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Abstract:

In the past few decades abundant changes in the methods of labeling have evolved.one amongst the forms of
labeling is square difference labeling, cube difference labeling and Prime labeling of graphs The main focus of
this paper is to prove the admittance of square difference labeling, cube difference labeling and Prime labeling

for few graphs.
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1. Introduction

Labeling of a graph G is an assignment of labels to
vertices or edges or both following certain rules. A
dynamic survey on graph labeling by J.A.Gallian
(2019) can be found in [5].. A specific type of
labeling becomes more stimulating if there arises a
number of problems that sparks the interest of the
researchers. Prominent among the types of labeling
is square difference labeling , cube difference
labeling and Prime labeling of graphs.

This paper is organized as follows. In section 2, we
give the preliminaries. In section 3, we prove the
results of the paper where we prove that the almost
bipartite graph B, + e admits square difference
labeling, the cube of a path graph P3,n > 4 admits
cube difference labeling and the graph obtained by
duplicating arbitrary vertex of Sierpinski gasket
graph S, ,n = 2is a Prime graph. In section 4, we
provide the concluding remarks of the paper.

For number theory concept refer [4] and for basic
definitions refer [1], [2], [3 ], [6], [7], [8], {9], [10].

2. Preliminaries

Definition 2.1. [1],[6]

Let G = (V (G),E(G)) be a graph. G is said to be a
Square difference labeling if there exists a bijection
f:V(G)=>1{0,1,2,....,p-1}such that the
induced function f *: E(G) = N is given by f * (uv) =
[ [f(u)]? - [f(v)]?| for every uv € E(G) are all distinct.
Any graph which admits square difference labeling
is said to be square difference labeling graph.
Definition 2.2. [2]

Let G = (V (G),E(G)) be a graph. G is said to be a
cube difference labeling if there exists a bijection
f:V(G)=>1{0,1,2,....,p-1}such that the
induced function f * : E(G) > N is given by f "(uv) =
[ [(F(u)]1® - [f(v)1?| for every uv € E(G) are all distinct.
Any graph whichadmits cube difference labeling is
said to be cube difference labeling graph.
Definition 2.3. [9], [10]

Let G be a graph. A bijection

f:v->{1,2,..,|V|}iscalled a prime labeling if
for each edge, e = uv in E, we have GCD{f(u), f(v)} =
1. A graph that

admits a prime labeling is said to be a prime graph.
Definition 2.4. [3]

An almost-bipartite graph is a non-bipartite graph
with the property that the removal of a particular
single edge renders the graph bipartite.

Definition 2.5. [7]

The cube of a path is the graph obtained by joining
every pair of vertices of distance three in the path.
Definition 2.6. [8]

The Sierpinski gasket also called the Sierpinski
triangle or the Sierpinski sieve, is a fractal and
attractive fixed set with the overall shape of an
equilateral triangle, subdivided recursively in to
smaller equilateral triangles.

The Sierpinski gasket graphs, are defined
geometrically as the graphs whose vertices are the
intersection points of the line segments of the
finite Sierpinski gasket and line segments of the
gasket as edges.

3. Main Results

Theorem 3.1. The Almost bipartite graph B, + ¢
admits square difference labeling.

Proof. Let P, + e be an almost bipartite graph
with m path vertices

We denote the almost bipartite graph P, +e by
G having vertices

edgese;, €5, cenn... ,€m—1,€ -

We find that |V (G)| = m.

Define f: V(G) - {0,1,2, ....., m — 1}

by fw)=i,0<i<m-1

f induces square difference labeling on G.

Case-1. mis even, e = wyw,,_,

Let V; and V, be the bipartition of the vertex set V
of G
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Where V; = {wy,ws,........ ,Wp—1 }and

V2 = {Wo,Wz, ........ ,Wm_z}

The edge set E = E;UE,

E,={ey/ e, = wywp,;,0<p<m—2}, E; =
{e/e = wown,_5}

Case-2. misodd, e = wow,,_4

Let V; and V, be the bipartition of the vertex set V
of G

Where Vl = {Wl, W3, ........ ,Wm_z },

V2 = {Wo,Wz, ........ 'Wm—l}

The edge set E = E;UE,

Ey={e,/ e, = wywp,,0<p<m—2}E, =
{e/e = wown,_1}

For if, f* be the induced function defined
by f*:E(G) = N such that

fr(wpwy) = | [F (Wp)1? = [f (wq)] |

To prove that f* is injective in E

For both the cases

Claim 1: f* is injective in E;.

Leteg, ey, innnnn. ,em—1 bethem — 1 edges of E;.
It is visible that f(wg) < f(wy) < f(wy) < -+ <
f(MGn—Z) <_f(“@n—1)

= [FWo)l < [FW)]? < [fW,)]? <..<

[f Win-2)I? < [f Win-1)]?

So

If wo)]? = [fw)Pl < Ifwp]? -

[f w)P?| <. < |[f Wim-2)1? = [f Wi-1)]?]
Hence

frwowy) < fr(wywy) <...< f*(Win—2Wm-1)

frle) < fi(ex) < < f"(em-1)

Thus f* is injective in E;.
Claim 2 : f* isinjectivein E,
Since E, has only one dege e f* is injective in E,
Claim 3 : f* is injective in E; and E,when m is
even
Leteg, ey, ..n.... ,€m—1 ,€ bethemedges of E.
It is visible that f(wgy) < f(wy) < f(wy) < -+ <
fWi_2) < f(Wp—1)
Then  [f(wp)]? < [f(w)]? < [f(W)]? <.....<
[f Win-2)I? < [f Win-1)]?
So

f Wo)]? = [f (w)I?| < I[f (wi)]* —
[fW)?] < - <I[f Wm-2)]? = [f (Win-1)]?] <
f Wo)]? = [f Wim—2)]?|

Hence

frwowy) < fr(wywy) < -+ < f* (Wi aWi—1)
< fr(WoWpm-—2)

fler) < fr(ex) <. < [f"(em-1) < f"(e)
Thus f* is injective in E; and E, .
Claim 4 :: f* isinjective in E; and E,when m is
odd
Leteg, ey, nnn... ,em—1 ,€ bethemedges of E.
It is visible that
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f(f(WO))< fwy) < fwy) <+ < f(wp_p) <
Wm-1

Then [f wo))? < [f(w)]? < [f(w2)]? <.<
[f Wim-2)]? < [f Wn-1)]?

So

I[f Wo)]? = [f w)?| < I[f w)]? -

[f W)P?| < - < |[f Wi—2)]? = [f Wm-1)]?| <
I[f Wo)]? = [f (Wm—1)1?

Hence

[rwowy) < frwywy) < -+ < fr (Wi pWipoq) <
[ (WoWsn_1)

fr(e)) < fr(ez) << f(em-1) < f7(e)
Thus f* isinjective in E; and E, .
Hence all the edge labels in E' are distinct. Thus f*
is injective in E.
So the almost bipartite graph B, + e admits
square difference labeling.

3 5

Figure. 1 square difference Iébeling of the almost
bipartite graph P + e

w, W, W
Figure. 2 square difference labeling of the almost
bipartite graph P; + e
Theorem 3.2. The cube of a path graph P3,n > 4
admits cube difference labeling
Proof. Let P3 be an cube of a path graph for n > 4

We denote the cube of a path graph forn > 4 by
G having vertices
Vi, Vgyennennns , U, and edges e;, e,,........ ) €on—a

We find that |V(G)| = n,
|E(G)| = 2n — 4.
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DefineU: V(G) - {0,1,2,.....,n — 1} by U(v;) =
i—1,1<i<n
U induces a cube difference labeling on G.
For if, U* be the induced function defined
by U*: E(G) = N such that
U (vrvs) = | [u(vr)]3 - ['U(US):P |
Let E = E;UE, Where
E, ={eu/eu = UpVUps, 1 <P Sn—l}
E, ={eu/eu = VpUpy3, 1 Sp Sn—3}
To prove that U” is injective in E.
Claim 1. U* isinjective in E;.
Leteg, ey, unn... ,en_1 bethen-1edgesof E;.
It is visible that
U) < Uwy) < U(vy) < - <U(vpp) <
U(vn)
Then
[UWDPE < [UW)E < [UW)]? <<
[UWn-D]® < [U@)]?
= [ U@ — [U@IP| < I[UW)]® —-
[U@P] < <[ UWn-D]? = [ U@
Hence
U (vvz) < UW(Wpv3) <+ < U (Vp-1Vn)
U (er) < U'(ep) <+ < U(ep—1)
Thus U* is injective in E;.
Claim 2. ‘U* isininjective in E,.
Let us consider any two edges
e, = V1V, e, = VU5 Where eg, e, € E,
It is visible that
U,) < U(vy) < Uws) < U(vs)

= [UW)] < [U@)]P < [U@,]® <
[Uws)]?
Hence

[U@D]? = [U@)P| < [[U@)]? — [Uws)]?
U (v1v) < U (vov5)
U (e) <U(ez)
U (ey) # U (ey)
Thus U* is injective in E,.
Hence all the edge labelings in E, are distinct.
Claim 3. U* isin injective in E; and E,.
Let us consider any two edges
e, = V1V, e, = V3Vs Wheree, € E; ande, € E,
It is visible that
Uy) < UW,) < U(vs) < U(ve)
= [UW)]? < [U@)]? < [UWs)]® < [UWe)]?
Hence

[[U@D] - [U@)P?| <

[U@3)]® = [U(e)]]

U (v1v2) < U (v3v6)
U (e) <U(e)
U(eq) # U (er)
Thus U* is injective in E; and E,
Hence all the edge labelings in E; and E, are
distinct.
Hence all the edge labels in E are distinct. Thus U*
is injective in E.

Vol 45 No. 2
February 2024

So the cube of a path graph P3,n > 4 admits cube

difference labeling .
27

63
Figure. 3. square difference labeling of cube of a

path graph P3
Theorem-3.3. The graph obtained by duplicating
arbitrary vertex of Sierpinski gasket graph S, ,n =
2 is a Prime graph.
Proof. Let G denote the Sierpinski gasket graph
Sp,,n=2
Case-1. Duplication of the vertex v;
Let G, be the graph obtained by duplicating the
vertex v,
Define f:V(G;) — {1,2,...,7} by
f)=7f(w)=2,f(w,) =1and f(v;) =
i,3<i<6.
Evidently all the vertex labels are distinct
For edges in G;
GCD (f(v;), f(viy1)) =1, 1<i<5
GCD (f(vy), f(v3)) =1,
GCD (f(v2), f(vs)) =1
GCD ( f(v2), f(ve)) =1,
GCD (f(vs), f(vs)) =1
GCD (f(v1), f(v)) =1,
GCD (f(v1), f(w3)) =1
Thus f is a Prime labeling on G{.Hence G, is a
prime graph.

V, V. V

6

Figure - 4. Prime labeling of duplication of vertex

v, in Sierpinski gasket graph S,
Case-2. Duplication of the vertex v,
Let G, be the graph obtained by duplicating the
vertex v,
Define f:V(G;) = {1,2,...,7} by
fw)=7f(w) =2f(w,) =1and f(v;) =
i,35i<6.
Evidently all the vertex labels are distinct
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For edges in G,,

GCD(f(v;), f(viy1)) =1,1<i<5
GCD(f(vy), f(w3)) =1,
GCD ( f(v), f(vs)) =1

GCD (f(vp), f(ve)) =1,

GCD (f(v3), f(ws)) =1
GCD ( f(v3), f(v1)) =1,
GCD ( f(v3), f(ve)) =1
GCD ( f(v3), f(v3)) =1,
GCD ( f(v3), f(vs)) =1

Thus f is a Prime labeling on G,.Hence G, is a
prime graph.

Figure - 5. Prime labeling of duplication of vertex
V, in Sierpinski gasket graph S,

Case-3. Duplication of the vertex v,

Let G be the graph obtained by duplicating the

vertex v,

Define f:V(G3) - {1,2,...,7} by

fs) =7,f(w) =2, f(v)) =1and f(vy) =

i,3<i<6.

Evidently all the vertex labels are distinct

For edges in G5

GCD (f(v;), f(v41)) =1,1<i<5

GCD (f(vy), f(v3)) =1,

GCD (f(vy), f(vs)) =1

GCD (f(va2), f(ve)) =1,

GCD (f(vs), f(vs)) =1

GCD (f(v3), f(v)) =1,

GCD (f(v3), f(v2)) =1

GCD (f(v3), f(v)) =1,

GCD (f(v3), f(vs)) =1

Thus f is a Prime labeling on G5. Hence Gsisa

prime graph.
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Figure - 6. Prime labeling of duplication of vertex
v3 in Sierpinski gasket graph S,

Case-4. Duplication of the vertex v,

Let G, be the graph obtained by duplicating the

vertex v,

Define f:V(G,) - {1,2,..,7} by

fw) =7, f(w) =2, f(vy) =1and f(v) =

i,3<i<e6.

Evidently all the vertex labels are distinct

For edges in G,

GCD (f(v;), f(viy1)) =1,1<i<5

GCD(f(v), f(w3)) =1,

GCD (f(v2), f(vs)) =1

GCD (f(vy), f(we)) =1,

GCD (f(vs), f(vs)) =1

GCD (f(va), f(v3)) =1,

GCD (f(va), f(vs)) =1

Thus f is a Prime labeling on G,.

Hence G, is a prime graph.

Figure — 7. Prime labeling of duplication of vertex
v, in Sierpinski gasket graph S,

Case-5. Duplication of the vertex vg

Let G5 be the graph obtained by duplicating the

vertex vg

Define f:V(Gs) - {1,2,...,7} by

fs)=7,fw) =2 f(v,) =1and f(v;) =

i,3<i<6.
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Evidently all the vertex labels are distinct For edges
in Gg

GCD (f(v;), f(vy1)) =1,1<i<5
GCD(f(vy), f(w3)) =1,

GCD (f(vy), f(vs)) =1

GCD (f(vp), f(ve)) =1,

GCD ( f(v3), f(vs)) =1

GCD (f(vs), f(v2)) =1,

GCD (f(vs), f(v3)) =1

GCD (f(vs), f(vy)) =1,

GCD (f(vs), f(ve)) =1

Thus f is a Prime labeling on Gg. Hence G5 is a
prime graph

Figure — 8. Prime labeling of duplication of vertex
V5 in Sierpinski gasket graph S,

Case-6. Duplication of the vertex vg

Let G¢ be the graph obtained by duplicating the

vertex v;

Define f:V(G¢) — {1,2,...,7} by

fe) =7,f() =2, f(v) =1and f(v;) =

i,35i<6.

Evidently all the vertex labels are distinct

For edges in G¢

GCD (f(v;), f(W41)) =1,1<i<5

GCD (f(vy), f(v3)) =1,

GCD (f(v2), f(vs)) =1

GCD (f(v2), f(ve)) =1,

GCD (f(v3), f(vs)) =1

GCD (f(ve), f(v2)) =1,

GCD (f(ve), f(vs)) =1

Thus f is a Prime labeling on G¢. Hence Ggis a

prime graph
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v(v
Figure - 9. Prime labeling of duplication of vertex
Vg in Sierpinski gasket graph S,

Thus, in all the cases the graph obtained by
duplication of any arbitrary vertex of Sierpinski
gasket graph S, ,n = 2 is a Prime graph.

4. Conclusion

It is highly inspiring to study graphs which admit
square difference labeling , cube difference
labelling and Prime labeling. To study comparable
results for different types of graphs is an open area
of research.
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