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Abstract: In this paper, we have proved solution of a non-homogeneous fractional differential-difference
equation of a general fractional order a and difference order 1 with general initial conditions with the help of
Laplace Transform where the fractional derivative we are using is in accordance with the definition of
fractional derivative as Caputo fractional derivative. A few examples are illustrated that support the
results..The theorem is proved on the solution of fractional order Differential difference equation. The
existence and uniqueness of solution is given by existence of laplace transform.
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1.Inroduction:
Fractional differential equations are very useful

¢x(1) = frl(r, s)x(s)ds,
0

for modelling

Kamble, et al.[14] proved existence and Yx (1)
. . . . T
uniqueness of solutions for the following equation _ f 5(t,5)x(s)ds
D*DFx (1) 0
t
- ](;(t,x(r),d)x(‘r),lpx(r)), 7€[0,1], x(0) = x(1) $° = Supreion f A(r, s)ds| < o0, 1"
= 0
t
= Supreo1] J- o6(t,s)ds
where 0< a <1, 0 < 8 < 1, D%, DF are the Caputo 0
fractional derivatives of order a, B, f: [0, 1] x R® <o
— R is a continuous function, and ¢x(7) = 4,6:[0,1] x [0,1] = [0, +00).

forxl(r, s)x(s)ds, Yx(r) = f()rc?(r, s)x(s)ds,
A,6:[0,1]X][0, 1]-[0,+ o) with oM

Suptefo] |f0t1(f. S)ds| < oo with

2. Differential-Difference Equation

An equation which contains the derivatives of an
unknown function and some of its derivatives at

Y* = Supreqo |f0t5(‘r,s)ds| < oo, arguments which differ by a fixed number of
In [15], Kamble, et al. have proved the existence values is called a differential-difference
and uniqueness of solutions to the initial vlaue equation. The differential order of a differential-
problem DeDPDYx(x) = difference equation is the order of the highest
f(t,x(‘r),d)x(‘r),l/)x(‘r)), 7e[0,1]  x(0) = x(1) = derivative and the difference order is one less
DPDYx(0) = DPDYx(1) = D'x(0) = D¥x(1) = than the number if distinct arguments appearing
0, where in the differential-difference equation.
1<a<21<B <2 and 1<y< Sugiyama S.[16] has considered the differential-

2,D% DP DY represent the Caputo fractional difference equation

derivatives of order a,f and y respectively, f :

[0,1] % R3® — R is a continuous function, and x'() = flt, x(6), x(t — D], t € [0, t,]

with the initial conditions x(t — 1) = ¥(t),0 <
t < 1,x(0) = x, and has proved the existence
of a continuous solution x(t) valid for 0 <t <

min(to,K/M), where it is assumed that
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f(t,x,y) is bounded by M > 0 and continuous
in the region |x—xy| <K, |y—y| <K.
However, the continuity of the function f does
not guarantee the uniqueness of the solution
x(t).

3 Main Results:

As discussed in the earlier sections, many authors
have obtained the solutions of fractional
differential equations with different types of initial
and boundary conditions but none have obtained
the solution of a fractional differential equation
combined with difference equation. In this section
we will solve a general non-homogeneous
fractional differential-difference equation of
fractional order a and difference order 1 with
given initial conditions.

3.1 Theorem : lLet ¢ be a function which is
piecewise continuous and of exponential order.
Then the fractional differential-difference equation
p%(1) —p(t—w)

=y(1)

of fractional differential order a,n—1<a <
n,n € N and difference order 1, w is any positive
real number with initial conditions of the form
o) =@, k=01,2,..,n—1, o) =
0fort<0

has a unique solution, given by

o(7)
T [n]
B (T[ _ Wk)(k+1)a—1
o k=0
T [n] n-1
(= wk)™ ! it — )"
+f L T(aky RZO o

where @%(t) represents the Caputo fractional
derivative of order a and @™ (0) represents the
ordinary derivative of integer order k at T = 0 of
the function ¢.

Proof: We define the Laplace transforms of the
functions ¢ and ¥ and use the following notations

[oe]

Lw&ﬂ=ff”ﬂﬂﬁ=®@

0

[ee]

Lw@n=ff"wﬂw=W@

0
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Taking the Laplace transform of the equation (1)
and using the above notations, we have

n-1

s*d(s) — Z sk=1 ) (0) — e WS P(s)
k=0
=¥Y(s)
Using the initial conditions @®(0) = ¢, k =
1,2,..,n—1,¢(t) =0for <0, and solving
for ®(s), we get

D(s)
Y(s)
= SO( — e—WS
n-1 O sa—k-1
A — p—ws (2)
k=0
Consider
1 1 o 1 1
£ [s“ —e‘WS] a s* 4 e~

— -1
=L S_“ s2a + s3a
e—3ws
+ s4a + -
o e~ kws ]
— -1
=L Z sk+a
k=0 i
® (T _ Wk)(k+1)a—1
, for t = wk
= [k + 1)a]
0, otherwise

(‘L’ _ Wk)(k+1)zx—1

=f®

where [7] is the greatest integer not greater than
T.
By convolution theorem for Laplace transform
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W(s)
-1
L [S“ — e~Ws

- [ rouc
—n)dn
T [n]
(77 Wk)(k+1)a 1
fz Mkt Da] 10

—n) dn SNE))

Also, we have

n-1 oy Sa—k—ll

SC( — e—WS

n—
Z sk+1 e

k=0

L—l

k=

_e_ws)_l] L@

Also, we note that

n—-1 n-1 k
! Pr | _ PrT
skt - k!
k=0 k=0
=v(7)
and

-5 |
>

k=0

= L_l

[ee)

Z (t — wk)*k-1 fort > wk
-, orT=w
e ['(ak)

0, otherwise

[7]
(t — wk)*k-1

['(ak)

= u(v)
From equation (4), we have
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n—1
- Ok sa—k—l]
S(X —_ e—S
k=0
T
= [ wan ver
0
—n)dn
T [n] n-1
_ f (n — wk)**1 Z P (T — )" J
I'(ak) ! 1
0 k=0 k=0

Taking the inverse Laplace transform of the
equation (2), using equations (3) and (5) and using
the convolution theorem, the solution of the
equation (1) is given by

o (1)
T [n]
B (77 _ Wk)(k+1)a—1
-/ R Gk
T [n] n—-1
(n —wk)®™* 1 @ (t — ¥
+j T(ak) Z k! dn
0 k=0 k=0

This completes the proof of the theorem.

Applications of the method : Let ¢ be a function
which is piecewise continuous and of exponential
order. Then the fractional differential-difference

equation
P*(0) —p(r—w) =y(1), Y(7)
=t", n
>0 (D

of fractional differential order &, n—1<a <
n ,n € N,w is any pasitive real number and
difference order 1 with initial conditions of the

form
e®0)=0, k=1,2,..,n—1, o) =
0fort<0
has a unique solution, given by
@(1)

l7] Wk)(k+1)a+n
—I(n+1 Z h
D Fak+ Dt Vherelr]

denotes gretest integer function.

Proof:
Lle®(™) — @(t —w)] = L[7"]
STD(s) — e WS D(s)=mr D)

N+l
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'n+1)
(D( ) = n+1 a —-ws
(s*—e™)
®(s) =
r(n+1) e WS, _
Sa+n+1( _s—“) !
r(n+1)
D(5) = ey (1+
e—WS e—ZWS —-3ws
S + S2a @ T
D(s) =
e—WS e—ZWS e—3WS
F(n+1)( satn+l Sza+n+1 + S3atn+1 + shatnti +

@(s) =

F(n+1) X om
Taking inverse laplace transform

~ ® e—swk
(@) =T+ L™ [Z Wl
k=0
@(7)

© (T _ Wk)(k+1)a+n
F(n+1 E , t>wk
= I+ )k_OF((k+1)a+n+1) w

,otherwise
Thus if [t] denotes the gretest integer less than or

equal to 7, we find

p(@ =T+ X

[r] (T_Wk)(k+1)(l+n
k=0 r(a(k+1)+n+1) °

4.Some Applications:

In this section, we present some examples as the
applications of the above result.

PP —p(r-1) =
2, @) =0 ,for <0 a=%, 0<%<

Example 4.1)

’

o) =
1
(] (—io®* D+
2 Y=o F((k+1)%+3
2 2- k)(k+1)%+2
p2)=2) ———————

=Tk + 1)%+3
5

2z (1)3

_+_
7 r'i4

r(z) ®

3 k)(k+1)%+2
v& = ZZOF((k+ 13 +3)

p2) =2

=p(3) = { ( ) + % + (1()2)} is the solution.
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3
Exampled .2 ) ¢@2(t) —p(t—1) =12, @) =
0,forr<0a=3, 1<2<2

3
k (k+1)§+2
o(0) = ZZ (r—k)
(k +1)+3)
If we take ng [3]:2
5
P =

3
5, (k+1)o+2
G-k) 2
225‘20 2(3

r(3(k+1)+3)

2 (% _ k)(k+1)%+2

:22

SrGe+1)+3)

@) ()5 ()g
90()_ [()+F(6)+ (14)}

Example 4.3 ) Special case when we take a = 1

the equation is converted to differential-
difference equation.

() —p@-1D =1t ,p(r)=0, fort<0
and the solution is given by

(T _ k)(k+1)oz+n

ak+1)+n+1)

7]
9 =Tm+1) ) F(
k=0

puttinga =1

[
B (T _ k)(k+1)+n
¢(0) =T(n+ 1);r((m DrntD

so our proved result is valid for differential-
difference equations for this type of problem.[17]
Example 43.1): 9 (1) —p(r—1) =
2, ,9(1) =0, forr< 0,0 n=2,

3 (T _ k)k+3
¢(0) =2 Z T(k + 4)

If t=4 , [4]=4 wehave
p(4) =

4 (4—I)k+3
k=0 p(k+4)

43 34 25
liwtiw gt

} 28.62( aproximatly)

r'(7)
If t=m, [m] = 3
(TL’ k) k+3
(p(ﬂ) Zk 0 T(k+4)
o @D | @-2)5 | (m-3)%) _
- {r(4)+ r(5) + r'(6) + r'(7) }_

12.12( aproximatly)
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