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Abstract: In this paper, we give sufficient condition for the forced oscillation of all solutions to the
variable order nonlinear fractional delay differential equation with damping term of the form
(Dos““y)(t =) + p(t = D(DGY) (t = 1) + q(Of Y ()] = g(©)

where 0 < a(t) < 1 based on Riemann - Liouville fractional order derivative.
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Introduction

Fractional calculus which deals with the
integrals and derivatives of any arbitrary real
or complex order has many applications in
widespread fields of science and engineering.
It also provides various tools to solve integral
and differential equations. History of
fractional calculus begins with the derivative

of order a=§ was mentioned by Leibniz.

Many mathematicians like Leibniz, Liouville,
Grunwald, Letnikov, Riemann, Able, Riesz,
and Weyl have found many applications of
integrals and derivatives of non-integer
order, and the fractional integro differential
equations in theoretical physics, mechanics
and applied mathematics. We have books on
fractional calculus and fractional order
differential equations [1-6]. Many articles are
investigated on fractional order differential
equations about the numerical solutions [7-
9], existence and uniqueness solutions [10-
12], oscillation properties [13-19] and
equations with delay [20, 21].

In [22] the authors discussed the oscillation of
nonlinear fractional differential equations
with damping term of the form:

D3V (®) +p(O DY @) + q(Of (y(©) =
g(t)

(1.1)

With the initial condition I3;*y = b, where b
is a real number, 0 < a < 1 is a constant and
D§, is the Riemann-Liouville fractional order
derivative with order « of y.

In [23] the authors discussed about the
oscillatory properties of the solutions to
nonlinear fractional order differential
equations with time delay and damping term
of the form:

(D5t*y)(t — o) + p(t — DD Y)(E — 1) +
af(y®) = g@®

(1.2)

where y(t) = &(t),is a continuous function
with tliry_ &(t) =0 when te€[-1,0), I3;% =

b,where b is a real number, 0 <a <1, tisa
constant and D§, is the Riemann-Liouville
fractional order derivative with order « of y.

In this paper we study the forced oscillation
of variable order non linear fractional delay
differential equations with damping term and
time delay of the form:

(D;:a(t)y)(t —17) +p(t— T)(Dgft)y) (t—1)+
a®f(y®) =g@®

(1.3)

where y(t) = &(t),is a continuous function
with lim £(t) = 0 when ¢ € [-7,0), 1Oy =
b, where b is a real number, 0 < a(t) <1, tis
a constant and D(',"f) is the Riemann-Liouville
fractional order derivative with order «a(t) of

y.

Also we use the following assumption:

p(t)eC(R*,R), q(t)eC(R*,R*), g(t)eC(R*,R), feC(R, R) and £

0forallu+0 (1.4)
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2. Preliminaries

Definition 2.1: A solution of a differential
equation is said to be oscillatory if it has
arbitrarily many zeros. If all the solutions of
an equation are oscillatory, then the
differential equation is said to be oscillatory.

Definition 2.2: The variable order Riemann-
Liouville integral of function f(u) is given by

mulof Of @) = s fy (=
DEO-TFDdL, > 0,a(t) >0
(2.1)
Definition 2.3: The variable order Riemann-
Liouville derivative function f(u) is given by

RLDa(t)f(u) - a(t)) dt"f (u—
DPO-1EONdA, t > 0,a(t) >0
(2.2)
Definition 2.4: The variable order Caputo
derivative of f (u) is given by

a(t)f(u) oo a(t))f (u—

DO (N, ¢t > 0,a(t) >0

(2.3)
with n = [a] + 1 where [a] is the integer part
of a and the function f(u) € C", which have
n-order continuous derivative.
Lemma 2.1: Let a(t) = 0, then for every y €
L,[a, b], where L,[a,b]is the set of all real-
valued functions whose absolute value is
integrable in the interval [a, b]. we have

DEO1EOy) (1) = y(o).

(2.4)
Lemma 2.2: Let a(t) >0,m € N,and D = :—x,
if the fractional order derivatives
(DEPy)(x)and (DEP*™y)(x) exists then

(DmDa(t)y)(x) (D(X(l’)+my)(x)

(2.5)
Lemma 2.3: Let a(t)>0andn=[a]+
1,assume that y is such that y(t)€
Li[a,b], and I';*®y € AC™([a,b]) be the
fractional integral of order n — a, then
U5ODEO (@) = y(t — 1) —

n- 1(t T-a(r)4 k1

k=0 a1 gk

(2.6)
In particular, for a(t) € (0,1), we have

DR Oy = 1)
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(1"“”0‘*%)@) =y(t—1) -
(t-t—a)* 1 n a(t) _
F(oc(t)) Z—) + (Z T)
(2.7

where 7 is a constant, [a] is the integer part
of a, AC™([a,b]) is the set of functions with
absolutely continuous derivative of order n —
1in [a,b].

Proof: Since by our assumption on y, the limit
on the right hand side exists and D"~ 11", %"y
is continuous. Also there exists some ¢ € L,
such that

D" 1]77- a(t)y = pn- 1]77- a(t)y(a) +Ia+(p

(2.8)
The solution of this classical differential
equation of order n—1 for I";*® is of the
form

n a(t) (t _ ‘1,') _

n— 1(t T—a(t)* k n —a(t) _
Z O T Zl_)r;l D* 1, v(iz—1)+

I+t —1). (2.9)
By the definition of D"y, we have
Ia(t)D“(t)y(t 7) = Ia(t)Dn In a(t)y( -7

_ qa) R G A ®

= 10y DR [BR6 N, DX IOy (2 ~
D)+ Rt = D)

= Iy DRI p(t— 1) +

et 159D, [(t—r-a())]

lim, Dk I, a(t)y(z T)

k=0 r(k+1) z-a
=150t -1 +
_q1 (- a)
Py, r(;+1) zlim D* I”T‘l"'a(t)y(z -0

(2.10)
Applying the operator D™;“®) to both sides
of the above equation we get

y(t —1) = D7 “(t)la(t)q)(t )+

n— 1Dzrzl+u(t)[(t—f—“(t)) ] k n a(t)
Y= 0D Jim DX I y(z - 1)

(2.11)
= Ia(t)<p(t )+

n—1 (t-t—a(®)k"-*0 k yn—a(t)
Zk:o r'(k—-n+a(t)+1) le)m D I y( -0

(2.12)
By replacing kasn—k—1 and solve for
I"7%® then combining the result with

19p%Oy(t — 1) = 12®y(t — 1), we obtain
Ia(t)Da(t)y(t 7) = a(t)y(t 7)
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=y(t—-1)—

n—1 (E—t—a(@)k"-a® nok=1 1 a(t) _
k=0 o am D loy ™"y (2

7). (2.13)

This gives the desired result.

3. Main Results

Theorem 3.1: Suppose that (1.4) and the
following conditions hold:

llmmfft(t Dl M + f;:g(s)V(s -

t—oo V(w-1)
T)ds]dw <0
(3.1)

lim Sup ft Gt i

t—o0 V(w-1)
T)ds]dw > 0

(3.2)

where V(s) = exp f:op(v)dv,M is an arbitrary

M + ft(:g(s)V(s -

constant. Then each solution of the problem
(1.3) is oscillatory.
Proof: Assume that contrary that y(t) is a
non oscillatory solution of (1.3).
Let us assume that there exists T > 0,t, =
T,such that y(t) > 0 forallt = t,. According
to (1.3) and (1.4) the following inequality is
satisfied:
(DG (E =DV (E = D)

= (D"t - DV (E-7)

+ (DG (E = Dp(E — DV (¢

— T)
= —qOf(yO)V(t -1 +g@®V(t—1)
<g®yViE-r1)
By integrating from t, to t, we get
D ME -V (E 1)

< DFy) (o =DV (tg =)

+ ftg(s)V(s —1T)ds
¢

0

=M+ fttog(s)V(s —1)ds

Where M = (DEPy)(to — 1)V (to — 7).
By Lemma 2.3 and the inequality (3.3) we
obtain

_ Mi(f) a()-1 4 jo®) M
y(t D <y O e i

L g(s)V(s — 1)ds]

V(t—‘r)
=_>b _ ya(t)-1
ramy E DT
1 t—7 (t-T-w)2H-1 ¢
F(a(t))ffo V(w-T) (M+ft0g(S)V(s—
7)ds)dw.
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Replacing t — 7 as t we obtain:
y(¢)

a(t)-1

) )
t— ‘L'(t w)a(t)—l
V(w—1)

r(a(t)) f (M

+ ftg(s)V(s —17)ds)dw.

As t — 4o, we get
tlir+n infy(t)

a(t)—l

%—)ljoo lnf]"( (t))

t— T(t _ w)a(t) 1

+ lim inf Vo =1 M

toteo O [(a (t))f
+ ftg(s)V(s —1)ds)dw

<0

Which is the contradiction for out assumption
that y(t) > 0.

On the other hand, let us assume that there
exists T >0,ty, =T,such that y(t) <
0 forallt =t, According to (1.3) and (1.4)
the following inequality is satisfied:

(D5t — V(- D]
= DOt -V (-1
+(DFPy)(t - Dpt — V(¢
—_ T)
=—q@Of(YOIV(t —1) + gOV(t — 1)
> gVt —1)
By integrating from ¢, to t, we get
DO (E -V (E—1)
> (DgPy) (t — DV (to — 1)

+ jtg(s)V(s —1)ds
¢

0

=M+ f:og(s)V(s —1)ds

Where M = (DEPy)(ty — TV (ty — 7).
By Lemma 2.3 and the inequality (3.3) we

obtain

1u()

(G

t—1) > Dy
Y- >*0w

I} 9V (s —Tds]
(t—1)*®-1 4

a(t)-1 rx(t) M
( ) +I [V(t—r)

1
V(t—-1)

b

T ra®)
1 t—T (t-T—0)¥(O-1
r'(a(t)) J"—Lo V(w-1)
T)ds)dw.

M+ [, gV (s —
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Replacing t — 7 as t we obtain:

y(t)
a(t)-1
> T@®)
1 t—t (t _ w)oc(t)—l
WNeI0) f V-0 M

t
+f gBs)V(s —1)ds)dw.
to
As t - +oo0, we get

Jim sup y(t)

> limsup tx(®O-1

t—+00 F(a(t))
t—T (t _ w)a(t)—l
V(w—1) o

+ lim sup

4o r(al(t))ft

0

+ ftg(s)V(s —1)ds)dw

]

>0

Which is the contradiction for out assumption
that y(t) < 0.

This completes the proof.

4. Example

Consider the variable order nonlinear
fractional delay differential equation with

3
damping term of the form: (D§+y) (t—2) -

1
<D§+y) (t — 2) + t?ye? = e?sint
(4.1)
in which t=2,a(t) = % witht=2n—1,n¢€
N,p(t=1) =19 = f(y(®) =
ye¥ and g(t) = e?'sint.
Let a(t) = § Then:
V(s) =exp f:op(v)dv = exp f:o —1dv =
exp(—s + ty) = efo™s,
By setting t, = %, we get V(s) = ei™*
(4.2)
Also, f;: g(s)V(s —1)ds =

T

w . T _s+2 W .
Jr e*sins ex™*"*ds = [n sins e*
4 4

(4.3)
Now Consider,

+S+2dS

Lt — w)*®1 ®
fo W[M + , gV (s — 1) ds]dw

—_wm)—1/2 T
= fot Co) Ty 4 [ sins ext 2 ds]dw (by

ez ®F2 "

using (4.3))
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= [[(t —w) V2 +

w . Zis+2
[z sins e ds]dw
4

— @) e

o’ es+sins ds]dw
4

= [t — w) V2 [MeH O 4 gez“’sin (w—
Hldw
By setting t — w = s2

0 Tit-s2-2
=] s Me™%

VE
V2

Y2 2(t-s?) 2
+ 2 e sm(t N
~Di(=25)d
7)1(-28)ds
_ jﬁ[ZMe—%H—sz—z
0

+/2e2(t=5%) sin(
- 52)]ds

, the above value

s
t——

- Ve o
= 2Me‘z”‘2f eS"ds
0

NG
+ \/fez':f

e~25" [sin (t
0

T
_r 2
4) cos s
T
— cos (t - Z) sin s%]ds
= 2Me it foﬁe‘szds +V2e%sin (t -
m\ (vt
ol

52
) © 25 cos s2ds —/2e2tcos (t—

%) foﬁe'zszsin s?ds (4.4)
Let t - +oo. Also |e‘252cos s?| <
2 VE V2m

e’ and Jim )

2
e 2°ds = ¥ also
S+0070 4

. t _oc2 .
lim ffe 2%cos s%ds is convergent.

t—+o0
Let lim foﬁe‘zszcos s?ds =

Pand lim foﬁe'zszsin s%ds = Q.

Let us select the sequence {t;} = {3?”+%+
2km — tan_l(_?Q)} for which lintl_?:l;o= + o
calculating the value of

111_)123 etk[ZMe_%H"_2 fo‘/t—k e='ds +

V2etksin (tk -

%) fﬁetk—zsz cos s2ds —\2etkcos (tk -

%) fﬁetk—zszsin s?ds (4.5)
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Let us first consider the following limit

m [Vik
lim [sin (tk - Z) f e 2% cos s2ds — cos (tk
0

k—oo

(Vi

- Z) f e~2"sin s2ds]
0

— Plim sin [°% + 2k -1 (29
= kl—r>rolo Sin [7 + T —tan (T)]
I 3T ok
- le_)rglo cos [7 + 2km
—Q
-t ()
an B
3 —-Q
— 3 3 R -1(_%
—Plll_r){)losm[z tan ( 2 )]
3 —-Q
— i - 1=
fm cos 5~ (57)
3 -
=/P% + Q?sin [7 —tan™! <TQ>
—Q
-1(_*
+tan (2]
3
=P% + stin7
— /PZ + QZ

(4.6)

Next we calculate the
lim 2Me™% Zf‘/—k ~s’ds = 2Me_1_2g =
JrMe 42 (4.7)
Also lim etk = + oo

t—+o

(4.8)
Using (4.6), (4.7) and (4.8) in (4.5) we obtain
N
,lim etk[ZMe_%“k_zf e~ ds
—00 0

+ V2etksin (tk

NG
- E) f et=25" cos s2ds —\2etkcos (tk

47 )y

N

- z) J 25" 5in s2ds
47 )y

= (+0) (VAMe™37?) + (+0) (—/PZ + Q7)
= —00

Hence from (4.4) we obtain

ff(t— w) O

lim inf V(= T) [

t—+oo

+ g(s)V(s —1)ds]ldw

to
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m Ve
< lim [ZMe_Tt"_ZJ- e"ds
0

k—oo

+ V2e%tksin (tk

N [Vik
- Z)f e~25" cos s2ds —2e%tkcos (tk
0
(Vi
—Z)f e 2" sin s2ds |
0
= —00 < 0.
t (t—w)*®O-1 w
Thus Jim mff m M + fto gV (s —
T) ds]dw <0. (4.9)

Similarly by selecting the sequence {}=
{E + 24 2jm - tan‘l(ﬁ)} we get

t (t—e)®(O-1
lim _—
t—l>+oosupf V(w-1)

T)ds]dw > 0.

(4.10)
Hence by Theorem (3.1) all the solutions of
equation (4.1) are oscillatory.

M + ft(:g(s)V(s -

5. Conclusion

This paper provides the sufficient condition
for the forced oscillation of variable order
nonlinear fractional differential equation
with damping term and time delay along with
illustrated example. The conclusion is that if
the conditions (3.1) and (3.2) hold, then each
solution of the problem (1.3) oscillates. In our
future research, we would like to acquire the
desired result for the problem with multiple
delays.
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