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Abstract

The aim of this paper is to find some new oscillation conditions for second order nonlinear mixed functional

differential equations with sublinear neutral terms of the form such that

(b() w' () — p(9) f(v((#))) =0,

b =¢y>0,

where w(¢) = v(¢) + q.(¢) 179()((<;b)) — q,(¢) vg(,u(cb)), 0 is the ratio of odd positive integers with
0 < 6 < 1. Moreover, y(¢) < ¢ < u(d) and &(¢) is a mixed type deviating argument. The presented results
simplify, generalize, and improve existing results reported in the literature. Examples are given to illustrate the

importance of the results.
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1. Introduction
This paper is concentrated on the oscillatory
behavior of solutions to the second order
nonlinear mixed functional differential equations
with sublinear neutral terms of the form

G@w@) - ple)
f(v(£(9) = o, ¢ = ¢y >0,
(1.1)
where w(p) = v(¢) + qi1(p)v?(x(p)) -
q2(¢) v?(u(9)) and b, q1, G2 P, X, 1, § are
continuous
real-valued functions on [¢, ).
The following hypotheses are taken for granted
throughout the entire paper, unless otherwise
stated.
H1: 6 is the ratio of odd positive integers with 0 <
0<1;
H2: b € C1([¢pg, 0),RT) and

1

¢) = = ds — o
as ¢ — oo; (1.2)
H3: p, q1, 42 € C([¢o,0),[0,%0)) and q is a
positive continuous real-valued function with
0<qg,<q<1
H4:f € C(R,R) and, 3 k > 0 such that f(x) = k x%,
V x # 0, where a is the ratio of odd positive
integers;

H5: x,u € C([po, ), R), x(¢)) < ¢ < pu(e),
xyand u are strictly increasing functions and

Jim x(¢) = Jim ju(¢) = oo
H6: £ € C'(o, o), R), €(¢) > 0and lim £(¢)
= 00,

It is noteworthy that the deviating argument
&(¢) is considered to be of mixed type, implying
that
its delayed component
De ={¢p €lgo, ®):§(¢) < ¢}
and its advanced component
A ={p Elpo, ®):§(P) >}
are both unbounded subsets of [¢,, ).

By a solution of (1.1), we mean a function v(¢)
€ C([¢y, ), R), with w, b(p)w'( $) € C*([¢h, =),
R) that satisfies the differential equation (1.1) on
[y, ) where ¢, = ¢,. Without further mention,
we will assume throughout that the solutions that
satisfy
sup{lv(P)|:p =T}>0,VT = ¢,.

A solution v(¢) of (1.1) is called oscillatory if it
has arbitrarily large zeros on [¢,, ),
that is, V ¢1 € [¢,, ) I ¢, = ¢ such that v(¢,)
= 0; if not, it is called nonoscillatory, that is, if it is
eventually positive or eventually negative. If every
solution to (1.1) is oscillatory, then (1.1) is called
oscillatory.
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The set W of all nonoscillatory solutions of
(1.1) is the union
w = UlZiw;,
where
Wi :w(p) > 0and w'( ¢) <O0; W, :
w(p) > 0and w'(¢) >0;
W; @ w(¢) < 0 and w'(¢) < 0
W, :w(¢) < 0and w'( ¢) > 0.

We consider the situation that W = @ for
(1.1), i.e., every nontrivial solution to (1.1) is
oscillatory.

2. Main results
Lemma 2.1 [7].If X,Y> 0, then

XA+ @Q-1Drt-
AXy*1 > o, for 1 >1,
(2.1)
and

XA—@Q-)Yt-
AXY*t < o, for 0 <A <1,
(2.2)

where equalities hold if and only if X =Y.
We use the following notations for
convenience:

Gi($): = (1- ) 679 q7-5(9) 4,79(),
6 2] 1
Go($): = (1-6) 655 GF1(¢) 0,79(0),
and
L 1(¢) — G2(¢)
G(@): = 1- (2TTE),
Go(g): = 1 (LO-2®),

in which the constantsarec; < 0andc, > 0.

We start with the preliminary lemma
mentioned above, which is crucial to the proof of
our main results.

Theorem 2.1. Assume q(¢) is such that

(pli_r)rgo [G1(¢) —
G, (p)] =0. (2.3)

Furthermore, assume the following condition:

co 1 S
kfd’o @ (fu p(s) dS) du = oo.
(2.4)

If 3 {p,}, {si}with Py, 5, — 0 as k — o such

that ¢, € D; and s; € A respectively,

lim sup f;:;k) kny p(s) [1(€(pr)) —

k — o
1(£(s))] ds > 1, (2.5)

and
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tm S {559 ke, p(s) [1(69) -
1(¢(sp)] ds > 1, 26)Vk=1,

2,3, ..,and k > 0, where n; and n, are constants,
then (1.1) is oscillatory.

Proof. Assume on the contrary, that v(¢) is a
nonoscillatory solution of (1.1). We can assume,
without losing generality, that v(¢) is an
eventually positive solution of (1.1) because, if
v(¢p) is a solution of (1.1), then — v(¢) is also a
solution of (1.1). Hence, we get v(¢p) > 0, v()((qb))
>0, v(u(qﬁ)) >0, v(f(d))) >0, for large
sufficient ¢p. Then the following cases arise:

Case I. Suppose that w(¢) € W;. According to the
definition of w(¢), we have

v(g) = wip) — @@ v(x() +
q2(¢) v° (u(9))
= wig) -
@ v(x(@))  +
(@) v(u(9))). (2.7)

Using0 <1 =606<1 X= q1%(¢) v()(((/))) and

(@ (@) v® (x(¢)) -
(42(9) v (u(9)) —

y=<% q(¢)q1%1(¢)>9_1 in (22), we get
@ (@) v (x(@) — a(@v(x(p) <

(1-0) 077 q73(d) (@) =  Gi(@).
(2.8)

Using0 <1 =606<1 X= qzé((l)) v(u(q’))) and
Y = <§ q(¢) 612_71(¢>)>9_1 in (2.2), we get
q2(9) VP (u()) — q@) v(u(p)) <

(1-0) 679 q73(®) 7 5(@) = Go(@).
(2.9)
By applying (2.8) and (2.9) to (2.7), we get
vg) = [1-

1(¢) - G2(¢)
(5 )| w@.
(2.10)
From (1.1),

@ w @) = p@)
f(v(£(¢))) > 0,
(2.11)

therefore b(¢p)w'( ¢) is increasing for ¢ = ¢,. It is
simple to get
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w(p) =
¢ b)w'(s)
fd’o b(s) ds

v

1

b(po) w' (o) [P —= ds

b0 b(s)
=¢ 1($),
where ¢; = b(¢,) W'(¢py) < 0 is a constant.
Therefore
v(p) = [1-
(B2 w(g) : = G5(¢) w(g).
(2.12)

Now, 3 a constant n; > 1 such that

v (¢) = ny wi(g).
(2.13)
When considering the fact that &'(¢) > 0, it is
simple to observe that ¢, € D; implies that
(§ (i), di) © Dg.

From (1.1), we have

(@ w' @) = kp@) v (@) = k p()
v(£(9)).

Now integrating (1.1) from &(¢y) to ¢y, and using
(2.13), we get

- b(f(d’k)) W'(f(d’k)) =
kI | p(s) v(§()) ds
>
kn, f;g(’;k) p(s) w(&(s)) ds.
(2.14)
Fors € ($(¢x), i), we get
w(é(s)) =
f§(¢k) - b)) w'(w) du
HO) b(w)
—b(§@0) W' (E@0) [ 5o du

—b(&(p)) w'(£() [1(£(p)) —=1(E(S))],

consequently, in view of (2.14) implies

—b(&(p)) w'(£(91) >
keny [75 ) p(8) w(E()) ds,
that is

—b(&(p)) w'(E(91) >
—keny b(E($i)) W' (£(0)) [k, p() [1(6(81)) -
1(8(s))]ds,
or, equivalent to

1 >

S ey p()[1(§(410)) = 1((s))]ds.
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Taking limit supremum as k — o, we get a
contradiction to (2.5), and hence, W; = @, that is,
(1.1) is oscillatory.

Case Il. Suppose that w(¢) € W,. Since w(¢p) is
increasing, 3 a constant ¢, > 0 such that w(¢) = ¢,
for large sufficient ¢, and so, (2.10) becomes

v(p) = [1 -

(ZLE)| w() : = G:(9) w(@).
(2.15)
Now, 3 a positive constant n, € (0,1) such that

v(g) = ny wig).
(2.16)
There exists {s;} such that s € Ag, and given that
&(¢) is increasing, which implies that (sk,f(sk))
C Ag. From (1.1), we have

(b@w (@) = k p@)
vi(E) = ko pld)  v(E@).
(2.17)
Now, integrating (2.17) from s, to é(s;) and using
(b(¢p) W'( @))' >0 and (2.16), we get

b(£(50) w'(E(s)) =
k fsi(sk) p(s)v(é(s)) ds

>
kn, fsi(sk) p(s) w(&(s)) ds.
(2.18)
Fors € (sk, E(sk)), we get
w(§(s)) =
0, e,
=

b(EGs) w'(§6s) [ 7o du
b(f(sk)) W'(f(sk)) [1(5(5)) - I(f(sk))]
(2.19)

and so, taking (2.18) into account, we get

b(&(si)) w'(§(se)) >
ke [£ p(s) w(E()) ds,
thatis

b(&(si) w'(§(se)) >
kn, b(€(s)) w'(€(si)) fsi(sk) p(s) [1(8(s)) —
I(E(sk))]ds,
or, equivalent to

1 >

[55 km p@[1(59) = 1(5(510)]ds.
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Taking limit supremum as k — oo, we get a
contradiction to (2.6), and hence, W, = @, that is,
(1.1) is oscillatory.
Case lll. Suppose that w(¢p) € W;. Here w(¢p)
satisfies
either

lim w =

Jimw(e)
—o (2.20)
or

¢lim w(p) = ky
<0. (2.21)
We say that (2.20) is true. If not, from the
definition of w(¢), we get

1
-1 g

—w(u(¢)
= (O
It is obvious that v(¢) is bounded and 3 a constant
M; such that v(¢p) =M, >0V ¢ = ¢, = ¢;.
Using (2.17), we get

(b@w' @) = M k

p(p), ¢ =2 ¢,
(2.22)
Integrating (2.22) from ¢ to u and then put u —
oo, we have

—b(@)w'(p) = My k
Iy p(s)ds.

Now, integrating this from ¢, to ¢ and then put ¢
— o0, we obtain
¢lim w(p) <—-M; k

fq: ﬁ(f:o p(s) ds) du.
This contradicts with (2.21) from (2.4). Hence
(2.20) is true and W5 = @.
Case IV. Suppose that w(¢) € W,. Since b(¢)w'( ¢)
is positive and increasing, 3 a constant M, > 0 such
that

b(¢) W'(p) = M,V ¢
> ¢ (2.23)
Integrating (2.23) from ¢, to ¢ and taking ¢ — oo

yields

' oo 1
Jim w(@) = w(g)) + My [[7 1 ds,

which is impossible due to (1.2). Thus W, = @, and
completes the proof of the theorem. m

Our next idea is the further improvement of
Theorem 2.1. Let us state the necessary lemmas
for doing this.
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Lemma 2.2. Suppose there exists {¢,}, ¢ —
as k— oo, such that ¢, € D;. Let 3 ay > 0 such
that

keny [108) = 1(E(9))] 1(#) b(@) p(9) = v,
on (E(E(Pi)) E(pr) ), Vk=1,2,3,... (2.24)
If v(¢p) is a positive solution of (1.1) such that
w(g) € Wi, then —I"(¢)b(p)w'($) s
decreasing on (£(£(¢1)), € () ).
Proof. Since —b(¢)w'( ¢) is decreasing, then it is
simple to see that

w(é(®)) =

¢ —b@w' @
Jewy by

v

— b((l)) W’(‘l)) f;z(p) ﬁ du

—b(p) w' (@) [1(p) — 1(£())].
From (2.13) and (2.17),
(b@) w'(¢) =
kny p(@) b(p) (—w'()) [1(p) —1(¢(9))].
If we confine ¢ € (§(¢pr ), Pr) C Deg, k=1,2,3,
..., then from (2.24),
1) (b(@) w'(9)) =
v (=w'(®))
and hence
(-1 b w'($)) <
—y "N () I'(¢) (b(Pp) w'(9)) —
1"($) (b(@®) w'($))
<0
completes the proof of the lemma. m
Lemma 2.3. Suppose there exists {s;}, s, — o0 as
k — oo, such that s, € A;. Let 3a § > 0 such that

kn, [1(6(p)) — 1(p)] 1($) b(p) p(¢) =
6, on (E(sk),f(f(sk))), vV k=123 ..
(2.25)
If v(¢) is a positive solution of (1.1) such that w(¢)
€ W,, then I179(¢) b(¢p) w'(¢) is increasing on

(£ €(550))-

The proof is similar to that of Lemma 2.2.
Theorem 2.2. Suppose (2.4) holds and 3 q(¢) such
that (2.3) holds. Furthermore, suppose 3 {¢,}, {sSi}
with ¢y, sy — o as k — o such that ¢ € D;
and s, € A;.

If
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WS ey 1 (£ (00) Sk, p(s) [FREBTE g ) 170 (5 (50) w (£ (s0) [ ELE

k —
1 (2.26)
and

. s _ 148
lim sup k n, 1_5(§(sk)) fsi(Sk)p(S) [11+ (£(s)) - 17+9(£(sp0))

k — o 1+6
1 (2.27)

where y and § are defined by (2.24) and (2.25)
respectively, n, and n, are constants, then (1.1) is
oscillatory.

Proof. Assume on the contrary, that v(¢) is an
eventually positive solution of (1.1). Then the
following cases arise:

Case I. Suppose that w(¢) € W,. By lemma
2.2, the function —1¥(¢)b(¢p)w'(¢) is decreasing
on (§(£(¢x)),§(¢x) )- Thus, for s € (§(¢), di),
we obtain

w(§(s)) =
-bw) 1Y) w' (u
S
>

— b(£(0) I"(E(di) w'(£(d0) || i(;f")

1
b(u) IV (u)

— b(E(@i)) 1" (£(p)) w' (€ (1)) [’ V(f(¢k)) Il‘V(f(s))]

]ds>

Using the above inequality in (2.14), we get

- b(E(P) w'(E(¢r)) =

Vol 45 No. 7
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>

+8(&(sp)

Using the last inequality in (2.18), we get
b(f(sk)) W’(f(sk)) =

’

that is,
1 = kn,

s 14+8(£(5)) - 11+6(&(s
17%(&(sp) fsfk( © (s) [1 (£()) -11+5(&( k))] ds,

1+6
which contradicts the condition (2.27), and hence
W, = @.

The remaining cases i.e. Case Ill and Case IV
are identical to those in Theorem 2.1, and
completes the proof of the theorem.m
3. Examples
In this section, we use a few examples to show
how our main result is applied.

Example 3.1. Consider the second order
differential equation of the form

(v(d)) + g3 vs(2)

[

1
s v(qb(l +§cos(ln¢))) =0, >0, c>
0. (3.1)
This is a special form of (1.1), where b(¢) = 1,

w(p) = v(@) + ¢7 vi (2) =L vi3¢), plg) =

n

-2 vé(aqs)) :

ke (=bE@O)I (@) W (@) bith, &6 [5~conetmas, £(o7 145 9 (1+2

’

that is,
1 = kn

(5 0) S, p(s) [EELTED) gy,
which contradicts the condltlon (2.26), and hence
W, = 0.

Case Il. Suppose that w(¢) € W,. By lemma 2.3,
the function 17%(¢) b(¢p) w'(¢) is increasing on

(f(sk),f(f(sk))). Thus, for s € (sk,§(sk)), we

obtain

w(é(s)) =
fs(s) bw) I8 W) w' (W) du
&(sk) b(u) I-8(u)
>

b(§(s) 10§60 W' (§G) i) s

cos (Ing) ), a=1k = 1, f(v({(q.’)))) =
U(f(‘ﬁ)) ®o = 0,
0<6=1<1,,(9) = 3, 4(¢) = o X@) =%,
u(d) = 3 ¢. Clearly, the deviating argument f(cj))
is of mixed type.

If we choose ¢, = e™ 7 k =1, 2, 3, ..,
then ¢, € Dy and moreover &(¢y) = 3 e™t2km,

Condition (2.5) takes the form

lim sup %k < [3 etk _
k — oo E@rs? I3

s(1+§cos(lns)>] ds

lim sup bk [2 mezkn 1 _ 1 _ (1) (1
k — oocn1 §(dr) 13 € s2 s (3) (s)

cos (Ins )] ds

343
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lim sup cn [_3 2k (l)fbk B
k — o s s/ &)

(U $)¢fy,y = 3 Gin Uns))Ey,

=cny [§+ In §_

1 ., 2

Lsin (1)
>1,

which (by Theorem 2.1) guarantees that W, = @

(i-e.forc > - 1684911682 ).
ni

On the other hand, if we choose s, = ek Kk

=1, 2, 3, .., then s, € Ag and moreover
4
§(si) = 5 7
Condition (2.6) takes the form
lim sup EGsi) 1
K — o2 fs = [s(1+3
cos(Ins) ) - % ez"”] ds
lim sup cn, ff(Sk) 1

k — oo

G) G) cos (Ins) —g e2kn Slz] ds

lim sup o €T [(ln s )f(sk) (sm(ln s))E(sk)
k —

4 o2k (_)f(sk)]
3 N Sk

sin (lng) - ﬂ
§ sin (lng)]

which ensures that W, = 0 (i.e.forc >

=cn, [lng +3

=cn, [—§+ln§+
>1,

= 20.43923418).5
nz

Moreover, we can verify that

[ee] 001
cf f —stdu= 0,
0 u S

that means, (2.4) is also satisfied. Based on the
two criteria, we can see that the condition

c> ni 20.43923418 suggests that (3.1) oscillates.
2

Example 3.2. We consider again the differential
equation (3.1).

At first, by theorem 2.2, we shall show that
Wy= @ for ¢ > — 11.68030228. So, we set

1

= -~ 11.68030228. Again taking ¢ = ™27, k
1

=1, 2, 3, .., then &(¢p) = gen+2kn and
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E(E(pp) = (g —%cos (ln 2)) ™2k In view
of Lemma 2.2, the condition (2.24) reduces to

—g nyccos (lng) =

v, on (E(E(@K)).€(d1) ), k = 1,2,3,...

. 1 - . .
Since —3 M ccos (In ¢) is increasing function on

(£(&(¢r)), €(dx) ), we have
y=—1ncoos(in(£(@))) = tme

cos (ln (3 — 2 ¢os (ln (3)>>> = 2.791910726
3 9 3

so that y is the same on each interval

(£(E(P0). E(@0) )-

Now, we verify the condition (2.26).

lim sup

Kk — oo™ms’ (¢k)f(¢k) (s) [51 Y(qbk) 51 V(s)] ds

D G e [l & [G e -

s 1+lcos(lns) w ds
(s(1+2eos )]

_ lim sup nyc [l_
k — oo 1-v |3

€ m}m) [tpos ™ (143
cos(lns)) 7 ds].

Substituting s = e™*2*T ¢, the above equation, we
get

TSP g () [ () [fl 10 £TO) g
=mell - ) fz ¥ (1 +2

cos (In (e™2k7 ¢)) ) N d‘l’]
el o1

1y
-y
cos(Ing) ) dd)].
Using Matlab for calculation, we get
1 1 1-y
o (1-tcosng)) " dp = 150985
3

with y =2.791910726
and finally, we get

l 1-y 1-y
im Sup 1, & () ff((pk)p( s) [f (¢k) f (S)] ds

k —
= 1.000000004 >1
which by Theorem 2.2 guarantees that W; = @.
At second, by theorem 2.2, we shall show that

W,= @ for ¢ = ni 13.6964. So, we set

2
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c= ni 13.6964. Again taking s, = e2*T, k = 1, 2,
2

3, . then &(sy) = g e2kn and

£(&(sp) = <§+gcos (ln g)) e?k™ |n view of
Lemma 2.3, the condition (2.25) reduces to

% n, ccos (In¢) =

8, on (f(sk),f(f(sk))), k=123, .

Since % n, c cos (In ¢) is decreasing function on
(£Cs),€(£(s1)) ), we have
6= % n, ¢ cos (ln(f(f(sk)))) =§ n, c

cos (ln ( 242 cos (ln (3))>> = 3.855850576
3 9 3

so that & is the same on each interval

(£ €(5(s0)))-
Now, we verify (2.27).

lim su _ (s1) H8(5) - E1+9(sp)
p n, E-5(s;) fsfksk p(s) [w ds

k — o 1+6

lim sup nac (4 opn\ ™% (€60 1 1
k_>ool+8(3e ) fsk s2 S(1+3
146

cos (Ins) )) - (i ez"")ws ] ds

3

lim sup nac [(4 akn)\ 7 (6610 _5-1 1
k — oo 146 [(3 € ) fsk s (1+3

1+8
cos (lns)) ds—%].

Using s = e?k™ ¢ in the last integral, we get

lim su _ HES) H8(s) - 149 (sp)
p ny E5(se) fskSk p(s) [w ds

1+6
_omae [(4Y70 (3481 (141
T 146 (3) ff"b (1+3
1+6 1
cos (In (e?k™ ¢))) dé —
npe | 1 4\0 2 5—
=i () Lo (v
) 146 1
gcos(lnq,'))) do|.

Using Matlab for calculation, we get

k — o

4 148
ff ¢5—1 (1 —I—%COS (In¢ )) d¢ = 2.0857

with § = 3.855850576
and finally, we get

lim su _ HES) H8(s) - 148 (sp)
pnzg 8(se) fskSk p(s) [u ds

k — o 146

= 1.000006901 > 1
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which by Theorem 2.2 guarantees that W, = @.
Hence, based on two criteria, we can see that the

condition ¢ > ni 13.6964 suggests that (3.1)
2

. . . 1
oscillates, while Theorem 2.1 requires ¢ > —
nz

20.43923418.

4. Conclusion

This paper studies a class of second order
nonlinear mixed functional differential equations
with sublinear neutral terms and determines some
criteria for oscillation. Also, we obtained stronger
conditions for equation 3.1 to be oscillatory and
hence, a further improvement of Theorem 2.1 is
Theorem 2.2.
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