (|0.6,0.8],0), H;; = ([0.6,0.8],0.4),H,, =
([0.6,0.8],1),H;5 = (|1,1],0.3), H;, = (|1,1],0.4), H;5 = ([1,1],0.6) H;c and H;; are CSgeos in Z,H;z #
0+0,H,#0%#0 and Hjg UH;; =H;; # 1 and H;, N H;; = H; # 0. Hence Z is CSge-connected.
Example 3.2  In Example 3.1 Consider the CS H;4 = ([0,0],1), H;; = ([1,1],0) are CSgeos in Z, Hyc # 0
and H;; # 0 and H;q UH;, = 1,H;s N H;; = 0. Hence Z is CSge-connected
Definition 3.2 In an Rcts (Z, Fg), it is termed CSreC5-disconnected if there exists a CS L in Z, which is
both a CSgeos and a CSgecs , such that L# 0 and L # 1. If Z is not CSzeCs-disconnected, then it is
considered CSgeCs-connected.
Example 3.3 In Example 3.1 Consider the CS H;c = ([0.5,0.7],0.3) isa CSgeos butnot CSrecs
Example 3.4 In Example 3.1 Consider the CS H;¢ = ([0.6,0.8],0.4) which is a CSgeos also CSgecs such
that 1 # H,s # 0. Thus Z CSgreCs-connected.
Proposition 3.1 Ifan Rcts (Z,FR) is CSgeC5-connected, then itis also CSge-connected.

Proof. If there exist nonempty CSgeos sets L and ] inan Rcts (Z,Fgr) suchthat LUJ=1 and LN
] =0 (makingit CSge-disconnected), andif ] =L (closureof ] is L), then L is CSge-clopen, which implies
that Z is CSgeC5-disconnected.
The converse need not be true, and we provide an example to illustrate that.
Example 3.5 In Example 3.1 Consider the CS H;4 = ([0.6,0.8],0.4) ,H;;, = ([0.3,0.5],0.7), H;¢ and H;,
are CSgeos in Z. Also H;q UH;, = H;s # 1,H; N Hy; = Hy; # 0.Hence Z is CSgre-connected. Since Hy
is both CSgeos and CSgecs in Z, Z is CSgreCs-disconnected.
Proposition3.2 Let f: (Z,Fgr) = (Y,JR) bea CSge-irresolute surjection. If (Z, FR) is CSge-connected, then
(Y,Jr) isalso CSge-connected.

Proof. Assume, for a contradiction, that (Y,Jg) is not CSge-connected. Consequently, there exist
nonempty CSgeos sets L and ] in (Y,7;) suchthat LUJ=1 and LNnJ=0.
Given that f is CSge-irresolute, consider the preimages of L and | in (Z,Fgr) as R=f"1(L) and U=
f=1(J).Since LUJ =1, itimplies RUU = 1, andsince LNJ =0, itimplies RN U = 0.
This suggests that Z is CSge-disconnected, contradicting our assumption that (Z, Fg) is CSge-connected.
Therefore, the initial assumption that (Y,Jg) is not CSge-connected is invalid, leading to the conclusion that
Y isindeed CSge-connected
Proposition 3.3 (Z,Fg) is CSgeC5-connected if and only if there are no nonempty CSgpeos sets L and ]
in Z suchthat L =].

Proof. Suppose there exist CSgeos sets L and ] in Z such that L # 0 # ] and L =I. As L =], ] is
a CSgeos and | isa CSgecs. The condition L # 0 implies ] # 1. However, this contradicts the assumption
that Z is CSgreCs-connected.
Conversely, let L be both CSzeos and CSgecs in Z suchthat 0 # L # 1. Take ] = L.Since J isa CSgeos
and L#1,it implies | = L=+ 0, which leads to a contradiction.
Definition 3.3 An Rcts (Z,Fg) is considered CSge-strongly connected if there are no nonempty CSgecs
sets L and | in Z suchthat LNJ = 0.
Proposition 3.4 An Rcts (Z,Fg) isdefined as CSge-strongly connected if there are no CSgpeos sets L and
J in Z (where L# 1 #J)suchthat LN] = 0.
Example 3.6 In Example 3.1 Consider the €S H;4 =([0.3,0.5],0.7) ,H;; =([0.6,0.8],0.4), H;c is a
CSgeos. Hy4,Hy; isa CSgeos. Hence Z is CSge-strongly connected.
Proposition 3.5 If f:(Z,Fr) — (Y,Jg) is a CSge-irresolute surjection and Z is CSge-strongly connected,
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then Y isalso CSgpe-strongly connected.
Proof. Suppose Y is not CSge-strongly connected; then, there exist CSgecs sets C and D in Y such
that C# 0, D# 0, and CND=0. As f is CSge-irresolute, f=*(C) and f~'(D) are CSgecs in Z, and
fHC) NnfY(D) =0, f1(C) # 0,and f~1(D) # 0.
(If £71(C) = 0, then f(f~*(C)) = C implies f(0) = C, leadingto C = 0, a contradiction.)
Therefore, Z is CSge-strongly disconnected, contradicting the assumption. Thus, (Y,Jg) is CSge-strongly
connected.
It's also noted that CSge-strongly connected does not imply CSgeCs-connected, and vice versa. For this
purpose we see the following examples:
Example 3.7 In Example 3.1 Consider the CS H;¢ = ([0.6,0.8],0.4). H;; = ([0.2,0.4],0.6), Z is CSgeCs-
connected. Hence Z is CSge-strongly connected. But Z isnot CSgzeCs-connected since Hy¢ is CSgeos and
CSgrecs in Z.
Example 3.8 In Example 3.1 Consider the CS H;4 = ([0.2,0.4],0.6),H;; = ([0.3,0.4],0.2), Z is CSgeCs-
connected. But Z is not CSge-strongly connected since H;4, Hy; are CSgeos in Z.
Definition 3.4 L and | arenon-zero CS in (Z,Fg).Then L and ] aresaidto be
1. CSge-weakly separated if CSgecl(L) €] and CSgecl()) € L.
2. CSge-g-separated if (CSgecl(L)) N] =0 = L n (CSgecl())).
Definition 3.5 An Rcts (Z,FR) is considered CSgeC5-disconnected if there exist CSge-weakly separated
non-zero CS’s L and ] in (Z,Fg) suchthat LUJ=1.
Example 3.9 In Example 3.1 Consider the CS H;¢ =¢([0,0],1),H;; = ([1,1],0) are CSgeos in Z.
CSrecl(Hy¢) € Hy7 and CSpecl(H;7) € Hys. Hence Hy¢ and H;,; are CSge-weakly separated and so Z is
CSgreCg-disconnected
Definition 3.6 An Rcts (Z,FR) is termed CSgeCM-disconnected if there exist CSge-g-separated non-zero
cubicsets L and ] in (Z,Fg) suchthat LUJ = 1.
Example 3.10 In Example 3.1 Consider the CS H;, =([0,0],1),H;; =([1,1],0) are CSgeos in Z.
CSgecl(H;) NHy; =0 and CSpecl(H;;) N Hy;g = 0 which implies H;, and H;;, are CSge-q-separated.
Hence Z is CSgreCy-disconnected.
Remark 3.1 An Rcts (Z,Fr) is CSgeCS-connected if and only if itis CSgeCy-connected.
Definition 3.7 An Rcts (Z,FR) is considered CSge-super disconnected if there exists a CSgeros set L in
Z suchthat 0 # L # 1. Z isreferred toas CSge-super connected if it is not CSge-super disconnected.
Example 3.11 In Example 3.1 Consider the CS’s H;¢ = ([0.2,0.4],0.6), H,, = ([0.6,0.8],0.4), Hy¢, Hy; are
CSgeos’s in Z and CSgecl(CSgeint(H;¢4)) = Hy¢. This implies H,¢ is a CSgeros in Z. Hence Z is a CSge-
super disconnected
Proposition 3.6 The equivalence of the given statements in the context of an Rcts (Z, Fgr) is as follows:

1. Z is CSge-super connected.
For each CSgeos L # 0 in Z, we have CSgecl(L) = 1.
Foreach CSgecs L # 1 in Z, we have CSgeint(L) = 0.
There exists no CSgeos L and ] in Z suchthat L# 0 # ] and L €.
There exists no CSgeos L and J in Z suchthat L # 0 # ], ] = CSgecl(L), and L = CSgecl()).
There exists no CSgecs L and J in Z suchthat L # 1 # ], ] = CSgeint(L), and L = CSgeint(]).

Proof. (i) = (ii): Assume there exists a L# 0 such that CSgecl(L)# 1 . Choose L=
CSgeint(CSgecl(L)). This creates a proper CSgeros in Z, contradicting the assumption that Z is CSge-super

o Uk~ wnN

connected.

(i) = (iii): Consider L # 1 asa CSgecs in Z. If we take ] =L, then J isa CSgeos in Z, and J # 0. Using
(ii), we get CSgecl(J) = 1, which implies CSgecl(]) = 0. Therefore, CSgeint()) = 0, leadingto CSgeintA = 0.
(iii) = (iv): Suppose L and ] are CSgeos in Z such that L # 0 #] and LS]. As ] isa CSgecs in Z,
and ] # 1, by (iii) we have CSgeint] = 0. However, L €] implies L = CSgeint(L) S CSgeint(J) = 0, leading
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to a contradiction.

(iv) = (i): Let 0 # L # 1 be a CSgeros in Z. If we take ] = CSgecl(L), then ] # 0, and L €], which is a
contradiction. Therefore, Z is CSge-super connected.

(i) = (v): Suppose L and ] are two CSgeos in (Z,Fg) such that L # 0+], IZW, and L=
CSgecl()). Now, we have CSgeint(CSgecl(L)) = CSgeint(J) = CSgecl(J) =L, and L# 0 and L # 1. Since
L = CSgeint(L), it contradicts the assumption (i). Thus, (v) is true.

(vy = (i): Let L be a CSgeos in Z such that L = CSgeint(CSgecl(L)), 0. # L # 1. Now, take | =
m. In this case, we have ] # 0,and ] isa CSgeos in Z, ] = CSgecl(L), and CSgecl(J) = L. However,
this contradicts the assumption (v). Therefore, (Z,Fg) is CSge-super connected.

(v) = (vi): Suppose L and ] are CSgecs in (Z FR) such that L=1#], J= m, and L=
m. Taking C=L and D=], C and D become CSgeos in (Z,FR), C# 0 # D, CSgeclC =D,

and CSgeclD = C. This contradicts (v). Hence, (vi) is true.

(vi) = (i): The proofis similar to the case of (v) = (vi).
Proposition 3.7 Consider a surjective mapping f: (Z, Fr) = (Y,JR) that is CSge-irresolute. If Z is CSge-
super connected, then it follows that Y isalso CSge-super connected.

Proof. Assume that Y is CSge-super disconnected. This implies the existence of CSgeos C and D in Y,
with C#0#D and CCSD. Given that f is CSge-irresolute, it follows that f~1(C) and f~1(D) are
CSgeos in Z. Moreover, C €D implies f~1(C) € f-1(D). Therefore, f~1(C) # 0 # f~1(D), indicating that
Z is CSge-super disconnected. However, this contradicts the assumption that Z is CSge-super connected,
leading to a contradiction
Definition3.8 An Rcts (Z,FR) istermed CSgeC5-connected betweentwo CS’s L and ] ifthereisno CS
E in (Z,FRr) suchthat L € E and Eq]J.

Example 3.12 In Example 3.1 Consider the CS’s H;¢ =([0.5,0.7],0.3), H;; = ([0.6,0.8],0.2) H;g =
([0.8,0.9],0.1), Hyc is CSgeos in Z.Then Z is CSgeCs-connected between H,¢ and Hj,.

Theorem 3.1 If an Rcts (Z,Fg) is CSgeCs-connected between two CS’s L and ], then it is also CSRCs-
connected between the same sets L and ].

Proof. Assume that (Z,Fg) is not CSgCs-connected between two CS’s L and ]. This implies the
existence of CSgos E in (Z,Fg) such that L € E and Eq]J. Since every CSgos is also a CSreOS, there
exists a CSreOS E in (Z,FRr) satisfying L € E and EqJ. However, this contradicts the assumption that
(Z,FR) is not CSge-connected between L and ]. Therefore, (Z,Fgr) is CSgCs-connected between L and
J.

The converse of the above theorem may not hold true, as illustrated by the following example.

Example 3.13 In Example 3.1 Consider the CS’s H;c = ([0.2,0.4],0.6) H;; = ([0.1,0.2],0.8) H,g =
([0.4,0.6],0.3), Hy¢ is CSgros in Z. Then (Z,Fr) CSrCs-connected between H;; and H;g. Consider
H;4([0.2,0.4],0.6 is a CSgeos such that H;; < H[19] and H,o < H,g which implies (Z,Fg) is CSpCs-
disconnected between Hg and Hg.

Theorem 3.2 Let (Z,Fg) bean Rcts,andlet L and ] belongto (Z, Fg).If LqJ, then (Z,Fg) is CSgeCs-
connected between L and ].

Proof. Assume that (Z,Fg) is not CSgzeCs-connected between L and ]. Consequently, there exists a
CSge0S E in (Z,FR) such that LS E and E C]. This implies L S]. However, this contradicts the
assumption that (Z,Fg) is not CSgreCg-connected between L and ]. Therefore, (Z,Fgr) is CSgeCsg-
connected between L and ].

The converse of the above theorem may not hold true, as demonstrated by the following example.

Example 3.14 In Example 3.1 Consider the CSgos’s H;¢ = ([0.5,0.7],0.3) H;; = ([0.6,0.8],0.2) Hg =
([0.8,0.9],0.1), Hy¢ is CSgeos in Z. Then (Z,Fr) is CSgeCs-connected between H;; and H;,. But Hyq
is not g-coincident with Hyg.

Definition 3.9 Let N bean CS in Rcts (Z,Fg).(a) N iscalled CSgeC;-disconnected if there exist CSgeos
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M and W in Z satisfying the following properties. (i=1,2,3,4):
C:NSMUWMNWCENNNM=0,NNW %0,
CNSMUWNNMAW=0,NNM=0,NNW %0,
C:NSMUWMNWCENMZNWEZN,

CoNSMUWNNMNW=0,MZN,WEgZN,

(b) N issaid to be CSgeCi-connected (i = 1,2,3,4) if N isnot CSgeC;-disconnected (i = 1,2,3,4).

Certainly, we can derive the following implications among various types of CSgeC;-connected sets, where i
takes values from 1 to 4:

CSgeC; — connectedness o CSgeC; — connectedness

h 4 Y
CSgeCszconnectedness CSgreCsconnectedness

Y

Example 3.15 In Example 3.1 M = ([0.2,0.4],0.6), W = ([0.6,0.8],0.4) be CSpeos. Consider the CS N =
([0.5,0.6],1), N is CSreC,, CSgreCs, CSgeC,-connected but CSgeC,-disconnected.

Example 3.16 In Example 3.1 M = ([0,0],1), W =([1,1],0) be CSgeos . Consider the CS§ N =
([0.2,0.4],0.1), N is CSgeC,-disconnected but CSgeC,-connected.

Example 3.17 In Example 3.1 M = ([0.6,0.7],0.4), W = ([0,0.8],0.9) be CSgreos. Consider the CS§ N =
([0.3,0.6],0.7), N is CSgreCs-disconnected but CSgeC,-connected.

4. R-order e-Extremally Disconnectedness in Cubic Topological Spaces
Definition 4.1 Consider any Rcts (Z,Fg). Z is termed CSge-extremally disconnected if the e-closure of
every CSgeos in Z isitselfa CSgeos.
Theorem 4.1 Foran Rcts (Z, Fg), the following statements are equivalent:
1. (Z,Fgr) isa CSge-extremally disconnected space.
2. Foreach CSgecs L, CSgeint(L) isa CSgecs.

3. Foreach CSgeos L, CSgecl(L) = CSgecl(CSgecl(L)) isa CSgecs.
4. Foreach CSgeos L and ] with CSgecl(L) =], CSgecl(L) = CSgecl()).

Proof. (i) = (ii): Consider any CSgecs denoted as L. This implies that the closure of L, denoted as L, is
a CSgeos. Consequently, the closure of the interior of E, i.e., CSRecl(f), becomes the closure of the interior
of CSgeint(L), denoted as m. As aresult, CSgeint(L) isrecognized asa CSgecs within the context
of (Z,Fg).
(i) = (iii): Let L be a CSgeos. In this case, CSgecl(CSgecl(L)) is equivalent to CSgecl(CSgeint(L)), and

CSgecl(CSgecl(L)) becomes CSgecl(CSgeint(L)). Given that L is a CSgeos, implying that L is a CSgecs,
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according to (i), CSgeint(L) is a CSgecs. Consequently, CSgecl(CSgeint(L)) = CSgeint(L), leading to
CSgecl(CSgeint(L)) = CSgeint(L) = CSgecl(L).

(ili) = (iv): Take any two CSgeos, L and J, in (Z Fgr) such that CSgecl(L) = ]. As per (iii), CSgecl(L) =
CSgecl(]).

(iv) = (i): Let L beany CSreos in (Z, Fg). Define | as m. Consequently, CSgecl(L) = J. Applying
(iv), it follows that CSgecl(L) = m. This implies that CSgecl(L) is a CSgeos in (Z,Fgr), establishing
that (Z,Fr) is CSge-extremally disconnected.
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