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1. Introduction 

 The knowledge of Laplace transforms has in recent 

years become an essential part of mathematical 

background required of engineers and scientists. 

This is because the transform methods provided an 

easy and effective means for the solution of many 

problems arising in engineering. This subject 

originated from the operational methods applied 

by the English engineer Oliver-Heaviside (1850-

1925) unsystematic and lacked rigour, which was 

placed on sound mathematical footing by 

Brownwich and Carson during 1916-17. It was 

found that Heavisides operational calculus is best 

introduced by means of a particular type of definite 

integrals called Laplace transforms. 

The method of Laplace transform has the 

advantage of directly giving the solution of 

differential equations with given the solution of 

differential equations with given boundary values 

without the necessity of first finding the general 

solution and then evaluating from it the arbitrary 

constants. 

 

2.  Preliminaries 

This section focuses on the basic definition of the q-

difference operator and hyperbolic function. 

Definition 2.1. If 𝑢(𝑘) is a sequence of numbers and 

𝑞 is any positive integer, then we define the 

generalized difference operator ∆𝑞 𝑛 𝑢(𝑘) as 

∆𝑞 𝑢(𝑘)  =  𝑢(𝑘𝑞)  −  𝑢(𝑘)                                               (1) 

Also, if ∆𝑞 𝑣(𝑘)  =  𝑢(𝑘) then 𝑣(𝑘) = Δ𝑞
−1 𝑢(𝑘). 

Definition 2.2. Let 𝑞 >  0 and 𝑢(𝑘), 𝑣(𝑘) are real valued bounded functions. Then 

     ∆𝑞
−1 (𝑢(𝑘)  −  𝑣(𝑘))  =  𝑢(𝑘)∆𝑞

−1𝑣(𝑘)  − ∆𝑞
−1(∆𝑞

−1𝑣(𝑘𝑞). ∆𝑞 𝑢(𝑘))              (2) 

Definition 2.3. If lim
𝑚→∞

Δ𝑞
−1 𝑓(𝑘𝑞𝑚) = 0, then 

               ∑ 𝑓(𝑘𝑞𝑟)

∞

𝑟=0

 = −∆𝑞
−1𝑓(𝑘)                                                                     (3) 

Definition 2.4. Let 𝑞 >  0  and 𝑘𝑞𝑟 ≠ 0, then 

∆𝑞
−1𝑒−𝑠𝑘|0

∞ = − ∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

                                                                  (4) 

Definition 2.5. For a given function 𝑓(𝑘), the generalized q-Laplace transform is defined as 

𝐿𝑞[𝑓(𝑘)] = (𝑞 − 1)Δ𝑞
−1𝑓(𝑘)𝑘𝑒−𝑠𝑘|0

∞                                                     (5)  

3. q-Laplace Transform of Logarithmic Function 

In this section, we define q-Laplace transform of logarithmic function and results using the operator ∆𝑞
−1 . 

Definition 3.1. Let 𝑘 ∈   [0, ∞) and 𝑞 ≠ 0 and 1 then 

                             log(1 + 𝑘𝑞
(1)

) = 𝑘𝑞
(1)

−
𝑘𝑞

(2)

2
+

𝑘𝑞
(3)

3
−

𝑘𝑞
(4)

4
+ ⋯                                           (6) 
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Definition 3.2. Let 𝑘 ∈   [0, ∞)  and 𝑞 ≠ 0 and 1 then 

                            log(1 + (𝑎𝑘)𝑞
(1)

) = 𝑎𝑘𝑞
(1)

−
𝑎2𝑘𝑞

(2)

2
+

𝑎3𝑘𝑞
(3)

3
−

𝑎4𝑘𝑞
(4)

4
+ ⋯                                  (7) 

Definition 3.3. Let 𝑘 ∈   [0, ∞)  and 𝑞 ≠ 0 and 1 and 𝑘𝑞
(𝑛)

 be a 𝑛𝑡ℎ power of polynomial factorial, then  

                         log(1 + 𝑘𝑞
(𝑛)

) = 𝑘𝑞
(𝑛)

−
𝑘𝑞

(2𝑛)

2
+

𝑘𝑞
(3𝑛)

3
−

𝑘𝑞
(4𝑛)

4
+ ⋯                                    (8) 

Definition 3.4. Let 𝑘 ∈   [0, ∞)  and ≠ 0 and 1 and 𝑘𝑞
(𝑛)

 be a 𝑛𝑡ℎ power of polynomial factorial, then  

  log(1 + (𝑎𝑘)𝑞
(𝑛)

) = (𝑎𝑘)𝑞
(𝑛)

−
(𝑎𝑘)𝑞

(2𝑛)

2
+

(𝑎𝑘)𝑞
(3𝑛)

3
−

(𝑎𝑘)𝑞
(4𝑛)

4
+ ⋯                                  (9) 

Lemma 3.5. If 𝑒−𝑠𝑘𝑞𝑟
≠  0 and ≠ 0 and 1 then the q-Laplace transform of logarithmathmic function is 

𝐿𝑞 (log(1 + 𝑘𝑞
(1)

) ) =  (1 −  𝑞)  {𝑘 log(1 + 𝑘𝑞
(1)

) ∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                       + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1

∞

𝑟=0

 (𝑘𝑞𝑡+1 𝑙𝑜𝑔(1 + 𝑘𝑞𝑡+1)𝑞
(1)

− 𝑘𝑞𝑡  𝑙𝑜𝑔(1 + 𝑘𝑞𝑡)𝑞
(1)

))

∞

𝑡=0

}                       (10) 

Proof.  Let 𝑢(𝑘) = log(1 + 𝑘𝑞
(1)

) in equation (4) we obtain,  

𝐿𝑞  log(1 + 𝑘𝑞
(1)

)  =  𝑞 −  1∆𝑞
−1𝑘 log(1 + 𝑘𝑞

(1)
) 𝑒−𝑠𝑘|

0

∞
 

                        =  (𝑞 −  1)∆𝑞
−1 (𝑘𝑞

(1)
−

𝑘𝑞
(2)

2
+

𝑘𝑞
(3)

3
−

𝑘𝑞
(4)

4
+ ⋯ ) 𝑒−𝑠𝑘|

0

∞

                              (11) 

Separate the terms and using the equations (3) and (4) we get, 

∆𝑞
−1𝑘 𝑘𝑞

(1)
 𝑒−𝑠𝑘|0

∞ = [𝑘 𝑘𝑞
(1)

∆𝑞
−1 𝑒−𝑠𝑘 − ∆𝑞

−1(∆𝑞
−1𝑒−𝑠𝑘𝑞∆𝑞𝑘 𝑘𝑞

(1)
)]|

0

∞
 

                          = 𝑘 𝑘𝑞
(1)

∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

− ∑ [− ∑ 𝑒−𝑠𝑘𝑞𝑟+1

∞

𝑟=0

(𝑘𝑞𝑡𝑞(𝑘𝑞𝑡𝑞)𝑞
(1)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(0)

)]

∞

𝑡=0

 

= −𝑘 𝑘𝑞
(1)

∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

− ∑ [− ∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1

∞

𝑟=0

(𝑘𝑞(𝑡+1)(𝑘𝑞(𝑡+1))
𝑞

(1)
− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞

(0)
)]

∞

𝑡=0

  (12) 

Also, 

 ∆𝑞
−1

𝑘 𝑘𝑞
(2)

2
𝑒−𝑠𝑘|

0

∞

=
1

2
[𝑘 𝑘𝑞

(2)
∆𝑞

−1𝑒−𝑠𝑘 − ∆𝑞
−1(∆𝑞

−1𝑒−𝑠𝑘𝑞∆𝑞𝑘 𝑘𝑞
(2)

)]|
0

∞

 

we get the equation, 

 ∆𝑞
−1

𝑘 𝑘𝑞
(2)

2
𝑒−𝑠𝑘|

0

∞

=
1

2
[−𝑘 𝑘𝑞

(2)
∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                              − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(2)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(2)

))

∞

𝑡=0

]         (13) 

Replace  
𝑘𝑞

(2)

2
 by 

𝑘𝑞
(3)

3
 in equation (13) we get, 

 ∆𝑞
−1

𝑘 𝑘𝑞
(3)

3
𝑒−𝑠𝑘|

0

∞

=
1

3
[−𝑘 𝑘𝑞

(3)
∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                              − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(3)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(3)

))

∞

𝑡=0

]         (14) 

Applying the process mentioned above, we get 
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 ∆𝑞
−1

𝑘 𝑘𝑞
(4)

4
𝑒−𝑠𝑘|

0

∞

=
1

4
[−𝑘 𝑘𝑞

(4)
∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                              − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(4)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(4)

))

∞

𝑡=0

]         (15) 

Substituting equation (12) to (15) in  (11) we get, 

 

𝐿𝑞 (log(1 + 𝑘𝑞
(1)

) ) =  ( 𝑞 − 1)  {[−𝑘 𝑘𝑞
(1)

∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                                − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(1)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(1)

))

∞

𝑡=0

] 

                                 −
1

2
[−𝑘 𝑘𝑞

(2)
∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                                − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(2)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(2)

))

∞

𝑡=0

] 

                                +
1

3
[−𝑘 𝑘𝑞

(3)
∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                                − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(3)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(3)

))

∞

𝑡=0

] 

                                 −
1

4
[−𝑘 𝑘𝑞

(4)
∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                                − ∑ (∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

(𝑘𝑞𝑡+1(𝑘𝑞𝑡+1)𝑞
(4)

− 𝑘𝑞𝑡(𝑘𝑞𝑡)𝑞
(4)

))

∞

𝑡=0

] + ⋯ } 

                     = (1 − 𝑞) {(𝑘𝑘𝑞
(1)

−
𝑘𝑘𝑞

(2)

2
+

𝑘𝑘𝑞
(3)

3
−

𝑘𝑘𝑞
(4)

4
+ ⋯ ) ∑ 𝑒−𝑠𝑘𝑞𝑟

∞

𝑟=0

 

                               + ∑ [∑ 𝑒−𝑠𝑘𝑞(𝑡+𝑟+1)

∞

𝑟=0

𝑘𝑞𝑡+1 [
(𝑘𝑞𝑡+1)𝑞

(1)

1!
−

(𝑘𝑞𝑡+1)𝑞
(2)

2
+

(𝑘𝑞𝑡+1)𝑞
(3)

3

∞

𝑡=0

 

                                −
(𝑘𝑞𝑡+1)𝑞

(4)

4
+ ⋯ ] − 𝑘𝑞𝑡 [

(𝑘𝑞𝑡)𝑞
(1)

1
−

(𝑘𝑞𝑡)𝑞
(2)

2
+

(𝑘𝑞𝑡)𝑞
(3)

3
 

                                −
(𝑘𝑞𝑡+1)𝑞

(4)

4
+ ⋯ ]]} 

which yields the proof. 

Theorem: 3.6 If 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
≠ 0 and  𝑞 ≠ 0 and 1 then the Laplace q-transform of logarithmic function is  

𝐿𝒒(log(1 + 𝑎𝑘𝑞
(1)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑎𝑘𝑞
(1)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                               + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑎𝑘𝑞
(1)

) −𝑘𝑞𝑡 log(1 + 𝑎𝑘𝑞
(1)

))

∞

𝑡=0

}        (16) 

Proof.   Replacing log(1 + 𝑘𝑞
(1)

) = log(1 + 𝑘𝑞
(1)

) in the previous Lemma 3.5, we get the proof. 

Theorem: 3.7 If 𝑒−𝑠𝑘𝑞𝑟
≠ 0 and  𝑞 ≠  0 and 1 then the Laplace q-transform of 𝑛𝑡ℎ power of logarithmic function 

is  
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𝐿𝒒(log(1 + 𝑘𝑞
(1)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑘𝑞
(1)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑘𝑞
(𝑛)

) −𝑘𝑞𝑡 log(1 + 𝑘𝑞
(𝑛)

))

∞

𝑡=0

}        (17) 

Proof.   Replace log(1 + 𝑘𝑞
(1)

) by log(1 + 𝑘𝑞
(2)

) in equation (10), and using (8) and (12) we arrive. 

𝐿𝒒(log(1 + 𝑘𝑞
(2)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑘𝑞
(2)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑘𝑞
(2)

)  −𝑘𝑞𝑡 log(1 + 𝑘𝑞
(2)

))

∞

𝑡=0

}        (18) 

Replace log(1 + 𝑘𝑞
(1)

) by log(1 + 𝑘𝑞
(3)

) in equation (10), and using (8) and (12) we arrive 

𝐿𝒒(log(1 + 𝑘𝑞
(3)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑘𝑞
(3)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑘𝑞
(3)

) −𝑘𝑞𝑡 log(1 + 𝑘𝑞
(3)

))

∞

𝑡=0

}        (19) 

Replace log(1 + 𝑘𝑞
(1)

) by log(1 + 𝑘𝑞
(4)

) in equation (10), and using (8) and (12), we arrive. 

𝐿𝒒(log(1 + 𝑘𝑞
(4)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑘𝑞
(4)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑘𝑞
(4)

) −𝑘𝑞𝑡 log(1 + 𝑘𝑞
(4)

))

∞

𝑡=0

}        (20) 

By repeating the process 𝑛 times, we get 

𝐿𝒒(log(1 + 𝑘𝑞
(𝑛)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑘𝑞
(𝑛)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑘𝑞
(𝑛)

) −𝑘𝑞𝑡 log(1 + 𝑘𝑞
(𝑛)

))

∞

𝑡=0

}                

Corollary: 3.8 If 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
≠ 0 and  𝑞 ≠  0 and 1 then the Laplace q-transform of sine function is  

𝐿𝒒(log(1 + 𝑎𝑘𝑞
(𝑛)

)) = (1 − 𝑞) {𝑘 log(1 + 𝑎𝑘𝑞
(𝑛)

) ∑ 𝑒−𝑠𝑘𝑞𝑟
 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘𝑞𝑡+1

∞

𝑟=0

log(1 + 𝑎𝑘𝑞
(𝑛)

) −𝑘𝑞𝑡 log(1 + 𝑎𝑘𝑞
(𝑛)

))

∞

𝑡=0

}        (21) 

 

Proof.   The proof follows from taking log(1 + 𝑘𝑞
(𝑛)

) = log(1 + 𝑎𝑘𝑞
(𝑛)

) in equation (18), we get the proof of the 

corollary. 

Example: 3.9. Let 𝑛 = 5, 𝑞 =
1

3
 and 𝑎 = 4 in equation (18), we have, 

𝐿𝒒 (log (1 + 4𝑘1
3⁄

(5)
)) = (1 − 𝑞) {𝑘 log (1 + 4𝑘1

3⁄

(5)
) ∑ 𝑒−𝑠𝑘𝑞

(
1
3)

𝑟

 

∞

𝑟=0

 

                              + ∑ (∑ 𝑒−𝑠𝑘𝑞𝑡+𝑟+1
 𝑘 (

1

3
)

𝑡+1∞

𝑟=0

log (1 + 4𝑘1
3⁄

(5)
)  −𝑘

1

3

𝑡

log (1 + 4𝑘1
3⁄

(5)
))

∞

𝑡=0

} 
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Conclusion:  

In this paper we have developed the discrete q-

Laplace transform for logarithmic function. The 

given example shows the values of q-Laplace 

transform for logarithmic function. 

 

 References  

1. Akca. H; Benbourenane .J, Eleuch.H. The q-

derivative and differential equation 

J.Phys.conf.ser. 2019,1411, 012002 [cross Ref] 

2. Adams. C.R On the Linear Ordinary q-Difference 

Equation. Ann. Math 1928, 30,195. [Cross Ref] 

3. Carmichale R.D. The General Theory of Linear q-

Difference Equations. Am I Math 1912, 34, 147 

[Cross Ref] 

4. Jackson F.H q-Difference equations. Am.J. Math 

1910, 32, 305-314 [Cross Ref]  

5.  Mason T.E On Properties of the solutions od 

Linear q-Difference Equations with Entire 

Function coefficients. Am. J. Math. 1915, 37, 439 

[cross Ref]  

6. Maria Susai Mamuel .M, Chandrasekar, V. 

Solutions and Applications of certain class of α-

difference equations. Int.J. Appl. Math 2011, 24, 

943-954.  

7. Britto Antony Xavier, G. Gerly, T.G. Begum, N.H 

Finite series of polynomials and polynomial 

factorials arising from generalized q-Difference 

operator. For East J.Math. Sci(FJMS) 2014, 

94,47-63. 

 

 

 

 


