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Abstract: In this paper, we have proved  solution of a non-homogeneous fractional differential-difference 

equation of a general fractional order α and difference order 1 with general initial conditions with the help of 

Laplace Transform  where the fractional derivative  we are using  is in accordance with the definition of 

fractional derivative as  Caputo fractional derivative. A few examples are illustrated that support the 

results..The theorem  is proved on the solution of fractional order Differential difference equation. The 

existence and uniqueness of solution is given by existence of  laplace transform.  
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1.Inroduction: 

Fractional differential equations are very useful 

for modelling  

Kamble, et al.[14] proved  existence and 

uniqueness of solutions for the following equation  

𝐷𝛼𝐷𝛽𝑥(𝜏)

= 𝑓(𝑡, 𝑥(𝜏), 𝜙𝑥(𝜏), 𝜓𝑥(𝜏)), 𝜏𝜖[0,1], 𝑥(0) = 𝑥(1)

= 0 

 

where 0< α ≤ 1, 0 < β ≤ 1, 𝐷𝛼 , 𝐷𝛽  are the Caputo 

fractional derivatives of order 𝛼 , 𝛽, f : [0, 1] × 𝑅3 

⟶ℝ is a continuous function, and 𝜙𝑥(𝜏) =

∫ 𝜆(𝜏, 𝑠)𝑥(𝑠)𝑑𝑠,
𝜏

0
 𝜓𝑥(𝜏) = ∫ 𝛿(𝜏, 𝑠)𝑥(𝑠)𝑑𝑠

𝜏

0
, 

𝜆, 𝛿:[0,1]×[0, 1]→[0,+∞) with 𝜙∗ = 

𝑆𝑢𝑝𝑡∈[0,1] |∫ 𝜆(𝜏, 𝑠)𝑑𝑠
𝑡

0
| < ∞ with 

 𝜓∗ = 𝑆𝑢𝑝𝑡∈[0,1] |∫ 𝛿(𝜏, 𝑠)𝑑𝑠
𝑡

0
| < ∞. 

In [15], Kamble, et al.  have proved  the existence 

and uniqueness of solutions to the initial vlaue 

problem 𝐷𝛼𝐷𝛽𝐷𝛾𝑥(𝜏) =

𝑓(𝑡, 𝑥(𝜏), 𝜙𝑥(𝜏), 𝜓𝑥(𝜏)), 𝜏𝜖[0,1] 𝑥(0) = 𝑥(1) =

𝐷𝛽𝐷𝛾𝑥(0) = 𝐷𝛽𝐷𝛾𝑥(1) = 𝐷𝛾𝑥(0) = 𝐷𝛾𝑥(1) =

0, where  

1 < 𝛼 ≤  2 ,1 < 𝛽 ≤  2 and 1 ≤ 𝛾 ≤

2,𝐷𝛼 , 𝐷𝛽 , 𝐷𝛾 represent the Caputo fractional 

derivatives of order 𝛼 , 𝛽 and 𝛾 respectively, 𝑓 ∶

 [0, 1]  ×  𝑅3 ⟶ 𝑅 is a continuous function, and  

𝜙𝑥(𝜏) = ∫ 𝜆(𝜏, 𝑠)𝑥(𝑠)𝑑𝑠
𝜏

0

,

𝜓𝑥(𝜏)

= ∫ 𝛿(𝜏, 𝑠)𝑥(𝑠)𝑑𝑠                                                   
𝜏

0

 

𝜙∗ = 𝑆𝑢𝑝𝜏∈[0,1] |∫ 𝜆(𝜏, 𝑠)𝑑𝑠
𝑡

0

| < ∞ , 𝜓∗

= 𝑆𝑢𝑝𝜏∈[0,1] |∫ 𝛿(𝜏, 𝑠)𝑑𝑠
𝑡

0

|

< ∞                                      

𝜆, 𝛿: [0,1] × [0, 1] → [0, +∞). 

 

2. Differential-Difference Equation 

An equation which contains the derivatives of an 

unknown function and some of its derivatives at 

arguments which differ by a fixed number of 

values is called a differential-difference 

equation. The differential order of a differential-

difference equation is the order of the highest 

derivative and the difference order is one less 

than the number if distinct arguments appearing 

in the differential-difference equation.  

Sugiyama S.[16] has considered the differential-

difference equation  

 

𝑥′(𝑡) = 𝑓[𝑡, 𝑥(𝑡), 𝑥(𝑡 − 1)], 𝑡 ∈ [0, 𝑡0] 

 

with the initial conditions 𝑥(𝑡 − 1) = 𝜓(𝑡), 0 ≤

𝑡 < 1 , 𝑥(0) = 𝑥0  and has proved the existence 

of  a continuous solution 𝑥(𝑡) valid for  0 ≤ 𝑡 ≤

min (𝑡0, 𝐾
𝑀⁄ ), where it is assumed that 
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𝑓(𝑡, 𝑥, 𝑦) is bounded by 𝑀 > 0 and continuous 

in the region |𝑥 − 𝑥0| ≤ 𝐾, |𝑦 − 𝑦0| ≤ 𝐾. 

However, the continuity of the function 𝑓 does 

not guarantee the uniqueness of the solution 

𝑥(𝑡).  

3 Main Results: 

As discussed in the earlier sections, many authors 

have obtained the solutions of fractional 

differential equations with different types of initial 

and boundary conditions but none have obtained 

the solution of a fractional differential equation 

combined with difference equation. In this section 

we will solve a general non-homogeneous 

fractional differential-difference equation of 

fractional order α and difference order 1 with 

given initial conditions.  

3.1 Theorem : Let 𝜑 be a function which is 

piecewise continuous and of exponential order. 

Then the fractional differential-difference equation 

𝜑𝛼(𝜏) − 𝜑(𝜏 − 𝑤)

= 𝜓(𝜏)                                                                                         .  .  . (1) 

 

of fractional differential order 𝛼, 𝑛 − 1 < 𝛼 ≤

𝑛, 𝑛 ∈ ℕ and difference order 1, w is any positive 

real number  with initial conditions of the form  

𝜑(𝑘)(0) = 𝜑𝑘 , 𝑘 = 0 1, 2, … , 𝑛 − 1, 𝜑(𝜏) =

0 𝑓𝑜𝑟 𝜏 < 0    

has a unique solution, given by 

 

𝜑(𝜏)

= ∫ ∑
(𝜂 − 𝑤𝑘)(𝑘+1)𝛼−1

𝛤[(𝑘 + 1)𝛼]
𝜓(𝜏 − 𝜂)

[𝜂]

𝑘=0

 𝑑𝜂

𝜏

0

+ ∫  ∑
(𝜂 − 𝑤𝑘)𝛼𝑘−1

𝛤(𝛼𝑘)
 ∑

𝜑𝑘(𝜏 − 𝜂)𝑘  

𝑘!

𝑛−1

𝑘=0

 

[𝜂]

𝑘=0

 𝑑𝜂                      

𝜏

0

 

 

where 𝜑𝛼(𝜏) represents the Caputo fractional 

derivative of order 𝛼 and 𝜑(𝑘)(0) represents the 

ordinary derivative of integer order 𝑘 at 𝜏 = 0 of 

the function 𝜑. 

Proof: We define the Laplace transforms of the 

functions 𝜑 and 𝜓  and use the following notations 

ℒ[𝜑(𝜏)] = ∫ 𝑒−𝑠𝜏 𝜑(𝜏)𝑑𝜏 = Φ(𝑠)

∞

0

 

 

ℒ[𝜓(𝜏)] = ∫ 𝑒−𝑠𝜏 𝜓(𝜏)𝑑𝜏 = Ψ(𝑠)

∞

0

 

Taking the Laplace transform of the equation (1) 

and using the above notations, we have 

 

𝑠𝛼Φ(𝑠) − ∑ 𝑠𝛼−𝑘−1

𝑛−1

𝑘=0

𝜑(𝑘)(0) − 𝑒−𝑤𝑠Φ(𝑠)

= Ψ(𝑠) 

Using the initial conditions 𝜑(𝑘)(0) = 𝜑𝑘 , 𝑘 =

 1, 2, … , 𝑛 − 1, 𝜑(𝜏) = 0 for     𝜏 < 0 , and solving 

for Φ(𝑠), we get 

 

Φ(𝑠)

=
Ψ(𝑠)

𝑠𝛼 − 𝑒−𝑤𝑠

+ ∑
𝜑𝑘  𝑠𝛼−𝑘−1

𝑠𝛼 − 𝑒−𝑤𝑠

𝑛−1

𝑘=0

                                     .   .  . (2)     

 

Consider 

ℒ−1 [
1

𝑠𝛼 − 𝑒−𝑤𝑠
] = ℒ−1 [

1

𝑠𝛼
 

1

1 −
𝑒−𝑤𝑠

𝑠𝛼

] 

 

                                       = ℒ−1 [
1

𝑠𝛼
 (1 −

𝑒−𝑤𝑠

𝑠𝛼
)

−1

] 

 

                                                                 

= ℒ−1 [
1

𝑠𝛼
+

𝑒−𝑤𝑠

𝑠2𝛼
+

𝑒−2𝑤𝑠

𝑠3𝛼

+
𝑒−3𝑤𝑠

𝑠4𝛼
+ ⋯ ] 

 

= ℒ−1 [∑
𝑒−𝑘𝑤𝑠

𝑠(𝑘+1)𝛼

∞

𝑘=0

] 

 

                                   

= {
∑

(𝜏 − 𝑤𝑘)(𝑘+1)𝛼−1

Γ[(𝑘 + 1)𝛼]
, for τ ≥ wk

∞

𝑘=0

0,                                          otherwise

 

 

                   = ∑
(𝜏 − 𝑤𝑘)(𝑘+1)𝛼−1

Γ[(𝑘 + 1)𝛼]
= 𝑓(τ)

[𝜏]

𝑘=0

 

where [𝜏] is the greatest integer not greater than 

𝜏. 

By convolution theorem for Laplace transform 
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ℒ−1 [
Ψ(𝑠)

𝑠𝛼 − 𝑒−𝑤𝑠
]

= ∫ 𝑓(𝜂)𝜓(𝜏

𝜏

0

− 𝜂) 𝑑𝜂                                                                                                                

 

= ∫ ∑
(𝜂 − 𝑤𝑘)(𝑘+1)𝛼−1

Γ[(𝑘 + 1)𝛼]
𝜓(𝜏

[𝜂]

𝑘=0

𝜏

0

− 𝜂)  𝑑𝜂                                         .  .  . (3) 

 

 

Also, we have  

ℒ−1 [∑
𝜑𝑘  𝑠𝛼−𝑘−1

𝑠𝛼 − 𝑒−𝑤𝑠

𝑛−1

𝑘=0

]

= ℒ−1 [∑
𝜑𝑘 

𝑠𝑘+1

𝑛−1

𝑘=0

 
1

1 −
𝑒−𝑤𝑠

𝑠𝛼

]                                  

 

                                       

= ℒ−1 [∑
𝜑𝑘 

𝑠𝑘+1

𝑛−1

𝑘=0

(1

−
𝑒−𝑤𝑠

𝑠𝛼
)

−1

]      .   .   .   (4) 

Also, we note that 

ℒ−1 [∑
𝜑𝑘  

𝑠𝑘+1

𝑛−1

𝑘=0

] = ∑
𝜑𝑘𝜏𝑘 

𝑘!

𝑛−1

𝑘=0

= 𝜈(𝜏)                                                                       

 

and 

ℒ−1 [(1 −
𝑒−𝑤𝑠

𝑠𝛼
)

−1

]

= ℒ−1 [∑
𝑒−𝑠𝑤𝑘  

𝑠𝛼𝑘

∞

𝑘=0

]                                                                        

 

= {
∑

(𝜏 − 𝑤𝑘)𝛼𝑘−1

Γ(𝛼𝑘)
, for τ ≥ w𝑘

∞

𝑘=0

0,                                          otherwise

 

 

 

                   = ∑
(𝜏 − 𝑤𝑘)𝛼𝑘−1

Γ(𝛼𝑘)

[𝜏]

𝑘=0

= 𝜇(τ)                                              

From equation (4), we have 

 

ℒ−1 [∑
𝜑𝑘  𝑠𝛼−𝑘−1

𝑠𝛼 − 𝑒−𝑠

𝑛−1

𝑘=0

]

= ∫ 𝜇(𝜂) 𝜈(𝜏

𝜏

0

− 𝜂) 𝑑𝜂                                                                                                                

 

= ∫  ∑
(𝜂 − 𝑤𝑘)𝛼𝑘−1

Γ(𝛼𝑘)
 ∑

𝜑𝑘(𝜏 − 𝜂)𝑘 

𝑘!

𝑛−1

𝑘=0

 

[𝜂]

𝑘=0

 𝑑𝜂                      .   .   .  (5)

𝜏

0

 

Taking the inverse Laplace transform of the 

equation (2), using equations (3) and (5) and using 

the convolution theorem, the solution of the 

equation (1) is given by 

𝜑(𝜏)

= ∫ ∑
(𝜂 − 𝑤𝑘)(𝑘+1)𝛼−1

Γ[(𝑘 + 1)𝛼]
𝜓(𝜏 − 𝜂)

[𝜂]

𝑘=0

 𝑑𝜂

𝜏

0

+ ∫  ∑
(𝜂 − 𝑤𝑘)𝛼𝑘−1

Γ(𝛼𝑘)
 ∑

𝜑𝑘(𝜏 − 𝜂)𝑘  

𝑘!

𝑛−1

𝑘=0

 

[𝜂]

𝑘=0

 𝑑𝜂                      

𝜏

0

 

This completes the proof of the theorem.   

Applications of the method : Let 𝜑 be a function 

which is piecewise continuous and of exponential 

order.  Then the fractional differential-difference 

equation 

𝜑𝛼(𝜏) − 𝜑(𝜏 − 𝑤) = 𝜓(𝜏) ,                   𝜓(𝜏)

= 𝑡𝑛 ,     𝑛

> 0                                                                     .  .  . (1) 

 

of fractional differential order 𝛼,     𝑛 − 1 < 𝛼 ≤

𝑛      , 𝑛 ∈ ℕ, 𝑤 𝑖𝑠 𝑎𝑛𝑦 𝑝𝑎𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 and 

difference order 1 with initial conditions of the 

form  

𝜑(𝑘)(0) = 0, 𝑘 =, 1, 2, … , 𝑛 − 1, 𝜑(𝜏) =

0 𝑓𝑜𝑟 𝜏 ≤ 0       

has a unique solution, given by 

𝜑(𝜏)

= 𝛤(𝑛 + 1) ∑
(𝜏 − 𝑤𝑘)(𝑘+1)𝛼+𝑛

𝛤(𝛼(𝑘 + 1) + 𝑛 + 1)

[𝜏]

𝑘=0

  𝑤ℎ𝑒𝑟𝑒 [𝜏] 

 

 𝑑𝑒𝑛𝑜𝑡𝑒𝑠 𝑔𝑟𝑒𝑡𝑒𝑠𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 

 

Proof: 

𝐿[𝜑𝛼(𝜏) − 𝜑(𝜏 − 𝑤)] = 𝐿[𝜏𝑛]    

𝑠𝛼Φ(𝑠) − 𝑒−𝑤𝑠Φ(𝑠)=
Γ(𝑛+1)

𝑠𝑛+1  
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Φ(𝑠) =
Γ(𝑛 + 1)

𝑠𝑛+1(𝑠𝛼 − 𝑒−𝑤𝑠)
 

 

                                                      Φ(𝑠) =
Γ(𝑛+1)

𝑠𝛼+𝑛+1 (1 −
𝑒−𝑤𝑠

𝑠𝛼 )−1 

                                                      Φ(𝑠) =  
Γ(𝑛+1)

𝑠𝛼+𝑛+1 (1 +

𝑒−𝑤𝑠

𝑠𝛼 +
𝑒−2𝑤𝑠

𝑠2𝛼 +
𝑒−3𝑤𝑠

𝑠3𝛼 + ⋯ …. 

 

                                                                Φ(𝑠) =

Γ(𝑛 + 1) (
1

𝑠𝛼+𝑛+1 +
𝑒−𝑤𝑠

𝑠2𝛼+𝑛+1 +
𝑒−2𝑤𝑠

𝑠3𝛼+𝑛+1 +
𝑒−3𝑤𝑠

𝑠4𝛼+𝑛+1 +

⋯ …. 

                                                                Φ(𝑠) =

Γ(𝑛 + 1) ∑
𝑒−𝑠𝑤𝑘

𝑠𝛼+𝑛+1+𝛼𝑘
∞
𝑘=0  

Taking inverse laplace transform 

𝜑(𝜏) = Γ(𝑛 + 1)𝐿−1 [∑
𝑒−𝑠𝑤𝑘

𝑠(𝑘+1)𝛼+𝑛+1

∞

𝑘=0

] 

𝜑(𝜏)

= {
Γ(𝑛 + 1) ∑

(𝜏 − 𝑤𝑘)(𝑘+1)𝛼+𝑛

 Γ((𝑘 + 1)𝛼 + 𝑛 + 1)
,     𝑡 ≥ 𝑤𝑘

∞

𝑘=0

0                      , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

Thus if [𝜏] denotes the gretest integer less than or 

equal to 𝜏, we find  

 𝜑(𝜏) = Γ(𝑛 + 1) ∑
(𝜏−𝑤𝑘)(𝑘+1)𝛼+𝑛

Γ(𝛼(𝑘+1)+𝑛+1)

[𝜏]
𝑘=0   . 

 

4.Some Applications: 

In this section, we present some examples as the 

applications of the above result. 

Example 4.1)   𝜑1/2(𝜏) − 𝜑(𝜏 − 1) =

𝜏2,        𝜑(𝜏) = 0   , 𝑓𝑜𝑟    𝜏 < 0    𝛼 =
1

2
,     0 <

1

2
<

1   ,         

                                            𝜑(𝜏) =

2 ∑
(𝜏−𝑘)

(𝑘+1)
1
2+2

Γ((k+1)
1

2
+3

[𝜏]
𝑘=0    

𝜑(2) = 2 ∑
(2 − 𝑘)(𝑘+1)

1
2

+2

Γ((k + 1)
1
2

+ 3

2

𝑘=0

   

𝜑(2) = 2 {
2

5
2

Γ (
7
2

)
+

(1)3

Γ(4)
} 

𝜑(3) = 2 ∑
(3 − 𝑘)(𝑘+1)

1
2

+2

Γ ((𝑘 + 1)
1
2

+ 3)

3

𝑘=0

   

=𝜑(3) = 2 {
3

5
2

Γ(
7

2
)

+
(2)3

Γ(4)
+

(1)
7
2

Γ(
9

2
)
}  is the solution. 

Example4 .2 )   𝜑
3

2(𝜏) − 𝜑(𝜏 − 1) = 𝜏2,    𝜑(𝜏) =

0, 𝑓𝑜𝑟 𝜏 < 0 𝛼 =
3

2
,    1 <

3

2
< 2   

𝜑(𝜏) = 2 ∑
(𝜏 − 𝑘)(𝑘+1)

3
2

+2

Γ (
3
2

(𝑘 + 1) + 3)

[𝜏]

𝑘=0

   

                 If we take               𝜏 =
5

2
     [ 

5

2
] = 2 

 

                                                 𝜑(
5

2
) =

2 ∑
(

5

2
−𝑘)

(𝑘+1)
3
2+2

Γ(
3

2
(𝑘+1)+3)

[𝜏]
𝑘=0    

= 2 ∑
(
5
2

− 𝑘)(𝑘+1)
3
2

+2

Γ (
3
2

(𝑘 + 1) + 3)

2

𝑘=0

   

                                    𝜑(
5

2
)  =2 {

(
5

2
)

7
2

Γ(
9

2
)

+
(

3

2
)5

Γ(6)
+

(
1

2
)

9
2

Γ(
14

2
)
} 

Example 4.3 ) Special case when we take 𝜶 = 𝟏 

the equation is converted to differential- 

difference equation. 

𝜑′(𝜏) − 𝜑(𝜏 − 1) = 𝜏𝑛,      , 𝜑(𝜏) = 0,    𝑓𝑜𝑟 𝜏 ≤ 0 

and the solution is given by  

φ(τ) = Γ(𝑛 + 1) ∑
(𝜏 − 𝑘)(𝑘+1)𝛼+𝑛

Γ(𝛼(𝑘 + 1) + 𝑛 + 1)

[𝜏]

𝑘=0

   

 

putting 𝛼 = 1 

φ(τ) = Γ(𝑛 + 1) ∑
(𝜏 − 𝑘)(𝑘+1)+𝑛

Γ((𝑘 + 1) + 𝑛 + 1)

[𝜏]

𝑘=0

   

 

so our proved result is valid for differential-

difference equations for this type of problem.[17] 

Example 4.3.1): 𝜑′(𝜏) − 𝜑(𝜏 − 1) =

𝜏2,      , 𝜑(𝜏) = 0, 𝑓𝑜𝑟 𝜏 ≤ 0,      n = 2,  

φ(τ) = 2 ∑
(𝜏 − 𝑘)𝑘+3

Γ(𝑘 + 4)

[𝜏]

𝑘=0

    

If t=4 , [4]=4 wehave  

                                                     𝜑(4) =

2 ∑
(4−𝑘)𝑘+3

Γ(𝑘+4)
4
𝑘=0     

                             2{
43

Γ(4)
+

34

Γ(5)
+

25

Γ(6)
+

16

Γ(7)
}=28.62( 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑙𝑦) 

If 𝜏=𝜋 , [𝜋] = 3 

 𝜑(𝜋) =  2 ∑
(𝜋−𝑘)𝑘+3

Γ(𝑘+4)
4
𝑘=0     

               =2{
𝜋3

Γ(4)
+

(𝜋−1)4

Γ(5)
+

(𝜋−2)5

Γ(6)
+

(𝜋−3)6

Γ(7)
} =

12.12( 𝑎𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑙𝑦) 



 
 
 

532 

 

Journal of Harbin Engineering University 

ISSN: 1006-7043 

Vol 45 No. 3 

March 2024 

 Confict of Interest:  There are no conflicts of interest for the publication of this manuscript 

Acknowledgements 

The author is very much thankful to dr.Pramod 

Kulkarni sir. 

 

References: 

[1]. Bellman, R. and Cooke, K. L., ‘Differential-

Difference Equations’, R-374-PR, A Report 

Prepared for United State Air Force Project 

Rand, 1963 

[2]. Podlubny, I., ‘Fractional Differential 

Equations’, Academic Press, New York, USA 

1999.   

[3]. Miller, K. S.  and Ross, B., ‘An Introduction to 

the Fractional Calculus and Fractional 

Differential Equations’, Wiley-Interscience 

Publications, USA, 1993. 

[4]. Agarwal, R. P., Zhou, Y.,  Yunyun He, 

‘Existence of Fractional Neural Functional 

Difference Equations’, Computers and 

Differential Equations, Vol. 56, pp. 1095-

1100, 2010. 

[5]. Fang Li, ‘Mild Solutions for Fractional 

Differential Equations with Nonlocal 

Conditions’, Advances in Differential 

Equations, Vol. 2010, pp. 1-9. 

[6]. Ahmad, B., Ntouyas,  S. K., Agarwal, R. P. and 

Alsaedi, A., ‘Existence Results for Sequential 

Fractional Integro-differential Equations with 

Nonlocal Multi-point and Strip Conditions’, 

Boundary Value Problems, Vol. 2016, No. 1, 

Article ID 205, 2016. 

[7]. Wang,Y.,  and Liu, L., ‘Uniqueness and 

Existence of Positive Solutions for the 

Fractional Integro-differential Equations’, 

Boundary Value Problems, Vol. 12, pp. 1-17. 

[8]. Rao, S. N., ‘Solvability for a system of Non-

linear Fractional Higher-order Three Point 

Boundary Value Problem’, Fractional 

Differential Calculus, Vol.7, No.1, pp 151—

167, 2017. 

[9]. Hilal, K. , Ibnelazyz, L. , Guida, K.  and Melliani, 

D., ‘Existence of Mild Solutions for an 

Impulsive Fractional Integro-differential 

Equations with Non-Local Condition’, 

Springer Nature Switzerland AG, 2019. 

[10]. Baleanu, D., Ghafarnezhad, K. and Rezapour, 

S., ‘On a Three Step Crisis Integro-differential 

Equation’, Advances in Difference Equations, 

Vol. 2019, No. 1, Article ID 153, 2019. 

[11]. Ibnelazyz, L., Guida, K., Hilal, K.  and Melliani, 

Existence Results for Nonlinear Fractional 

Integro-differential Equations with Integral 

and Antiperiodic Boundary Conditions, 

Computational and Applied Mathematics, 

vol. 40, No. 1, article 33, 2021. 

[12]. Bragdi, A., Frioui, A.  and Guezane L. A.,  

‘Existence of Solutions for Non-linear 

Fractional Integro-differential Equations’, 

Advances in Difference Equations, Vol. 2020, 

No. 1, Article ID 418, pp. 1—9, 2020. 

[13]. Mardanov, M. J., Sharifov, Y. A.  and Aliyev, 

H. N., Existence and Uniqueness of Solutions 

for Non-linear Fractional Integro-differential 

Equations with Non-local Boundary 

Conditions, European Journal of Pure and 

Applied Mathematics, Vol.15, No.2, pp. 726-

735, 2022.  

[14]. Kamble, R. M.  and Kulkarni, P. R., ‘On Some 

Existence and Uniqueness Results for Non-

linear Fractional Differential Equations with 

Boundary Conditions’,  Econophysics, 

Sociophysics and Other Multidisciplinary 

Sciences Journal, Vol. 12(1), 2023. 

[15]. Kamble, R. M.  and Kulkarni, P. R., ‘New 

Existence and Uniqueness Results for Non-

linear Fractional Differential Equations With 

Composite Boundary Conditions’, Journal of 

Technology, Vol. 11, Issue 12, 2023.  

[16]. Sugiyama, S., ‘On The Existence and 

Uniqueness Theorems of Difference-

Differential Equations’, Waseda University, 

Tokyo, Japan.  

[17]. MURRAY R. SPIEGE,SCHAUM'S OUTLINE 

OF THEORY AND PROBLEMSOF 

LAPLACETRANSFORMS, McGRAW-HILL 

New York San Francisco Washingtun. D.C. 

Auckland Rogoid Caracas Lisbon London 

Madrid Alexien City ,Milan Aluntrcal New 

Delhi San Juan Singapore Sydney lbkva 

"lomnro 

 


