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Abstract

Monte Carlo methods allow for the introduction of a statistical approach to risk in financial decision. These methods
utilize probabilistic simulations and pseudo random numbers, the precision of these methods is assessed by the size of
confidence interval of the estimator’s variance. We explore variance reduction methods such as the control variables
method and the antithetic variables method, highlighting their significance in enhancing the accuracy of Monte Carlo
methods through simulation in financial option pricing through specific examples, with a focus on the European option

and the Asian option.
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1. Introduction

Option pricing is a fundamental concept in financial
mathematics that plays a crucial role in the world of
finance. It involves determining the fair value of an
option, which is a financial derivative that gives the
holder the right, but not the obligation, to buy or sell an
underlying asset at a predetermined price (strike price)
within a specified time period (time of option
expiration).

Within the realm of options, there exist various types,
among which Asian options and European options hold
significant importance as distinct categories, each
possessing its distinctive attributes and considerations
when it comes to pricing.

The key concept that holds utmost importance for our
purpose is the representation of derivative prices as
expected values, as this forms the underlying principle
for the implementation of Monte Carlo simulations. We
assume that there is no arbitrage opportunity.

2. Monte Carlo Method

Let 1t be a probability distribution on (R, B(R%)) and
f a measurable function on this space, such that

Jpa | FX)] d 7e(x) < oo.
Denote,
I (f): = [oa f(x)d ().

Let (X,,)n>1be a sequence of d-dimensional random
variables in (2,7, P) with probability distribution m .
We have

E[foX,,] = [, foX,(w) dP(w) = [pa f()dm(x) =
I ().

Thus, the sample mean foX,is an unbiased estimator
of

L:(f),
iT[,N(f) = f(X1) + f(Xz) +oeet f(XN)' (1)

Convergence is ensured by the theorem of Strrong law
of large numbers (SLLN):

Theorem 1.[2] Let X; + X, + -+ Xy be independent
and uniformly distributed (i.i.d) integrable random
variables with mean y, then

Len(F) = I (H).

Under stronger assumptions, the Monte Carlo method
provides an interval that contains the approximation of
the integral with a given probability.

It is the confidence interval. In order to define this
interval, assume

| Irerdntose,
Rd
denote
(= [ IfGPdne) - ( | f(x)dﬂ(x)>
R Rd

Then each random real variable foX, is square
integrable and

E[(foX,)?] = f (FoXn(@)) dP(w)
0
- j FGO2dn(x),
]Rd
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hence

Var(foX,) = oz (f).

The sample variance of foX,, is an unbiased estimator
of 62(f). We set

NOE Z(foXn)z N () |

The convergence rate of Monte Carlo method can be
assessed by the central limit theorem (CLT):

Theorem 2. Let X; + X, + -+ + Xy be i.i.d integrable
random variables with mean p and variance a2, then

N, X;—N,»p

=141 u

—F— >N (0,1).
VNo .1

Then we have,

- (SN-1(foX,) — E[ZN-1(fox,)] > N (0,62())),
1 ~ D
\/—N<Z(foXn) — NI (f)>N(0, ag(f))>,

VN (Len () = 1. (1) > ¥(0,02()),

then

Jim (|Een(F) =12 (D] < ZR%) = 2¢(a) ~ 1, for
a>0,

the interval

oz(f)-a - a.(f).a
T'In,zv(f) + N

Is named the confidence interval at level 2¢p(a) — 1. In

[in,N (f) -

fact, the variance 2(f) is as unknown as I ; (f), that’s
why the following proposition which is a consequence
of CLT is practically useful.

3. Variance Reduction Techniques

We explore techniques that aim to enhance the
effectiveness of Monte Carlo simulation through the
reduction of variance of simulation estimates. There
are several techniques available for variance reduction,
including importance sampling [4], control variates,
partition of the region [5], stratified sampling, Latin
hypercube sampling [4], moment matching methods,
antithetic variates and quasi-Monte Carlo methods [1].
Each technique has its strengths and weaknesses, and
the choice of which technique to use depends on the
specific problem and the characteristics of the data. We
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discuss control variates and antithetic variates
methods, and we illustrate them with examples.

Let 1t be a probability distribution on (R%, B(R%)) and
f a measurable function on this space, such that

Jra(F ()% d mi(x) < oo
Denote
I.(f):= fRd f(x)d m(x) and o2(f) =

faalf )Y ) = (o FO)AT(0))

Let (X;)n=1 be a sequence of d-dimensional random
variables, distributed with respect to m.

We have shown in last section that, for everyn > 1 we
have

E[fOXn] =1, (f) and Var(fOXn) = Ji%(f);
And for alla > 0,

N
li 1
Nl—r«}go N

n=1

o (f). a>

D foXn =1 (D] <

=2¢(a) — 1.

In the purpose of reducing the length of the confidence

interval

Gn(f)a 1ZfX +Jn(f)a

)

we reduce the variance of the random variable whose
expected value is being estimated using the Monte
Carlo method.

» Antithetic Variates

The basic idea behind this technique is to take
advantage of the fact that certain pairs of random
variables have negative correlations with each other
[5]. which means, when one variable is high the other
tends to be law. By generating pairs of random
variables that are negatively correlated , we can use
them to estimate the expected value of a function with
less variance than we would get from using the simple
Monte Carlo method.

Assume that the probability distribution m is symmetric
about x, € R%, then

vx € R%; m(x) = n(2x, — x).

And let X be a d-dimensional random variable,
distributed with respect to m.

Denote
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V= f(X) and V, == (F(X) + f (2% — X)),
then we have

E[V] =1,(f)andvar(V) = a2(f).

And
1 1
EIV] = 5 EIFCO] +5 EIf (2 — X))
_ 1 1
= 3EFCOT+5 | f(2x —0dn()
=SB0 +5 [ f(dn(zx, - )
=3 2 ) y 0o~ Y
= 1E X L d
= 3EFCOT+5 | Fan()
= E[f(0)] = E[V].
Similarly,

var(f (2x, — X)) = var(f (X)), hence

1 1
var(Vy) = 7var (£ (X)) +5 Cov(f (X), f (2x = X))
+ %var(f(X))

1
=S var(f(X))

1
+ ECov(f(X).f(zxo —-X)). (2)

It follows from the Cauchy-Shwarz’s inequality that
Cov(f(X), f(2xo — X))
< \/var(f(X))\/var(f(ZxO -X))
= var(f (X)),

Thus

var (V) < var(f(X)) = var(V) = a2(f).

Proposition 1. Let A;,A4,,..,A; be subsets of R,
X1, X3, ..., X4 independent random real variables, such
that each random variable X; takes values in A4;.

LetB=A; XA, X ..XAzgandh:B = R, k:B = R.
Assume that it exists I c {1,2, ..., d} such that

o hand k are increasing functions with
respect to each variable X;, wherei €
Il

o handk are decreasing functions with
respect to each variable X;, wherei €
I€.
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If h(Xy,X,,...,X;) and k(Xy,X,,...,X;) are square
integrable functions, then

Cov(h(Xy, Xz, ) Xa), K(X1, X3, o, X)) = 0.

Proof: The proof follows the same pattern as the
previous one; we just need to multiply the functions by
-lwheni € [°.

Proposition 2. Let g be a probability density function
over RY, equals to zero except for A € B(RY),
symmetric about x, € R%. Let f:4 — R, monotone
with respect to each variable and let X be a d-
dimensional random variable of pdf g.

Denote
Vi=fX)and W = f(2x, — X),
then

cov(V,W) < 0.

Corollary 1. Let f: [0,1]¢ — R, be a monotone function
with respect to each variable such that

f FEOP <o,
[0,1]¢

Let U~U[0,1]%. Denote

V= f(U)and V, = (f(U) + f(1 = 1)), then

1
var(V,) < Evar(V).

Proof: Since the uniform distribution U[0,1]¢ is
symmetric about x, = G,%, %), the proof is
straightforward from the proposition 3 and the identity

2).

Corollary 2. Let f: R4 — R, be a monotone function

)

with respect to each variable such that
J If ) [2e ¥ dx < oo,
R4
Let X~V (0, %), denote
V= f(X)and V, === (f(X) + f (X)), then
1
var(V,) < Evar(V).

Proof: Since the normal distribution N(0,1¢) is
symmetric about x, = (0,0,...,0), the proof is
straightforward from the proposition 3 and the identity
(2).

» Control Variates
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In this technique, instead of estimating a parameter
directly, the difference between the problem of
interest and some analytical models is concerned.

The underlying principle of this method is to introduce
a correlated secondary variable called the control
variate, which is associated with the main variable of
interest, in order to reduce the variance and enhance
the accuracy of the simulation results.

A random variable C is a control variate for V, if it is
correlated with VV and if its expectation . is known.

The control variate C is used to construct an estimator
for u = E[V] that has a smaller variance than V.

For any a€R, define
Vo=V —a(C—u).
Then
ElVo] = E[V] = a(C — uc) = E[V],
hence V,is an unbiased estimator for .
We have

var(V,) = var(V) + a?var(C — uc)
— 2acov(V,C — uc)
= a?var(C) — 2acov(V,C)
+ var(V),

Which is a second-degree polynomial about a, with a
positive leading coefficient var(C) > 0, then the
parabola opens upwards and it has a unique minimum
for

B cov(V,C)
" war(C)

* .

a=a
Then

v,C
var(V,+) = var (V — %(C - uc)

= var(V)
cov(V,C) 2
(T(C)) var(C — uc)
cov(V,C)

— 22— V,C—

— var(V) - cov(V, C)?

var(C)
=var(V)(1 — pic) < var(V),

Where py ¢ is the correlation coefficient between V
4. European Option

A European option is a specific type of options contract
(either a call or put option) that imposes limitations on

Vol 44 No. 12
December 2023

its exercise until the predetermined expiration date[3].
In simpler terms, once an investor acquires a European
option, even if the price of the underlying security
moves favorably (such as a rise in stock price for call
options or a decline in stock price for put options), the
investor is unable to capitalize on this movement by
exercising the option before the expiration date.
However, European options remain highly relevant and
widely traded in financial markets.

There are two types of European options;

1. Call option: Holders of such contracts have the
ability to buy a predetermined quantity of the
underlying asset at the expiration date at a
predetermined price.

e If atthe expiration T, the price S; of the asset is
lower than the strike price K, the option holder
has no incentive to exercise it.

e If the price S; is higher than K, exercising the
option allows the holder to realize a profit equal
to S; — K: they buy the asset at the strike price
K and sell it on the market at the price Sy.
Therefore, at expiration T, the value of the call
option is given by

Sy — K), = max(S; — K, 0).

2. Put option: Investors have the option to sell a
predetermined quantity of the underlying asset at
the strike price on the expiration date.

e If at the expiration date T, the price Sy of the
asset is higher than the strike priceK, the option
holder has no incentive to exercise it.

e If the price S; is lower thanK, exercising the
option allows the holder to realize a profit equal
to Sy — K :they buy the asset on the market at
the price S; and sell it at the strike priceK.
Therefore, at expiration, the value of the put
option is given by

(K — S81), = max(K — Sg,0).

We assume that it is possible to borrow or invest money
in the market at a constant interest rate r, known as
the risk-free interest rate.

Let Sto be the price of the risk-free asset at time ¢, its
price at a later time t’ > t is given by

SPer'=0),
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Let C; denote the price of the call option and P; denote
the price of the put option attime t < T.
o Suppose
C,— P, >S, —Ke T8,

at time t, we can buy the asset at the market price S;
and a put P; and sell a call option C;: the profit is

Ce—Sc— P,

If this amount is positive, we invest it at the rate
r;

e if itis negative, we borrow it at the rate r.

e At time T, this amount becomes (C; —S; —
Pt)er(T_t).

e If S; > K, the call option is exercised by the
holder, we sell the asset and obtain K, resulting
in a wealth equal to

K+ (C,—S,—P)e™ ™8 > 0.

o If S; < K, we exercise the put option and sell
the asset, obtaining K, resulting in a wealth
equal to

K+ (C,—S,—P)e™ ™ > 0.

In both cases, there exists an arbitrage opportunity,
which is

excluded by assumption.
o Suppose C; — P, < §; — Ke—r(T—t),

At time t, we can buy a call option C; and sell the asset
at the market price S; and a put option P;; the profit is

St—l—Pt_Ct’

e |f this amount is positive, we invest it at the rate

r;

e |Ifitis negative, we borrow it at the rate r.
At time T, this amount becomes
(Sp + P, — Ce™ ™9,

e If Sy = K, we exercise the call option and buy
the asset at price, resulting in a wealth equal to

(St + Pt - Ct)eT(T—t) - K > 0;

e If S; <K , the put option is exercised by the
holder, we buy the asset at price $SKS, resulting
in a wealth equal to

(St + Pt - Ct)eT(T—t) - K > 0

Vol 44 No. 12
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In both cases, there exists an arbitrage opportunity,
which is excluded by assumption.

Consequently, we have the parity relationship;
C,— P, =S —Ke™T=0

In the classical modeling of financial markets, the price
S; of a stock at time t is given by:

0.2
S = Spexp <u —7) t+oB; |

Where S,: the initial stock price, p: the drift rate, o: the
volatility and {B,: t = 0}is a standard Brownian motion.

Thus, the price S; is a log-normal random variable.

LNV (lnS0 + (,u - %2) t, azt).
Its expectation is:

o? o?
E[S.] =exp|InS, + h=> t+7t = Spett.

Its variance is

azt_l)

Var(sy) = (e°* — 1)(E[S])? = sge?*(

We consider a risk-neutral world where y =r. The
black-Scholes formula is commonly used to calculate
the theoretical price of a European option.

The price of the call option at the initial time is given by
E[Col = eTE[(Sy — K).]
= e_rTE[(ST15T>K)] - Ke_rTE[lspK] (3)
= e TE[(Sr1s,5x)] — KeTP(Sy > K). (4)

But we have

2
P(ST>K)=P<SOexp<< —%>T+O'BT>>K>
=P E>exp(—(r—7)T—aBT)

2

= p(in(32)>)- (- %) o5

Q

= P(-W < d, — aVT)
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In (570) +(r—cr2—2)T—02T

VT

Where W := -£~N(0,1) and d, =

B
\NT
Since W and —W have the same distribution, then
P(Sy > K) = ¢(dy). (5)

Furthermore,

e "TE[ (St Lsp5k)

(-

© L, _0—_2
= e‘rTSof ‘ e<r Tt dx
dy V2

[S——

>T+0\/_W> Ty dzl

8, N|QN

“ 1
I e
0 _dz\/ZT[

By changing variable u = x — oVT,

*© 1 12
e "TE[(Sr1s 51| = So f ——e 2% du
[ T ST>K] . I
dy+oNT 1 1,
—Sf —e 2% du
0 PSS V2

=S, fdlie_%“z du = S,¢(d;). (6)
—o V2T

By substituting (6) and (5) in (3), we get
E[Col = Sop(dy) — Ke™™p(dy), (7)

where

1 So a?
d; = ( ) \dy = dy — VT
1 0-\/_< + (T + 2 ) ) 2 1 O'\/_
And @ is the cdf of the standard normal distribution.
The price of the put option at the initial time is given by

E[P,] = e™E[(K — Sr).]
= Ke_rTE[1K>ST]
- e_TTE[ST1K>ST]
= KeTP(K > S;)
- e_rTE[ST1K>ST:|'

We have,

P(K > Sp) =P<K > Syexp ((r - "72) T + JBT)>
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=P(W < —d; + oVT) = ¢p(—dy).
Moreover,

e TE[Sr1kss, ]

exp ((T - 0-72> T + O'\/TW) 1w<_dzl

x2

—d, == 2
Ze 2 (T—%)T+o\/7x
e

—e V2T

—d, 1 1
Soj Tﬂe_i(x‘”‘ﬁ)z dx,

=E

— e—TTSO

dx

wesetu = x — aVT,
e—TTE[5T1K>ST] =

_ 1
S0 ST L e du=S,p(—dy).
Then, we obtain

E[P] = Ke_rT(l’(_dz) — Sop(—dy). 8)
We chek the parity relationship:

E[Co] - E[Po] = SO - Ke_TT.

Example 1. Consider

So r o] T K

5 0.06 0.3 1 10

These parameters represent an option on a financial
asset where the current price is 5 units, the risk-free
interest rate is 6% per year, the volatility of the asset's
returns is 30% per year, the option has a maturity of 1
year, and the strike price is 10 units. From (7) we get
E[Cy] = 0.0128194 and from (8), E[P,] =~ 4.4304648.

We estimate E[C,] and E[P,] using a simple Monte
Carlo method, taking N = 10 to N = 100000 points,
and calculating the confidence interval limits at a 95%
confidence level.

The results are shown in Figure.1 for the call option and
Figure.2 for the put option (the x-axis represents the
number of the random variables being generated in
logarithmic scale).

If we use the technique of antithetic variables, we
obtain the results shown in Figure.3 for the call option
and Figure.4 for the put option (the x-axis represents
the number of the random variables being generated in
logarithmic scale).
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Comparing the results obtained by the simple Monte
Carlo method and the one using the antithetic variables
technique, we observe the advantage of this technique
for option pricing.

Estimation of E[CO] by the antithetic variate method
005

Eco
Lower Bound (AV)

00a-| Urper Bound (V)
b A

o] [\ \

T T T T 1
1 15 2 25 3 35 4 45 5

Figure 1:European call option by the simple MC
method.

Estimation of E[P0] by the simple Monte Carlo method

M
\

A AL

AT
D

1 15 2 25 3 35 4 a5 5

Figure 2; European put option by the simple MC
method.

Estimation of E[CO] by the antithetic variate method
0.05
Eco
Lower Bound (AV)

] \ Upper Bound (A1)
0.0 ] %, w \\"\ -
] ) \\J\\’\\'l \\J J\'\\

001

1 15 2 25 3 35 4 a5 5

Figure 3: European call option by the antithetic
variates technique.

Estimation of E[P0] by the antithetic variate method
a8

a5

1 15 2 25 3 35 a as s

Figure 4: European put option by the antithetic
variates technique.
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5. Asian Option

Asian options derive their name from their pricing
approach, which relies on the average value of the
underlying asset over a predetermined duration $nS.
The length of this period varies depending on the
specific terms of the option agreement, spanning from
a few days to several months. The determination of the
average price involves employing diverse techniques,
including arithmetic or geometric averaging.

We denote S, as the price of an asset at time t. For an
Asian option, we compare the exercise price K to an
average of the asset prices before the expiration T.

Geometric averaging: Let t; = iAt, where
1<i<n, where At= % The geometric mean

1
(H?zl St.)" is a random variable following a log normal
i

distribution.

The price of the Asian call option is

l6,) = B[ (T, - ) |

We have
o)) () )
L L Stnes) \Stn_s St, St, :
And
0.2
5. Soexp ((r - 7) T+ aBtn>

S - 2
tn-1 Soexp ((r - %) (n—-1DT/n+ aBtn_1>

o? T+ TX
= ex r——|—+o0 |— ,
p 2/n n't

Where X, is a N(0,1) distributed random variable.

Similarly
Stns o? N TX
S, = exp| (r > o 5 |

1200



Journal of Harbin Engineering University
ISSN: 1006-7043

NT T
S, = So exp ((r—%);+a\/;X1>,

where {X;},<i<n are independent standard normal
distributed random variables.

Then
n 1
| St Ste
In nSti =—|In |+ 2In| =) + -
L] nl \St,, Stns
+nin Srl]
=1InS, + (r - (n+1) IZ” 11X
Since X;~N(0,1), then
\fzn ix, ~N 2 (n+1)(2n+1) T)
=1 ]
Hence

n
o |T Tn+1D(2n+1
7 TS i g [[OHDCRED)
nn& 6n?

i=

With Y~ (0,1).

Furthermore
n 1
I 1_[5 " s, + (ntD,
1P ) T T\ T T T
=1
Tm+1)(2n+1)
o Y
6n2

where
AN a?\(n+1)
=)=\ 2 )
andég = o w
6n
1
n n
-
i=1
+
52
= e "TE |Syexp (ﬁ—7>T+6\/TY—K .

From equality (7) it follows that

E[Cyol = e (e77S0 (&) — K¢(0T2)), 9)

where [i and & are defined as
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L. _0 |[(m+D@n+1) a? n+1+62
°=n 6 P HEE\RT ) o T

and @ is the cdf of the standard normal distribution.

The price of the Asian put option is

noo\m
E[Pyo]=eE|| K - <1_[ Sti>
i=1
62
K — Spexp (ﬁ—7>T+6\/TY

From (8) it follows that

E[Pyo] = e (Ko (=) — eF"Sop(~d1)). (10)

<ty <T.

— e—TTE

Arithmetic averaging: Let 0 < ¢, < t, <
The price of the call option is given by E[Ca‘o] =
e[, K) )

the price of the put option is given by E[Pa‘o] =

o[- is,) )

We do not have the exact value of the Asian option
prices based on the arithmetic averaging, we can
estimate it using the simple Monte Carlo method or the
one using the control variates technique (taking the
geometric mean as the control variable for the
arithmetic mean).

Example 2. Consider

So r o] T K n

100 0.04 0.4 1 120 52

These parameters represent an option on a financial
asset where the current price is 100 units, the risk-free
interest rate is 4% per year, the volatility of the asset's
returns is 40% per year, the option has a maturity of 1
year, the strike price is 120 units, and the option is
based on an average of the asset price over 52 periods
(e.g., weeks).\

Equation (9) gives E[Cg_o] ~ 3.2431371 and (10) gives
E[P,,] ~ 21.778575.
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For the geometric averaging, we estimate E[Cg‘o] and
E[Pg,o] using the Monte Carlo method, taking N =
1000to N = 1000000points, and calculate the
confidence interval limits at a 95% confidence level. The
results are shown in Figure 5 the call option and Figure
6 for the put option (the x-axis represents the number
of the random variables being generated in logarithmic
scale).

Estimation of E[Cg] by the simple Monte Carlo method

E(Ca)

Mc

36 Lower Bound
Upper Bound

e e

T T T T T T T T T T T T T T 1
3 32 34 36 38 4 42 44 46 48 5 52 54 56 58 6

Figure 5: Asian call option by the simple MC method
using geometric averaging.

Estimation of E[Pg] by the simple Monte Carlo method

——— E[Pg]
—— MC
Lower Bound

235 — Upper Bound

225

215

21+ T T T T T T T T T T T T T T 1
3 32 34 36 38 4 42 44 456 48 5 52 54 56 58 8

Figure 6: Asian put option by the simple MC method
using geometric averaging

Estimation of E[Ca] by the simple Monte Carlo method

3 32 34 EXd 38 4 a2 a4 48 a8 5

Figure 7: Asian call option by the simple MC method
using arithmetic averaging.

For the arithmetic avereging, we estimate E[Ca‘o] and
E[Payo] using the Monte Carlo method, taking N =
1000 to N = 1000000 points, and calculate the
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confidence interval limits at a 95% confidence level. The
results are shown in Figure 7 for the call option and
Figure 8 for the put option (the x-axis represents the
number of the random variables being generated in
logarithmic scale).

Estimation of E[Pa] by the simple Monte Carlo method

Figure 8: Asian put option by the simple MC method
using arithmetic averaging.

We compare the results obtained by the simple Monte
Carlo method and the one using the controlc variates
technique, we obtain the results shown in Figures 9 (call
option) and Figure 10 (put option(the x-axis represents
the number of the random variables being generated in
logarithmic scale). We observe the advantage of this
technique for evaluating both options.

Comparison between the simple Monte Carlo method and the control variates technique for E[Ca]
484

ov
Lower Bound(CV)
48 4 Upper Bound(CV)
mc

Lower Bound(MC)
Uppr Bound(MC)

4.4

42

4
- _-\/\,w xxxxxx %\\,\

. \VMW,« T e

,A.W[\ WM/

32 7 T T 1

Figure 9: Comparison between the simple MC and the
control variates technique for asian arithmetic call
option.

Comparison between the simple Monte Carlo method and the control variates method for E[Pa]
226

cv
Lower Bound(cv)
- Upper Bound(cv)
e
Lower Bound(MCY'Upper Bound(hC)

Figure 10: Comparisaon between the simple MC and
the control variates technique for asian arithmetic
put option.
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6. Conclusion

The application of Monte Carlo methods for option
pricing was be established, we compared the two
variance reduction methods presented in Section 1
with the Monte Carlo method for European and Asian
options. For the European option, we compared the
Monte Carlo method with the antithetic variable
method since an exact value is not available. However,
for the Asian option, since exact values are available,
we compared it with the control variable method as the
antithetic variable method performs well when the
integrated function is monotone.

References

[1] A.~Chouraqui~C.~Lécot~ and B.~Djebbar, “Quasi-
Monte Carlo simulation of differential equations”,
Monte Carlo Methods and Applications, De
Gruyter, Berlin, 23, pp 256-275, 2017.

[2] M.~Evans~and~T.~Swartz,” Approximating
Integrals via Monte Carlo and Deterministic
Methods”, Oxford University Press, 2000.

[3] P.~Glasserman, “Monte Carlo Methods in
Financial Engineering”, Springer Stochastic
Modelling and Applied Probability, Volume 53,
2003.

[4] C.~Lemieux, “Monte Carlo and Quasi-Monte Carlo
Sampling”, Springer-Verlag, Berlin, 2009.

[5] Y.~Rubinstein, “Simulation and The Monte Carlo
Method”, Wiley Series in Probability and
Mathematical Statistics, 1981.

Vol 44 No. 12
December 2023

1203



