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Abstract

Equitable colouring of a graph G is a proper colouring of graph if the number of vertices with any two-colour classes vary

by at most one and the equitable chromatic number is the minimum number of colour classes and is symbolized by

x=(G). This paper attempts to establish the acceptance of equitable colouring to the lexicographic product of two graphs
T,(G) and H, denoted by T,(G) o H. First, G can be considered as the path and H as the path, cycle, complete and
bipartite graph. Secondly, G as the cycle and H as the path, cycle, complete and bipartite graph.
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1. Introduction

All graphs taken for consideration here are finite, simple
and undirected. Consider a graph G with V(G) and
E(G) denote respectively the vertex set and edge set of
G. One of the most awe instigating concepts in graph
theory are the colouring problem having extensive
applications. Meyer in 1973[12] developed an extension
to proper coloring. An equitable coloring if a graph G is
defined as if any two-colour sets of vertices of G vary by
at most one. For any graph G, we have y_(G) = x(G).
Felix Hausdorff in 1914 first introduced the notion of
lexicographic product. In 1959, Harary [8], celebrated
graph theorist named the lexicographic product as the
composition. Dennis Geller and Saul Stahl [7] in 1975
established the chromatic number for lexicographic
product of graphs. Feigenbaum and Schaffer [4] in 1986
shown that the problem of graph isomorphism is alike
in intricacy to the lexicographic product of graphs.

For any two graphs G and H, the colouring of a
lexicographic product (G o H) is equal to the b-fold
chromatic number of G, where b is equal to the
colouring of H [4]. A b-fold k-colouring of G is an
assignment of b distinct colours to every vertex from a
set of G and k colours, such that adjacent vertices do
not have any colours in common. The b-fold chromatic
number, x,(G), where the minimum number is k,
where a b-fold k colouring exits [11]. In general, the
product of graphs is non-commutative, but in some
cases, namely in complete graphs and totally
disconnected graphs, they commute [9]. Enthused by
this concept, an effort is made to show the acceptance
of equitable colouring for the lexicographic product of

different kinds of graphs. An application to optimizing
garbage collection, time tabling, job allotment and etc.

2. Preliminaries

Definition 2.1[12] A graph G is said to be equitably k —
colourable if its vertices can be partitioned into k
classes V;,V,, ...,V such that each V; is an

independent set and the condition ||Vi| — |V]|| <1,

i,j =1,2,..,k. The smallest integer k for which G is
equitably k - colourable is known as the equitable
chromatic number of G and denoted by y_(G).
Definition 2.2[15] The Semi-Total point graph T,(G) of
G is the graph whose vertex set is V(G) U E(G). For
a,b € V(T,(G)), a and b are adjacent if and only if the
following conditions hold.

(i)a,b € V(G), a,b are adjacent vertices of G.

(i)a e V(G)and b € E(G), bisincident with ainG.
Definition 2.3[7] The lexicographic product, G o H of
graphs G and H is a graph such that the vertex set of G o
His the Cartesian product V(G) X V(H) and any two
vertices (I,m) and (u,v) are adjacent in G o H iff
either [ is adjacent with u in G or [ =u and m is
adjacent with v in H.

Theorem 2.1 [5] For any graph G, y-(G) < A(G) + 1.
Theorem 2.2 [5] If G is a connected graph, different
from C,,1 and K, V n = 1, then y-(G) < A(G).
Theorem 2.3 [6] (The Equitable A-Colouring Conjecture-
E ACC) A connected graph G is equitable A(G) —
colourable if G is different from C,,,; , K, and
Kons12ne1 V2 1.
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Theorem 2.4 [7] If G has k disjoint colour sets
{S;11 < i < k} whose union is independent, then for
any graph H, x(G o H) < x(G)x(H) — [x(H)/k](k —
1.
Theorem 2.5 [7] For any graph G, if y(G) = 1, then
x(GoH)=y(H); if y(G)>1, then y(GoH) >
x(G) +2x(H) — 2.
3. Equitable Colouring of Lexicographic Product of
Semi-Total Point graphs
let V(@) ={u;0<i<m-1} , V(T(G))=
{(u),(e);0<i<m-—1} and V(H) ={v;;0 </ <
n — 1} are the set of vertices of G, T,(G) and H
respectively. Let V(T,(G) o H) =
@51{(4,}),(2;]-); 0<j<n-— 1} (where z; ; be the
vertices in the form of w;v; and z;; be the vertices in
the form of e;v;) is the set of vertices of T,(G) o H. In
case H is bipartite graphs, V(T,(G)°H) =

{(ZU) (le) (le)( ’)r0<]<P—1 0=

j <q- 1} where z; ;s be the vertices in the form of

uvyr, zl], be the vertices in the form of ¢; vjr and also

VH)={v;:1<j<p}and VV(H)={vy:1<j' <
q}.

The notion i = 02 refers to i = 0(mod2).

Theorem 3.1. Let G and H be any two graphs, where G
is a semi-total point graph of path, T,(B,) onm > 2
vertices, then the equitable colouring of the
lexicographic product of G and H are

(i) x=(GoB)=6;m=23andn =2k, k > 1.
(ii) ¥=(GoC)=6; m=26bm=3 and n=
2k, k = 2.

(iii) x=(GoK,,)=6;m=3k+2k=>0.

(iv) x¥=(GoK,)=3n;n=2.

Proof.

Definethemapa : V(GeH) - {0,1,2,..,1} VIEN
The proof of the theorem is divided into four cases,
Case 1:

Let G be a semi-total point graph of path with 2m — 1
vertices and H be a path with n vertices then the
number of vertices and edges of the lexicographic
product of two graphs G and Hare n(2m — 1) and
m@Bn?+2n—-2)—-3n’-n+1
corresponding vertex set and edge set are given by

m—-1n-1 m-2n-1

V(GoH) = UUZL-_]- UUzl*]

i=0 j=0 i=0 j=0

respectively,
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m-2n-1n-1
E(G o H) = U i) () ()
i=0 j=0 k=0
m—-1n-2 m-2n-2
JUx ol UU-

i=0 j=0 i=0 j=0
Where, x; j is the edge (z;;)(Zi+1,), Xi ji is the edge
(2i,))(Zik) , xiji is the edge (z;;)(Ziy1x), VO <k <
n—1.
Also x; j is the edge (z;;)(z;j+1) and x;; is the edge

(Zi,j)(zi,j+1)-

Fig.1 Example of lexicographic product T, (P5) o P,
If m =23 and n =2k, k = 1, then the colouring of
vertices and partition the vertex set of VV as below,

a(zi,j) = i(mod 3) + 3[j(mod 2)]
a(z;;) = (i + 2)(mod 3) + 3[j(mod 2)]
and
Vo = {Zi=03,j=02» Zi=13,j=02}
Vi = {Zi=13,j=02 » Zi=23 j=02)}
V, = {Zi523,j502 :Zi*EOB,jEOZ}
Vs = {Zi=03,j=12 » Zi=13 j=12)}
Vy= {Zi513,j512 :Zi*EZB,jzlz}
and Vs = {Zi=23 j=12 ) Zi=03,j=12}
VOo<i<m-land 0<j<n-1.
Clearly V,,V;,V,,V3,V, and Vs are independent of
V(G o H), also |[Vo| = [V1] = Vo] = V3| = [V,| = V5]
- n@m-1)
6
pair (i,)). x=(G o H) < 6, Since there exist cliques of
order6inV(GoH), x(GoeH)=6,x-(GoH) = y(Go
H)=6, y_-(GoH) = 6. Hence, y_(GoH) =6 for
m=23andn =2k, k > 1.
Unfortunately, y—(T,(By) ° B,) is not an equitably 6-

, it holds inequality ||VL-| - |V}|| < 1 for every

colour form # 23V n.

Case 2:

Let G be a semi-total point graph of path with 2m — 1
vertices and H be a cycle with n vertices then the
number of vertices of the lexicographic product of two
graphs is same as the lexicographic product of semi-
total point graph of path with path graph, but edges are
difference. The number of edges is n(3n + 1)(m —
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1) + mn respectively, corresponding vertex set and
edge set are given by

m—-1n-1 m-2n-1
v =(UUs o (UUs
i=0 j=0 i=0 j=0

m-2n-1n-1
EGom=| | U(xuk) (i) (%)

i=0 j=0 k=
-1n-1 m-2n-1
U Xij |V U U X7
i=0 j=0 i=0 j=0
Where, x; i is the edge (z; ;) (Zi4+1,k), Xiji is the edge
(zi,j) (Z{1), x;, is the edge (2;;)(Zi(j+1)tmoan)), Xij iS
the edge (z;)(Z(j+1)(moan)) and xji is the edge
(2{))(Zis11)-
vOo<k<n-1
If m=26,m >3 and n=2k,k =2, then set the
partition of V as below,

3

Il
o

Vo = {ZiEOS,jEOZ'Z;EB,jEOZ}

vV, = {Zi513,j502 '25523,j502}

V, = {ZiEZS,jEOZ '23‘503,1'502}

Vs = {Zizos,jzn '23‘513,1'512}

V,= {Zi513,j512 'Zi*EZS,jzlz}
And Vs = {Zi=p3 =12 » Zi=03,j=12}
VO0<i<m-land 0<j<n-1.
Clearly V,,Vy,V,,V5,V, and Vg are independent of
V(G e H), also |[Vo| = V1| = |Vo| = Vs3] = [V,| = |V5]
= w, it holds inequality ||Vl-| - |V}|| < 1 for every
pair (i,)). x=(G o H) < 6, Since there exist cliques of
order6inV(GoH), y(GoH)=6,x_(GoH) = x(Go
H)=6, y_(GoH) = 6. Hence, y_(GoH) =6 for
m=26,m=>=>3andn =2k, k = 2.
Unfortunately, y—(T,(B,,) ° C,) is not an equitably 6-
colour form # 26 V n.
Case 3:
Let G be a semi-total point graph of path with 2m — 1
vertices and H be a complete bipartite with 2p vertices
then the number of vertices and edges of the
lexicographic product of G and H are 2p(2m — 1) and
n(3n + 1)(m — 1) + mn and the vertex set and edge
set are given by

V(G(H)) = (zi,j)(z; 1)
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1p-1

3
o
<

(xtjk) (xuk)(xuk)

U U\ (x le)( uk)( Uk’)
ui U( uk)(llk)(ll")
U( uk)( uk)( tlk’)

i Jj'=0k
m-1p-1p m-2p-1p-1

U U l]l, UUU l]l,
i=0 j=01'=0 i=0 j=01'=

Where, x; i is the edge (z; ) (Zi4+1,k), X; i’ is the edge
(2i,7)(Zig11)s Xy 7k is the edge (2 ;1) (Ziva k) X jri 1S
the edge (2, ;1) (Zi41")-
Xiji is the edge (z;))(zy) ,
(zi_j)(zi‘k,), xi‘j,k is the edge (zi_]-r)(zi‘k), xi‘j,k, is the
edge (Zi,j’)(zi*_k’)'
xji is the edge (z;)(Ziy1x) , X[ is the edge
() 241 1), X, g1 is the edge (2] ;) (Ziv10),
x; 1y s the edge (2 ;1) (Zi41 7))
VO<k<p—-1&0<k'<p-1
Also x; ;;r is the edge (z;;)(z;;) and xi*_].l, is the edge
(Z)(z),vosl'<p-1
If m=3k+ 2,k >0, then the colouring of vertices
and partition the vertex set of V as below,
a(zi,j) = i(mod 3),
a(zi_]-r) =i(mod 3) + 3
a(z;;) = (i + 2)(mod 3),
a (Zi*,j’) = (i+2)(mod3)+3

and

k, is the edge

Vo = {ZiEO3,j'Zi*513,j}
vy = {Zi513,j ,Z;szs,j}
V, = {Zi—23j ) Zi= 03j}
Vs ={2;=03 '21—13]’}
Vy={z;= 131’ '21—23]’}
and Vs = {z;= 23, 1 Zi= 03’j,}.
V0<i<m-1,0<j<p-1&0<j ' <p-1
Clearly V,, Vi, V,,V5,V, and Vs are independent of
V(G o H), also [Vo| = V1] = Vo] = |V3| = [V,| = V5]
_p@m-1)
6
pair (i,j). x=(G o H) < 6, Since there exist cliques of
order6inV(GoH), x(GoeH)=6,y_(GoH) = (G o
189
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H)>=6, y_(GoH) > 6. Hence, y-(GoH) =6 for
m=3k+2,k=>0.

Unfortunately, y_ (T2 (Pp) e Kp,p) is not an equitably 6-
colourform # 3k + 2,k > 0.

Case 4:

Let G be a semi-total point graph of path with 2m — 1
vertices and H be a complete with n vertices then the
number of vertices of the lexicographic product of two
graphs is same as the lexicographic product of semi-
total point graph of path with path graph, but edges are
difference. The number of edges is n{3n(m — 1) +
2(n — 1)} respectively, corresponding vertex set and
edge set are given by

m-1n-1 m—-2n-1
veem = [JUzs vl UU=
i=0 j=0 =0 j=0
m-2n-1n
E(G°H) = U U(xuk) (i e ) (i)
i=0 j=0 k=0
m—-1n-1 m—-1n-1
UUs)o(UUn

i=0 k>j =0 k>j
Where, x; j is the edge (2; ) (Zi+1,), Xi ji is the edge
(2i,j))(Zk), Xk is the edge (2{;)(Zi41k), VO <k <
n—1.
Also x; is the edge (z;;)(z;x) and x;; is the edge
@)z, VO j<k<n-1
If n = 2, then the colouring of vertices and partition the
vertex set of IV as below,

a(z;;) = i(mod 3) + 3j

a(z;) = (i + 2)(mod 3) + 3j
and
V3 = {ZiEOS,j'Zi*EB,j}

V3jr1 = {Ziz13,j 1 Zi=23,5}
and Vsjro = {Zi=23) » Ziz03,}-
vVOo<i<m-land 0<j<n-1
Clearly V3;,V3;.1 and V3, are independent of V(G °
H), also

(i) If m=03 then |Vs;|= V)i =2?m and
|V31+1| =5 L
(i) If m = 13 then |V3j+1| = |V3j+2| = lZTmJ and
2

vail = 5]
(i) If m=23 then |Va;| = |Vajsa| = [Vajsz] =
E

3

It holds inequality ||Vi| - |V]|| < 1 for every pair (i, ),
x=(G o H) < 3n, Since there exist cliques of order 3n
inV(GoH), x(GoH)>=3n,x_(GoH)= y(GoH) >
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3n, x=(G o H) = 3n. Hence, y_(G o H) = 3n forn >
2.
Corollary 3.1.1
(i) Form = 3, x_(T,(By,) o P,) = 6.
(i) Forn = 3, y=(T,(P,) o B,) = 6.
Proof.
Definethemapa: V(GoH) -{0,1,2,..,5}
Partition the vertex set of IV as below,
Vo = {Zizos,jzoz ‘Zt'*513,j502}
Vi = {Ziz13,j=02 ,23523,1502}
V, = {ZiEZS,jEOZ 125503,]‘502}
Vs = {Zi=03,j=12 'Z;z1s,jz12}
Vy= {Zi513,j512 125523,]‘512}
and V5= {Zi523,j512 125503,1'512}-
VOo<i<m-land 0<j<n-1.
Clearly V,,V;,V,,V3,V, and Vs are independent of
V(G ° H), also
Claim (i): Form = 3,
(a) If m =03 then [Vo] = V3] = |

Vol = 1Vl = V] = |22

2m-1

] and |V}| =

2m— 1J

(b) If m =13 then [Vy| = [Vy| = [V5] = |V,| = [Zm_l]

3

and [V, = V] = |25

(c) If m =23 then [Vo| = V1] = [Vo| = V5] = |V4]| =
Vs _2m :

Claim (||). Forn = 3,

(@) If n=02 then |Vo| = V1] = [Vo| = V3] = [4] =
Vs =§-

(b) If n =12 then |Vy| = |V,] = |V,] = E] and |V =
n

Vol = sl = |5

It holds inequality ||Vi| — |V]|| < 1 for every pair (i, ).

x=(G o H) < 6, Since there exist cliques of order 6 in

V(GeH), x(GoH) =26, x-(GeH) = x(G°H) =6,

x=(GoH) = 6.Hence, y_(G o H) = 6.
Corollary 3.1.2 For k = 2,

PG ={gin 228

Proof.

Definethemapa: V(GoH) -{0,1,2,..,1} VIEN
Case 1:

If n = 2k, k = 2 then partition the vertex set of V as
below,

Vo = {ZiEO3,jEOZ'Zi*513,jEOZ}

V= {Zi513,j502 'Zi*523,j502}

V, = {Zi523,j502 '226503,j502}

Vs = {Zi503,j512 :23513,1'512}

Vo = {Ziz13,j=12 , Zi=23 j=12}
and V= {Zi523,js12 ’25503,1'512}
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Vvo<i<m-land 0<j<n-1.
Clearly V,,Vy,V,,V3,V, and Vs are independent of

2m-1
V(To(Py) o Cy), also Vol = IVa] = [*5| and V4] =

Vo] = V| = V5| = IZW;—_IJ, it holds inequality ||Vi| —
Vil| <1 for every pair (i,)) . x=(T2(P2) ° C) <6,
Since there exist cliques of order 6 in V(T,(P,) ° Cy),
X(T2(P)oC) =6 , x=(T,(Py)°Cy) = x(To(Py) ©
Cn) 26, x=(T2(Py) ° C,) = 6. Hence, x=(T,(P,)°
C,) =6forn=2kk = 2.
Case 2:
If n=2k—1, k> 2, then the colouring of vertices
and partition the vertex set of IV as below,
a(zi,j) = i(mod 3) + 3[j(mod 3)]
a(z;;) = (i + 2)(mod 3) + 3[j(mod 3)]

and

Vo = {ZiEOS,jEOS'Z;EB,jE%}

Vi = {Zis13,jso3 'Z?zzs,jzw}

v, = {Zi523,j503 ’Zi*EOS,jEO3}

Vs = {Zizos,jz13 '23‘513,1'513}

V,= {Ziz13,jz13 '23‘523,1'513}

Vs = {Zi523,j513 ’Zi*EOS,jEB}

Ve = {ZiEOS,jEZS '23‘513,1'523}

V; = {Zi513,j523 'Zi*EZS,jEB}
and Vg = {Zi523,j523 in*EO3,jEZ3}'
VO0<i<m-land 0<j<n-1.
Clearly Vo, Vq, V5, V3, V,, Vs, Ve,V,  and Vg are
independent of V(T,(P,) » C,), also

(a) If n=32k—3) then |V,| =V =1V;] =
Vsl = Vol = [Vs| = V6| = V| = |Vg] = (2k —3).

6k—7
Vsl = Vel = V] = [*7] and Vel = 1v;] = IVl =
6k—7
l 3 J
(c) If n=(6k—5) then [V,|=|Vi|=|V,]=
6k—5
"] and 1Vl = Val = Vsl = Vel = Vo] = 1vg] =

lsk 5J

It holds inequality ||VL-| - |V}|| < 1 for every pair (i, j).
X=(T,(P;) o C,) <9, Since there exist cliques of order
9 in V(Ty(P) © Cp), x(T2(P2) ° Cy) =29, x=(T2(Py) ©
C) 2 X(To(P) 0 C) 29, x=(To(Py) 0 Cy) 29
Hence, y_(T,(P,) o C,) = 9forn =2k — 1,k = 2.
Corollary 3.1.3 Forp > 1,

X:(TZ(PZ) ° Kp,p+1) = 6.

Proof.

Definethemapa : V(G o H) - {0,1,2,...,5}

If p = 1, then partition the vertex set of I/ as below,

Vo= {ZEO3J-,22‘513J}
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vV, = {Zi513,j 'Zt'*523,j}
Vz = {Zi—23j 1 Zi=03 j}
= {Zizo3,j ,21—13]’}

V4 ={z;= 13,5’ 'Zl—zgj'}
and Vs = {Zj=p3 ,21_03],}
V0<i<m-10<j<p-18&0<j' <p-1
Clearly V,, V1, V,,V5,V, and Vs are independent of
V(T2(P2) © Kpp+1) » also [V = [Vi] =|V,| =p and
Vol = [V4] = [Vs| = p + 1, it holds inequality ||V,.| -
|VJ|| < 1 for every pair (i, ). x=(To(P,) © Kp,pﬂ) <6,
Since there exist cliques of order 6 in V(T,(P,)°
Kp,p+1) ’ X(TZ(PZ) ° Kp,p+1) =26 , x=(T,(P)e°
Kp,p+1) = x(To(Py) ° Kp,p+1) =6 , X:(Tz(Pz) °
K, 1) = 6. Hence, x-(Ty(Py) © Kppy1) = 6.
Theorem 3.2. Let G and H be any two graphs, where G
is a semi-total point graph of cycle, T,(C,,) onm >3
vertices, the equitable colouring of the lexicographic
product of G and H are

(i) x=(GoP)=6;m=3kandn =2k k=>1
. _(6;n=2k+2 _

(”) X=(G°Cn)_{9' n=3 ’ m—3k,k2
1.

iii) ¥=(GoK,)=3n;m=3k,k>1andn > 2.
iv) )(:(G o Kp_p) =6;p=1.

Proof.

Definethemapa: V(GoH) - {0,1,2,..,1} VIEN
The proof of the theorem is divided into four cases,

—_—

Case 1:

Let G be a semi-total point graph of cycle with 2m
vertices and H be a path with n vertices then the
number of vertices and edges of the lexicographic
product of two graphs G and H are 2mn and m(3n? +
2n — 2) respectively, corresponding vertex set and
edge set are given by

V(GoH) = UUZU U nUU

i=0 j=0 i=0 j=0

m-1n-1n-1

U UG G @iz

i=0 j=0 k=0

E(GoH) =

m—-1n-1

U UG @i

i=0 j=0

Where, x; j is the edge (z; ;) (Z(i+1)(moa myk)s Xijk iS
the edge (z,))(zx) , xijx Iis the edge
(z;)(Z@+1ymoamyk), VO <k <n—1.

Also x; j is the edge (z;;)(z;j+1) and x;; is the edge

(Zi,j)(zi,j+1)'
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Fig.1 Example of lexicographic product T,(C3) o P,
If m = 3k and n = 2k, k = 1 then partition the vertex
set of V as below,

Vo = {ZiEOS,jEOZ '23513,1'502}

Vy = {Zis13,jsoz 'Z;EZS,]'EOZ}

v, = {Zi523,j502 ’Zi*EOS,jEOZ}

Vs = {Zizos,jz12 '25513,1'512}

Vy = {ZiEIS,jzlz '25523,j512}
and Vs = {ZiEZS,jzlz 'Z;EO3JE12}-
VO0<i<m-land 0<j<n-1.
Clearly Vy,Vy,V,,Vs,V, and Vg are independent of
V(G o H), also Vo] = V4| = Vo] = |V5] = |V,| = |Vs]
= ?, it holds inequality ||VL-| - |V}|| < 1 for every pair
(i,/). x=(G o H) < 6, Since there exist cliques of order
6iNV(GoH), y(GoH)=6,Y_(GoH) = y(GoH) =
6, x-(GoH) = 6. Hence, y_(G o H) = 6 form = 3k
andn = 2k, k > 1.
Unfortunately, y—(T,(C,,) ° B,) is not an equitably 6-
colour for m = 3k and n # 2k, k =1 also Vn,m #
3k, k> 1.
Case 2:
Let G be a semi-total point graph of cycle with 2m
vertices and H be a cycle with n vertices then the
number of vertices of the lexicographic product of two
graphs is same as the lexicographic product of semi-
total point graph of cycle with path graph, but edges are
difference. The number of edges is mn(3n+ 2)
respectively, corresponding vertex set and edge set are

given by
-1n-1 m-1n-1
V(G o H) = U ZL',]' U Zi*,j
i=0 j=0 i=0 j=0

m-1n-1n-1

E(G-°H) = U U U(xi,jk) (xi*,jk)(xi*j'k)

i=0 j=0 k=0
m-1n—-1
U U U(xi,j) (xi)
=0 j=0

Where, x;j is the edge (2 ;) (Z(i+1)(moa m)k)s Xijk iS
the edge (z,))(z(x) , x{jx is the edge

@) (Za+ymoamyk) .+ Xij s the  edge
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(2i))(Zi(j+1)moan)) and  x;; is the edge
@)@ j+1ymoa )y YO <k <n-—1
Claim (a):
If n =2k + 2 and m = 3k, k > 1 then partition the
vertex set of I/ as below,

Vo= {Zizos,jzoz 'Zt'*513,j502}

v, = {ZiEIS,jEOZ ’Zi*523,j502}

V, = {ZiEZS,jEOZ 125503,]‘502}

Vs = {Zi503,j512 'Z;zls,jzu}

Vy= {Zi513,j512 125523,]‘512}
and Vs = {Zi=23 j=12 ) Zi=03 j=12}-
VOo<i<m-land 0<j<n-1.
Clearly V,, Vi, V,,V5,V, and Vs are independent of
V(G o H), also [Vy| = V4| = Vo] = V5] = [V,] = |Vs]
=?, it holds inequality ||Vi| — |V]|| < 1 for every pair
(i,)). x=(G o H) < 6, Since there exist cliques of order
6iNnV(GeoH),y(GoH)=6,y-(GoeH) = y(GoH) >
6, x-(GoH) = 6. Hence, y_(G o H) = 6 for m = 3k
andn =2k + 2,k > 1.
Unfortunately, y_(T,(C,,) o C,) is not an equitably 6-
colour for m=3k and n#2k+2,k>1 also
vnm# 3k, k>1.
Claim (b):
If n =3 and m = 3k, k = 1 then partition the vertex
set of V as below,

Vo = {Zi=03,j=03 » Zi=13,j=03}

Vi = {Zi=13,j=03 » Zi=23 j=03}

V, = {Zi523,j503 :Zi*zo3,j503}

Vs = {Zi=03,j=13 » Zi=13 j=13}

Vy= {Zi513,j513 :Zi*EZB,jEB}

Vs = {Zi523,j513 :Zi*EOB,jEB}

Vo = {Zi=03,j=23 » Zi=13 j=23}

V; = {Zi513,j523 :Zi*523,j523}
and Vg = {Zi=33 j=23, Zi=03,j=23}:
VOo<i<m-land 0<j<n-1.
Clearly Vo, V4, V,, V3,V Vs, Vg, V,  and Vg are
independent of V(T,(Csi) © C3), also |Vy| = |Vy| =

m

Vo] = V5| = |V, = |Vs| = 2? , it holds inequality

||Vl-| — |V}|| <1 for every pair (i,j) . y=(T5(Csp) °
C3) <9, Since there exist cliques of order 9 in
V(T2(C3x) 2 C3) , x(To(Cap) © C3) =9, x=(To(Cap) ©
C3) 2 x(Ty(C5) 0 C3) 29, x=(T2(Csr) 2 C3) =9 .
Hence, y_(T,(Cs;) o C3) =9 fork = 1.

Case 3:

Let G be a semi-total point graph of cycle with 2m
vertices and H be a complete with n vertices then the
number of vertices of the lexicographic product of two
graphs is same as the lexicographic product of semi-
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total point graph of cycle with path graph, but edges are
difference. The number of edges is n{3n(m — 1) +
2(n — 1)} respectively, corresponding vertex set and
edge set are given by

m-1n-1 m-1n-1
V(GOH)Z UUZi'j U
i=0 j=0 i=0 j=0
m-1n-1n
E(G ° H) = U U(xl ]k) (xl ]k)(xl jk)
i=0 j=0 k=0
m-1n-1 m-1n-1
U U Xik U U Xik

i=0 k>j i=0 k>j
Where, x; ji is the edge (Zi,j)(z(iﬂ)(mod m)_k), xl-*_jk is
the edge (z;)(zx) , xijx is the edge
@) Zi+1ymoamyk), VO <k <n—1.

Also x; is the edge (z;;)(z;x) and x; is the edge
i)z, V0<sj<k<sn-1

If m=3k,k>1 and n > 2, then the colouring of
vertices and partition the vertex set of V as below,

j ;1 =03
a(zi'j)z{j+n ;i =13
j+2n;i=23
j+2n;i503
]+n ;1 =23

and
vV, = {Zi503,j'zi*zl3,j}

Vj+n = {ZiEIS,j 'Z;EZS,j}
and Vigon = {Zizzs,j 'Zi*zos,j}-
VvOo<i<m-land 0<j<n-1.
Clearly V}, V;,p, and V., are independent of V(G ° H),
also |V]| = |V]+n| = |V]-+2n| = sz, it holds inequality
||Vl-| - |V]|| < 1 for every pair (i,)), x-(G o H) < 3n,
Since there exist cliques of order 3n in V(G ° H),
¥(GoH)=3n, y_-(GoH)=x(GoH)=3n, y_(G o
H) = 3n. Hence, y_(GoH) =3nform=3k,k > 1
andn > 2.
Unfortunately, = (T, (C,,) ° K,,) is not an equitably 3n-
colour form # 3k, k = 1andn = 2.
Case 4:
Let G be a semi-total point graph of cycle with 2m
vertices and H be a complete bipartite with 2p vertices
then the number of vertices and edges of the
lexicographic product of two graphs G and H are 4mp
and p2(14m — 13) respectively, corresponding vertex
set and edge set are given by
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m-1p-1
V(G(H)) = (le)(zu’)
i=0 j=0
m-1p-1
U (Zi))(z 1)
i=0 j=0
E(G o H)

m-2p-1p-1

JGei) G i)

m—-2DP— -
U U U (xi,jk') (xi,jk’) (xi,jk')
i=0 j =0

(xijr k) X; k)( ij k)

U
J U m i) i)

m—-1p-1p— m-2p-1p-1
U UUU L}l, UU L]l,
i=0 j=01'= i=0 j=01'=

Where, x; ji is the edge (2; ;) (Z(i+1)(mod m)k)» Xi ji’ IS
the edge (z;)(zi41x’) , Xij7 is the edge
(z;j)(Z@+1yomoamyk) »  Xijrr is the  edge
(2,;)(Zig10),

Xijk is the edge (z;;)(zy) ,
(21)(z;1), x; 1), is the edge (2 ;1)(z])), X1, is the
edge (z;;1)(2{;1),

x{ji. is the edge (27 ;) (Z(i+1)(moa m) k), X; j' Is the edge
(i) Zi410), X, g1y is the edge (2, 1) (Z(i41)mod myk)»
x; e is the edge (z; ;1) (Z10), VO<k<p—-1&
0<k'<p-1.

Also x; ;7 is the edge (z;;)(z;) and xi*_].l, is the edge
@ZNE N, vosl<p-1

If p = 1, then partition the vertex set of IV as below,

x;jk, is the edge

Vo = {ZiEO3,j'Zi*513,j}

vy = {Zi513,j ,Z;szs,j}

V, = {Zi—23j ) Zi= 03j}

Vs ={2;=03 '21—13]’}

Vy={z;= 131’ 'Zl—23] }
and Vs = {z;= 23, 1 Zi= 03’j,}.
V0<i<m-10<j<p-1&0<j'<p-—-1
Clearly V,, Vi, V,,V5,V, and Vs are independent of
V(G o H), also [Vo| = [Vy| = Vo] = V5| = |V,| = |Vs]

2mp

== it holds inequality ||Vi| — |V]|| < 1 for every pair
(l,]). x=(G o H) < 6, Since there exist cliques of order
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6iNnV(GeoH),x(GoH)=6,y-(GoH) = y(GoH)>
6, x=(G o H) = 6. Hence, y_(G o H) = 6.

Remark 1: [13] This paper proved that the equitable
colouring of a lexicographic product of semi total point
of path graph with path, cycle, complete and complete
bipartite graphs are commutative, also the equitable
colouring of a lexicographic product of semi total point
of cycle graph with path, cycle, complete and complete
bipartite graphs are commutative thatis, y_(G o H) =
X=(H o G).

Conclusion

This paper, the Equitable colouring of lexicographic
product of G and H has been showed. In a similar way,
Equitable colouring of the lexicographic product of
other graphs can be verified. The proof of the theorems
are recognized by different cases, each cases being
discussed elaborately.
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