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Abstract: In this paper we discuss the forced oscillation of nonlinear variable order fractional differential
equations of the form

(fo(t)y)(t) + Fl(t,y(t)) =V()+ Fz(t,y(t)) for t > a = 0 along with the initial conditions

(Daa(t)_ky)(a) = b, wherek =1tom —1 and tlim(lgn_a(t)y)(t) =b,,, in which D*®y is the Riemann-

Liouville fractional derivative of order a(t) of y, m—1 < a(t) <m, m =1 is an integer, I,T—a(t)y is the

Riemann-Liouville fractional integral of order m — a(t) of y, b, (k = 1,2, ...m) are constants. We have given
an example to illustrate our theoretical results.
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1. Introduction

Fractional order differential equations are an
important tool in modeling many concepts of
science and engineering. It has a wide range of
applications in electrochemistry, viscoelasticity,
control theory and many of physical problems, for

equations involving Caputo and Riemann-Liouville
derivative of fractional order. Many books [7-10]
elaborate the theories and applications of
fractional derivatives and fractional integrals. So
many authors studied the aspects like existence,
uniqueness, stability and oscillation of fractional

example [1-6]. There has been a consistent derivatives. We refer [11-21] and the references

development in partial and ordinary differential quoted in them.

In [20] authors discussed the forced oscillation of a differential equation of the form

(Ddx)(®) + f1(t, x) = v(E) + fo(t, %), tlink(];_qx)(t) = b, where D is the Riemann-Liouville differential
-a

operator of order q,0 < g < 1 with the initial condition xf;(t,x) > 0(i = 1,2),x # 0,t = a and |f,(t,x)| =

pilx|P and |f,(t, x)| < pylx|7,
where p;, p, € C([a,®),RT)and B,y > 0.

In [21] authors established the oscillation criteria by using Young’s Inequality for a fractional differential

equation of the form

(DIx)(®) + fi(t, x) = v(®) + fo(t, %),

(Dg_kx)(a) =b, (k=1tom—1),
t—at

where Dg is the Riemann-Liouville differential operator of order gm—-1<qg<m, m=>=1is an

t>a=0,

lim (1] %x)(t) = b,
t-oat

integer, I;n_q is the Riemann-Liouville fractional integral of order m — q, b, (k = 1,2,...m) are constants,
with the initial condition xf;(t,x) > 0(i = 1,2),x # 0,t = a and

Ifi(t, )| < pylx|P and |fo(t, )| = p,lx|” forx #0,t > a

where p;,p, € C([a, ), (0,0)) and B,y > 0.

In this paper, we established some forced oscillation results of variable order nonlinear fractional differential
equation of the form
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(DEOY)() + (6, y(t)) = V() + Fy(t, y(t)) fort >a =0 (1.1)
together with the initial conditions
(DXP7*y)(a) = by where k = 1tom — 1 and t@g(lgn_“(t)y)(t) =b,,, (1.2)
in which Dg(t)y is the Riemann-Liouville fractional derivative of order a(t) ofy m—1 < a(t) <m, m=1is
an integer, Ifl"_“(t)y is the Riemann-Liouville fractional integral of order m — a(t) of vy, by (k = 1,2,...m) are
constants. We improved our result with variable order nonlinear fractional differential equation along with the
conditions
xF;(t,y) >0(i=12),x#0,t=a (1.3)
IFL(t, )| 2 Pilyl? and |F,(t, )| < Plyl” fory #0,t > a (1.4)
and
IFL(t, )| < Pylyl? and |F,(t, y)| = PlylY fory #0,t 2 a (1.5)

where P;, P, € C([a, ), (0,)) and B,y > 0 are real numbers.
In [20] the authors gave many results on oscillation by reducing the given equation into an equivalent Volterra
fractional integral equation of the form

_ by (t—a)¥(®-k 1 t _
y(t) - Z‘;{n:l :(d(t)—k'i-l) + I“(a(t)) fa(t - S)a(t) 1[V(S) + FZ(SJ y(s)) - Fl(si y(s))]ds (1'6)

fort > a.

2. Preliminaries
Here we give some basic definitions of fractional integrals and derivatives and also the Young's Inequality. We
can get more information about the fractional calculus from [7-10].

Definition 2.1: A solution of a differential equation is said to be oscillatory if it has arbitrarily many zeros. If all
the solutions of an equation are oscillatory, then the differential equation is said to be oscillatory.

Definition 2.2: The Riemann-Liouville fractional derivative of order g > 0 for the function x:[a, ) = R is

. am -
given by (DIx)(t) = o (177 %%) (@), (2.1)
whereas the right hand side is defined pointwise on [a, ), wherem — 1 < g < m, m = 1 is an integer. Also,
we set DJx = x.

Definition 2.3: The Riemann-Liouville fractional integral of order g > 0 for the function x: [a, ©) — R is given

by (I7x)(t) = %f;(t —5)971x(s)ds, (2.2)

whereas the right hand side is defined pointwise on [a, ), and I'" is a Gamma function defined by I'(n) =

fooo x""te~*dx for t > 0. Also, we set I0x = x.

Definition 2.4: The variable order Riemann-Liouville integral of function f(u) is given by

sl Of @) = o fy @ = D O WdA, t>0,a(6) >0 (23)

Definition 2.5: The variable order Riemann-Liouville derivative function f(u) is given by
..... 1 dn

sDg O f(W) = ——— [ (u— D" O1F(A)dA, t>0,a(t) >0 (2.4)

r(n—a(t)) drn

Definition 2.6: The Caputo fractional derivative with order g > 0 for the function x: [a, ©) — R is given by

(202 (®) = (g™ =) (1) (2.5)
whereas the right hand side is defined pointwise on [a,©) and m — 1 < a(t) < m, m > 1 is an integer, x ™

is usual derivative of integer order m. Also, we set “D%x = x.
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Definition 2.7: (Young’s Inequality) (a) Let X,Y > 0,u > 1 and i+% =1,then XY < %X“ +%Y”, where the
equality holds if and only if ¥ = X¥~1,

(b)LetX > 0,Y > 0,0 <u < 1and §+ % = 1,then XY > %X” +§Y“, where the equality holds if and only if
Y = x% 1,

3. Oscillation results

B v
Theorem 3.1: Let K(s) = (y%) [%(S) B_ypr_ﬁ(s) and assume that for § >y (1.3) and (1.4) holds. If

gi_)rginf t1-e® th(t —5)*®O-1Y(s) + K(s)]ds = —oo (3.1)
. _ t _
and limsup t279® [ (£ — $)* OV (s) — K(s)]ds = +oo (3.2)

for sufficiently large value of T, then each solution of (1.1)(1.2) is oscillatory.

Proof: Assume that y be the non oscillatory solution of equation (1.1). If we assume y is an eventually positive
solution of (1.1), then there exists T; > a such that y(t) > 0 fort > T;.

Let s = T; and take X = [y|¥(s),Y = YPy(5) ,U = B andv = L, then by (a) of definition 2.7 we can conclude
BP1(s) Y B-v
that
BPy(s) yP(s) 1 8
P,()[ylY () = Py(s)IylP(s) = lyl"(s) -yl (s))Y
Y
P (s 1
RO Ly
u
< @%w =K(s) fors =T, (3.3)

From (1.3), (1.4), (1.5) and (3.3), we get
bk(t _ a)a(t)—k Ty

F(a(t))y(t) = F(a(t)) Z m + (t— S)a(t)—l[V(s) + FZ(S,y(s)) - Fl(s,y(s))]ds
k=1

a

+ t(t - s)“(t)‘l[V(s) + Fy(s,y(5)) = Fy(s,v(s))]ds

<SP +YPET) + | (€ =) OV () + Py (s)y? () — Pu(s)yP ()] ds

< @@ +PET) + [ (¢ = ) OV () + K(s)lds fort =Ty (3.4)
where @(t) = F(a(t))Z?zl% (3.5)
Y&, T) = [}}(t = $)*O71[V(s) + F,(5,5(5)) = Fi(s,y(s))]ds (3.6)

By multiplying (3.4) by t*~*®), for t > T, we have

0 < t'=*Or(a(®))y®)

< 172 Op(t) + 17 OY(t, Ty) + t179O f;l(t — ) OV (s) + K(s)]ds (3.7)
Take T, > T;. We consider the following cases with 0 < a(t) < 1 and a(t) > 1.

Case (i): Let 0 < a(t) < 1.

Wegetm =1, ¢(t) = by (t — a)*®1

T )1—a(t)

T,—a

|t1_a(t) (P(t)| = |b1|t1_a(t)(t - a)a(t)_l < |b] ( =Cy(Ty) fort =T, (3.8)

and
|t1""(t) Y(t, T1)| = |t1‘“(t)| faTl(t — s)“(t)'l[V(s) + Fy(s,y(s)) — Fl(s,y(s))]ds

< f 1tl""(”(t - s)“(t)‘l[V(s) + Fy(s,y(s)) — Fl(s,y(s))]ds

a
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Ty TZ 1-a(t)
< f (T — s) [V(s) + Fz(s,y(s)) - Fl(s,y(s))]ds
a 2
= CZ(TII Tz) fOT' t = T2 (3.9)

From (3.7), (3.8) and (3.9) we can conclude that
t
t1=2® | (£ — ) O~V (s) + K(s)lds > —[C,(T,) + Co(Ty, T,)] fort = T,.
T,
Hence, we get
t
giminftl‘“(t) (t — $)* OV (s) + K(s)]ds = —[C,(T,) + C,(T;,T,)] > —o0
—00 T
which is a contradiction for (3.1).
Case (ii): Let a(t) > 1.
We getm > 2.

e N bie(t — )0
1-a( )F(a(t))z Fga(t) ik )
k=1

m |bk|t1—a(t)(t _ a)a(t)—k
<I(a®) ; ra@® —k+1)

bl (T, — )%
SUCO) ; Iald —k+ 1)
=C3(T,) fort =T,
(3.10)

[ (0)] =

and
T1

[t1=e® (e, )| = |¢1790) f (t — ) OV (s) + F,y(s,y(5)) — Fi(s, y(s))]ds

< J. 1tl“"(t)(t - $)* OV (s) + F,(s,7(s)) — Fi(s,y(s))]ds

< faTl[V(s) + Fy(s,5(5)) = F(s,¥(s))]ds = Co(Ty)) fort =T, (3.11)
It follows from (3.7), (3.10) and (3.11) we can conclude that
t
t1=2® | (£ — )OOV (s) + K(s)]ds > —[C5(Ty) + C,(T)] fort = T,.
Ty
Hence, we get

liminf ¢!~ thl(t — )OOV (s) + K(s)]ds = —[C5(Ty) + C4(Ty)] > —oo.
which is again a contradiction for (3.1).

Hence if we assume y is an eventually negative solution of (1.1) and (1.2). We can get a contradiction for (3.2)
by using the similar arguments. This completes the proof.

Theorem 3.2: Let a(t) = 1 and assume that (1.3) and (1.5) hold with § < y. If

If tlimsup t1-a® th(t — 5)*O-1[y(s) + K(s)]ds = +oo (3.12)
o _ t _
and gl_glomf t17® [t~ $)*O-1[V(s) — K(s)]ds = — (3.13)

for sufficiently large value of T and K is defined as in theorem 3.1, then every bounded solution of (1.1) (1.2)
is oscillatory.

Proof: Let y be a bounded and nonoscillatory solution of equation (1.1).

Therefore there exists constants M; and M, such that

M, <y(t)< M, fort>a (3.14)

First we assume that y is a eventually positive bounded solution of (1.1). Then there exists T; > a such that
y(t) >0 fort>T,.
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By the similar proof of (3.3) and by condition (b) of definition 2.7, we find

Pyl (s) = Py()IylB(s) =2 K(s) fors > T, (3.15)

where K(s) is defined as in theorem 3.1.

Also, ¢ and 1 takes the same value as in (3.5) and (3.6) respectively. By taking the similar procedure of (3.7),
and from (1.3), (1.5), (3.15), for t > T; we get

t1=¢Or(a(®))y(®)

> t179Op () + t1*OY(t, T)) + t172O thl(t —5)*®O-1[V(s) + K(s)]ds (3.16)

By taking T, > T;, we consider the following cases with a(t) = 1 and a(t) > 1.

Case (i): Let a(t) = 1. In this case (3.8) and (3.9) are still true. Hence, (3.8), (3.9), (3.14) and (3.16) implies that
M, T(a(t)) = —[Ci(Ty) + Co(Ty, Tp)] + t17¢® f;(t — $)¥O-1[y(s) + K(s)]ds fort>T,.

Thus,

lim sup t1-a® thl(t —5)¥O7V(s) + K(s)]ds < [C1(Ty) + Co(Ty, T)] + M, T'(a(t)) < +oo

This is the contradiction for (3.12).

Case (ii): Let a(t) > 1. In this case (3.10) and (3.11) are still true. Hence, (3.10), (3.11), (3.14) and (3.16) implies
that

Mol (a ()t O > —[C4(Ty) + Co(T)] + t179® t(t —5)*®-1[y(s) + K(s)]ds for

t > T,. Since we know that tlim t12® = 0, we can conclude that
lim sup tt-e® thl(t —5)*O-1[Y(s) + K(s)]ds < [C5(T,) + C4(Ty)] < +oo.

This is again a contradiction for (3.12).

Similarly, if we assume that y as a eventually bounded negative solution of (1.1) and (1.2), then by using the
similar arguments we will get a contradiction for (3.13).

Hence the theorem is proved.

4. Oscillation results with Caputo Fractional Derivative

In this section, we establish the oscillation result for (1.1) when the by replacing the Riemann-Liouville
fractional differential operator by the Caputo Fractional differential operator. That is, here we will study the
oscillation of the initial value problem

(:5DEPY) () + Fy(t,y(8)) = V() + Fy(t,y(t)) fort >a = 0 (4.1)
together with the initial conditions
y®(a) = b, (k=0tom—1) (4.2)

c

Here % ,‘;‘“) is the Caputo fractional order derivative of order a(t) of y defined by (2.5), m—1 < a(t) <
m,m = lis an integer, b, (k =0tom — 1) are constants, F;:[a,+o) X R = R (i = 1,2) are continuous
functions, and V: [a, +o0) — R is a continuous function.

The Volterra fractional integral equation corresponding to this is given by
_1 by (t—a)¥ Ok 1t _
y(t) =Y GGl il ‘;)‘ + @ fa (t —s5)*® 1[V(S) + Fz(s,y(s)) - Fl(s,y(s))]ds fort > a.

We can prove the following theorems by using the same procedure as in theorem 3.1 and theorem 3.2

Theorem 4.1: Assume that for § > y (1.3) and (1.4) holds. If

glrginf ti-m th(t —5) O~y (s) + K(s)]ds = —oo (4.3)
and lim sup ti-m th(t —5)*O-1[Y(s) — K(s)]ds = +oo (4.4)

for sufficiently large value of T and if we define K as in Theorem 3.1, then every solution of (4.1) (4.2) is
oscillatory.

Theorem 4.2: Assume that a(t) = 1 and (1.3), (1.5) hold with 8 < y.
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If lim sup gi-m th(t —5)*O-1[Y(s) + K(s)]ds = +o (4.5)
and tliminf ti-m th(t —5) O~y (s) — K(s)]ds = —o0 (4.6)
for sufficiently large value of T and K is defined as in theorem 3.1, then every bounded solution of (4.1) (4.2)
is oscillatory.
5. Example

In this section, we will give an example to show that the condition (3.1) cannot be dropped. If we drop the
condition (3.1) we will get a non oscillatory solution.

Example 5.1:
Consider the following Riemann-Liouville nonlinear fractional order differential equation

a(®) 5 2¢2~%(0) w0 L2 1
Dy Y)®) +y>()In(e +t) = (=) + (t — ts) In(e +t)+x3(t)In(e +t), (5.1)
t>0
tlir(ﬁ(lé_“(t)y)(t) =0, where0 < a(t) < 1. (5.2)

In this example we take a = 0,m = 1,F,(t,y) = y°(t)In(e + t),

2t2—a(t)
'O =G ey

2 1
(tlo - t§) In(e +t),F,(t,y) = x3(t)In(e + t),b; = 0 and
t
a(t) =§with1<t<2and500< a(t) < 1.
Taking P, (t) = P,(t) =In(e +t),B =5,y = 1/3, we find that the conditions (1.3) and (1.4) are satisfied.
Defining K as in theorem 3.1 and V (t) > 0, we have
t t
lim inf tl_“(t)f (t —$)* OV (s) + K(s)]ds = liminf tl‘“(t)f (t — s)*D-1K(s)ds
—00 T —®© T
1
¢ 5 3 _5 1l g
= liminf t1=%® f (t —s)*®-1 71 [gln(e + )]5-13[In(e + )33 Vds
i 3
t
= liminf t1-a® f 14(t — 5)*®O-115-15/14 (e + t)ds
—00 T

t
> tliminf tl'“(t)f 14(t — 5)*®-115-15/14gg
—00 T

15—15/1414t1—a(t) (t _ T)a(t)
= limi
jminf a(t)
= 00
This shows that the condition (3.1) is not satisfied for sufficiently large T > 1and t > T.
By taking y(t) = t2, we get
1
1799t = ———

By integrating we obtain
2t3—a(t)

a(t) _ 1
Uy »® = r(1-a®) (1-a®)(2-a®))(3-a(t))

a(®) _ i a(®) _ 1 th—a(t) _ 22— a(t)
Hence, (D, y)(t) = dt (o' »®) = r(i-a®) (1-a®)(2-a(®)) ~ r3-a))

This shows that y(t) = t? satisfies (5.1). Also, by (5.3) we have tlirgl+(lé_“(t)y)(t) =0.
This shows that y(t) = t? satisfies (5.2).
Hence we conclude that y(t) = t? is a non oscillatory solution of (5.1) (5.2).

t
f (t — )" *®s2ds
0

(5.3)
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6. Conclusion

In this paper, we established the oscillation criteria
of variable order nonlinear fractional differential
equation given in (1.1) (1.2) and we improved our
result by providing the result for Caputo fractional
order derivative.
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