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Abstract:

In this paper, we provide sufficient conditions for the oscillation of every solution of non-linear advanced
differential equations of the form

x(t) - Xty q:gi(x (7 () =0

where the coefficients g; € R and 7; € R*for i = 1, 2,..n. Our results essentially improve the conditions in the
literature.
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1. Introduction

In this paper, we consider the system of first-order non-linear advanced differential equations of the form
x(t) - Xit1 49 (x(Ti(8))) = 0 (1.1)

where the coefficients g; e Rand t; e R*fori=1,2,..n are functions of positive real numbers such that

T;,(t) =t ,t2t,and tlim Ti(t)=oo,forl< i< n,1(t)= 1r£111<1 7;(t) (1.2)
— o sl =n

and

gi €C(R,R)and xg;(x) >0forx#0,1< i< n.
By a solution of (1.1) , we mean a function that is continuously differentiable in [t(T}), o) for
some Ty 2 t, and such that (1.1) is satisfied fort 2 T,.

A solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative. If there exists
an eventually positive or an eventually negative solution, (1.1) is called nonoscillatory. An equation is oscillatory
if all its solutions oscillate.

In 1978, Ladde [3] and in 1982 Ladas and Stavroulakis [4] proved that if

lim inf [T ¥, q;(s)ds > 2, (1.3)

t >0

then all solutions of (1.1) oscillate.

To study the situation when the argument 1t;(t) is not necessarily monotone 1 < i £ n ,
set h;(t) = ing{ri(s)},h(t) = 1m,in {h;(®)} ,t=0. (1.4)
s=2 st sn

Clearly, the function h;(t) is non-decreasing and 7;(t) = h;(t) > h(t)>t forallt=0
and1< i< n.

Assume further that the function gi in equation (1.1) hold the following condition for 1< i< n.

lim sup *_= M;,0< M; < oo, (1.5)

Ix|>o0 T gi(x)
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Using the previous notation, we define B = tlim infftr(t) riqi(s)ds (1.6)
and o0 , if w>1/e

) if we[0,1/e] (1.7)

Throughout this chapter, we assume the following hypotheses hold:
(H1) qi(t), hi(t) € C([to,*>= ), R), hi(t) is non- monotone or nondecreasing.

(H2) hi(t) >t fort=>toand tlim h;i(t) = ooforl<i<n.

(H3) h;e C (R,R)and xg;(x)>0forx#0forl<i<n.
2. Preliminary Results
The following Lemmas and Theorems are used to prove the main result.
Lemma 2.1: [2, Lemma 1]

Assume that h(t) is defined by (1.4), then
. @® L h(t)
lim inf [77 5, qi(s) ds =lim inf [ ¥, qi(s) ds (2.1)
Lemma 2.2: [2, Lemma 2]

Assume that B € (0, 1/e] and x(t) is an eventually positive solution of (1.1). Then

. . x(t) S
tll_l;l;lo 1nf—x(h(t)) > D(B) (2.2)

Lemma 2.3: ([2, Lemma 3]

Assume that x(t) is an eventually positive solution of (1.1), h(t) is defined by (1.4) and B by (1.6) withO<B < 1/e.
Then

.. ex(h(D)
htnl glf—x(t) >, (2.3)
where 1, is the smaller root of the transcendental equation e = A. (2.4)

Lemma 2. 4: (Gronwall inequality)

Assume that x(t) is a positive of X(t) - 27"  ¢:9: (x( Ti(t))) >0, t>t, where the coefficients gq; eRand t;

e R*fori=1,2,..n are functions of positive real numbers and x(t) = 0, we have
X(s) 2 x(t) exp ftszl’-‘zl% du,s2t>t,.
L

Theorem 2.4: ([1,Theorem 2.2])

Assume (H1) — (H3) , 0 <M; < o= and the following condition hold, where M; is defined by (1.5). If
liminf [[O T, qi(s) ds > ¢, (2.5)

then all solutions of (1.1) oscillate, where M* = max {M;} and

T(t) = min {7;(t)].

From (H3) and from (1.5) we can choose M; for 1 <i < n such that
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9i(x(Ti(0) 25 2( (D)) (See eq.(8) in [1]).
Thus (1.1) can be rewritten as
#() - By 22 2(7(0) 20 (2.6)
3. Main Result

Theorem 3.1:

Assume that h(t) is defined by (1.4) and for some j € N

lim sup f,"“ (s 42 exp (1) Eia 5 expC [ By (. €) dp)duds >1, (3.1)
where

T

Ri(t,e)=(Epy B 1+ [FOFR, U2 exp (7T, 49 exp ([

i=1 M; i=1 M; i=1 M;
(3.2)

“R,_,(,€) dp) du) ds]

with Ro= (Z?zlq;[—(:)) (Ao) and A, is the smaller root of the transcendental equation

A=eh?,
Then all solutions of (2.6) are oscillatory.
Proof:

Assume for the sake of contradiction that, there exists a non-oscillatory solution x(t) of (2.6). Since -x(t) is also a
solution of (2.6) ,we can confine our discussion only to the case where the solution x(t) is eventually positive.
Then there exists a t; > t,

such that x(t) >0 and x( 7;(t)) >0,1<i<n forallt > t;.

Thus from (2.6) , we have

x(t) = Z?=1q;;:)x(ri(t)) >0 forallt> t,,

which means that x(t) is an eventually nondecreasing function of positive integers. Considering t;(t) = h(t) ,
(2.6) implies that

n qi(®)

x(t) - i=17x(h(t)) >0 forallt> t, (3.3)

Observe that (2.3) implies that ,for each € > 0,there exists a t, such that

x(h(t)
x(t) > 4
(3.4)

o- € forallt> t, > t;.

Combining inequalities (3.3) and (3.4) ,we obtain

x(t) - Ty O (Ag- €) x(t) 2 Oforallt> ¢, (3.5)
or

X(t) -Rox(t) 2 0 forallt> ¢,
(3.6)

where Ro= ?zlq;;? (Ao- €)

Applying Grénwall inequality in (3.6) ,we conclude that
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x(t) = x(s) exp (f:Ro(ﬁ,a) dd),t <s<t,

Now we divide (2.6) by x(t) > 0 and integrating on [t s],so
s %(u)
)@
or
fs W

_ftSZr_l aiw) x(ziw) du >0

=y x@

ai(w) x(r(w)
t x(u) >f Zl 1

M; x(u)

’

x(s)
X(t)

qi(w) x(t(w)
f ZL 1 -

M, 2o du),t <s<t,.

) x(tw)
x(s) 2 x(t)exp(f, Ty % xxr(g) \du

Vol 46 No. 1
January 2025

(3.7)

(3.8)

since 7;(u) >t(w) > u,u=t,s = t;(u), then (3.7) becomes

X(T@W) 2 x(u) exp ([T Ro(9,8) d9) , t2s2 ¢,
Combining (3.8) and (3.9) , we obtain for sufficiently large t,

x(s) 2 x(t) exp ( f:(znz M

lIMl

Yexp (J; Ro(9,€) d9) du)
Hence,

x(els)) 2 x(t) exp ([ (S, B exp (] Ro(8,€) dB) du)

Integrating (2.6) from t to t(t), we have

ql(s)
i=1 M;

x(x(t) =x(0) - [T, Y2 x(1y(s)) ds 2 0

x(t(t)) = x(t) - f:(t)(Z?zl q‘T(j)) x(1(s))ds =20

It follows from (3.11) and (3.12) that

(3.9)

(3.10)

(3.11)

(3.12)

X(E(t) - x(1) - x(0) [ O L) exp (ST @, L2 exp (7 Ro(8,€) dB) du)ds 0.

Multiplying the last inequality by Y./~ ; q’(_) we get

(Eis Lx(x(t) - (T, 22 ) x(6)

'( ?:1%5:)) x(t) fT(t)(Zl 1q11\,55)
(3.13)

T(s) qi (u)
(f (Zl 1 ;VI

As %(t Zn qz(t)

x( 7;(t)) , we have

5 i(t)
x(t) 2 ?:1 qlTL

x(1,(0) 2 zg;l"L—(f) x(x(b),

Combining inequalities (3.13) and (3.14) , we have

x(t) - (S8, %2 ) x(©

(L 2) > [ 5D e (VL D)
(3.15)

Hence,

) exp ([ Ro(9,€) dB Ydu) ds

exp (/7% Ro( 9, €) d9 )du) ds >0

(3.14)

\Y
o
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£~ L [1+ 7O L) exp (771 B2 exp (7 Ro(9,) d8) du ) ds)x(t)20
x(t) - Ry (t,e) x(t) ;0 (3.16)
where

Ri(Le)=(Sin ) [1+ [[OEL, D) exp (77 42 exp (" Ro(9,) d9) du ds]
Integrating (3.16) on [t s ] leads to
x(s) 2 x(t) exp( [ R (, ) db (3.17)
By considering the steps from (3.6) to (3.11), we obtain
x(t(u)) 2 x(u) exp( [T Ry (1, ) di (3.18)
Combining (3.8) and (3.18) ,we obtain
x(s) 2 x(0) exp (J; (T, U2 )expl [ Ry (. ) db) du)
Since t(s) > s,
x(e(s)) 2 x(t) exp (] (X, B dexp( [ Ry (,) ) du) (3.19)
By (3.12) and (3.19) , we have

x(x(t) = x(0) - x(t) [T T, D exp (fF g, B exp( (TR, (9,€) dy) du) ds 20,

L 1 M; l 1 M;
Multiplying the last equation by Y/, q’(t) ,we find
x(x(t)( n a0 - x(t) 1 -

i=1 M; =1 M;

XL D) [T OEL e (VS D exp (S, Ri(,€) dy) du) ds 20.

As 7;(t) > t(t), we have from the above inequality,

xr; (o) e - (1) ) - Ql
5O [ D exp (T ) exp( [ Ri(w,0) dW) du) ds 20,

Again as (1) x(r; (0)( £y

), we get

XN Ziy 52 - O Ty %) O L) exp (VL D) exp( [ Ri(,0) W) duyds 2

i=1 M;
Ol
£() - (S, %9 1+ [0S 22 exp (O EL 2D exp( f7 Ri(,8) dy) du) ds] x() 20
Therefore , for sufficiently large t,
-R,(t,e)x(t) =0, (3.20)

where,

Ry(te) = (T LD [1+ [[OE LD exp ([ A exp([[ Ri(,©) dy) du)] ds

i=1 M; i=1 M; i=1 M;
Repeating the above procedure ,it follows by induction that for sufficiently large t

x(t)-Rj(t,e)x(t) =0, jeN
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where,
Ri(te) = L 2 [1+ [[OE, 42 exp (VT 42 exp (J; Ria (1,0) dw) du) ds].
Moreover ,since t(s) = h(s) = h(t), by Grdonwall inequality we have,
x(x(s)) 2 x(h(1)) exp ([ ( ?l%‘))exp( [ R (9, €) db) du). (3.21)
Integrating (2.6) from t to h(t) and using (3.21), we obtain
X(h(t) = x(t) - [V (Zi, %2) x(ri(s))ds 2 0

x(h(t) - x(1) - [T, L2y (7(s))ds 20

x(h(t) = x(t) - x(h(t) J,"“(Z1 &2 exp (fre) Ty 22 exp( f7 " Ry(, ) dip)du)ds > 0

LlM M;

n(t)

S, 5D exp () (i 52 exp( [ Ry(#,8) dydwds 20 (322)

LlMl

x(h(t)—x(t)-x(h(t)) J,

XN 1- [y 22 exp ([e) (s 52 exp( [7 R (,2) d)du)ds] - x(£) 20

llM llML

The strict inequality is valid if we omit x(t) >0 on the left-hand side. Therefore,

h () i
X(hO) 1 - [T, 52) exp () (T B exp( f; Ry, ) dy)dwyds] >0

or

1. fh(t)(z q(s) (fr((:))( n qi(l.t)) exp( fur(u) R;(,€) dy)du)ds > 0.

LlM llML

h(t ( ) 7(s) i) T
1> MO, T exp ([ (O, L) exp( [T R;(1,€) dip)du)ds,

=1 p (t) M;

or

h(t) (s) (W)
] q(s) xp ( o qu( )) p(J Ri(¥,€) d{)du)ds < 1

Taking the limit as t - o=, we have

tim sup ;" (S1 42 exp (o) (Sl B dexnC [ Ry () dp)duyds <1,

‘1M (t)llMl-

Since € may be taken as arbitrarily small, this inequality contradicts (3.1) .Thus the proof of the theorem is
completed.

Theorem 3.2:

Assume that B defined by (1.6) with 0 < B < 1/e and h(t) by (1.4).If forsomejeN,

tim sup "7 (S10 42 exp (1) (i 4% exp( [ Ry (9, ) dy)duyds >1-D (B). (3.23)

=1 h(t)
where R; is defined by (3.2),then all solutions of (2.6) are oscillatory.
Proof:

Let x be an eventually positive solution of (2.6) .Then, by Theorem 3.2, inequality (3.22) is satisfied.

x(t=x(tx(h(v) f; (i 4 exp () (S 42) exp( [, Ry (4, ) d)du)ds = 0

llMl
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X(h() [1- [Ty 22 exp ([0) (T 252 exp( [7 ™ Ry (,€) dp)du)ds] > x(t

llM llMl

h(t) q(s). T(S) s q;(u) T(w) x(t)
[1 f (Zl 1 M; (f (t) l 1 M; )exp( fu Rj(lp, 5) dlIJ)du)dS] Zx(h(t))'

h(t) q(S) T(S) yn q;i(w) T(uw) x(t)
f Qi M; (f (t) st M; ) ex p(f R'(IP. €) dp)du)ds] <1 T X(@)

h(t) yn qz(S) T(S) yn qi(w) (W) o, T x(t)
lim sup [, (Ei %2 exp (1) Sl B expC [ Ri(,€) dp)duyds <1- lim inf 20

By Lemma 2.3,

lim sup ff (51 %2 exp ([ (S %02 exp( [, By (,€) dp)duyds <1-D(B).

i=1 M; 1 M;
Since € may be taken as arbitrarily small, this inequality contradicts (3.23).
Thus the proof of the theorem is completed.
Theorem 3.3:

Assume that B is defined by (1.6) with 0 < B < 1/e and h(t) by (1.4).If for some jeN

lim supf"“) 22 exp (7 (T B2 exp( 1R ($,8) dp)du)ds > 5-1 (3.25)

L 1 M; i=1 M; D(B)
where R; is defined by (3.2),then all solutions of (2.6) are oscillatory.

Proof:

Vol 46 No. 1
January 2025

(3.24)

Assume for the sake of contradiction that, there exists a non-oscillatory solution x of (2.6) and that x is

eventually positive. Then, as in the proof of Theorem 3.1, equation (3.21) is satisfied, which yields

x(els)) 2 x(t) exp (] (X1, %2 )exp( [ R;(, ) dp) du).

Integrating ( 2.6) from t to h(t) ,we have

x(h(t) = x(t) - [0S, B2y x(7,(s)) ds 2 0

llMi
or

h(t)

x(h(t) = x(t) - [ (T q’(s))x(r(s))ds>0

Thus by ( 3.21), the last inequality gives

x(h(t) =x(t)- [ 202 x(0) exp (V@ L2 exp( f; R ($,9) W) dw) ds 20

LIM

or

x(h(t) =x(t) - x(t) [ O, 2y exp ([T TR, D9 Yexp( [7 R (%, €) d) du) ds 20,

llMl llMi

Thus, for all sufficiently large t, it holds.

x(h(t) 2 [1+ O, B9 exp (7@, L )exp( [ R;(1,2) ) du)ds] x(t)

I. 1 M; =1 M;
h i (s) i ) x(h(©)
RO 1) exp (7S, L2 exp( [1 By, ) duyds) < 20O

Letting t > oo ,we have

lim sup [MOER, Ty exp ()7 (TR, D9 exp( [T R; () dip)du)ds < lim inf%—l.

llMl, llMi
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which ,in view of (2.4) gives

h(t A) () L() 1
11m supf () ?1qu (f” Q= 1un exp( fJ(u) R;(,€) dy)du)ds < %_1'

Since € is arbitrarily small, this inequality contradicts (3.25).The proof of the theorem is complete.

Theorem 3.4:

Assume that B is defined by (1.6) with 0 < B < 1/e and h(t) by (1.4). If forsome je N

h i s i In 4,
tim sup [ V(1L %) exp (i) (5 ) exp( [ By (,) d)dw)ds>C72-D(B),  (3.26)

where R; is defined by (3.2) and A, is the smaller root of the transcendental equation A = ef,
then all solutions of ( 2.6) are oscillatory.
Proof:
Assume, for the sake of contradiction that, there exists a non-oscillatory solution x(t) of (2.6) and that

x(t) is eventually positive. Then, as in Theorem 3.1,(3.21) is satisfied. By (2.3),for each € > 0, there exists a te such
that

_ . x()
Ao—€< . forallt>te,

(3.27)
Since x((t) is non increasing in s ,we have
x(s)
_ x(h(@®) _ x(h(®) _ x(h()
1= @ 2 e 2 e ot >h(t)2s>t,
In particular for € € (0, A, — 1), by continuity there exists a t” € (t, h(t)] such that
. _x(h®)
1> 4, gl
(3.28)
By (3.21), we have
x(1(s)) 2 x(h(s)) exp (f12 (S, X yexp( [7* R, (1, ) dib) du)
Z p h(S) =1 M u j ) .
(3.29)

Integrating ( 2.6) from ttot" ,we have
() =x(t) 2 [ (T &) 2(1(s)) ds
By using (3.29) along with h(s) > h(t) in combination with the non decreasingness of x ,we have
X(t) =x(t) 2 x(0(®) J; (L %) exp (o) (i B2 )exp( [ Ry (,€) db) dujas

or,

tr ai(s)y T om0y o (T <X x®
f (Zl 1 M; f(s) i=1 M; (f R (l/) 8) dll—')du)d = x(h(t) x(h(t))

In view of (3.28) and Lemma 2.3 for the € considered, there exists a te > t; , such that

1 x(t)

tx Q(S) T(S) e qi(w) T(w) ’
f (Zl 1 Il\/l (f (S) L 1‘Ti)exp( fu Rj(l/), €) dy) du)d5<%—_€-m , te2t (3.30)
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Dividing (2.6) by x(t) and integrating from t * to h(t) , we find

h(t) x(s) h(t) on  qi(s) x(z(s))
S, o 952k 1w ds

And using (3.29) , we get

fh(t) x(s) d > J‘h(t) Zl_ 1ql(s) x(h(s)) (J‘T(s) n M)exp( f;(u) R](lp, 8) dll]) du) dS

tx x(s) M;  x(s) (5) Liz M;
h(f) q;(s) x(h(s) T(S) qi(w) 7(u) h(t) X(S)
O B, U0 D gy (PO A yesp( [T Ry () ) dwpes < [0 as (330

By (3.27), for tgz h(t)>s ,we have x(h((s;)) > Ay — €, so from (3.31) we get
h(t) qai(s) T(S) q;(w) T(w) h(t) X(s)
(o= [V T B2 exp (o) S, 2 )exp( S Ri($,8) dw) duy ds < [0 2 as.

Hence for sufficiently large t,we have

h(t) i) (s) i (D) 1 h(t) %(s)
Jo Bt exp (o Gl T exp( [ Ry, 0) d) du) ds < o—— [T ds

tx M; (5) Xi1 M; -g) Yt x(s)

< 1 In x(h(t))
(A0 -€) x(t)
In (Ao - )
L — 3.32
(Ao-2) ( )

Adding (3.30) and (3.32), and then taking the limit as t = oo, we have

h(t) yn qz(S) r(S) yn qi(w) (W) 1 TR x(t)
lim sup [V ) exp () Tl ) expC [ R(.e) diyduyds < = - lim inf L0

In ((10 £)
(A0 -¢)

1+In(Ag—e¢
om0,
Since € may be taken as arbitrarily small, this inequality contradicts (3.26).
Thus the proof of the theorem is completed.

Theorem 3.5:

Assume that h(t) is defined by (1.3) and for j e N

h(t)

liminf |,

m in ?1q;:s)) exp (fr((:))( ?1qjv(,’;)) exp( I R;(1,e) dy)du)ds >, (3.33)
where R; is defined by (3.2) .Then all solutions of (2.6) are oscillatory.

Proof:

Assume for the sake of contradiction that, there exists a non-oscillatory solution x(t) of (2.6).

Since -x(t) is also a solution of (2.6),we can confine our discussion only to the case where the solution x(t) is
eventually positive. Then there exists a t1 > to such that x(t) > 0 and x(ti(t)) > 0,

1 <i<mforallt2ti Thus, from (2.6) we have,
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x(t) - Xy q‘(t) x( 7;(t)) =0 forall t >t
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which means that x(t) is an eventually non-decreasing function of positive numbers. Moreover, as in previous

theorem, (3.29) is satisfied.
Dividing (2.6) by x(t) and integrating from t to h(t) , for some t2 > t1, we get

x(h(t)) h(t)  gn 4i(S) X(T ()
(o x(t) )2 [ (B M x(s) ds

x(h(t)) h(t) n ql(s) x(r(s))
(=75 x(t) )2 f (Zim M; ) e x(s) ds

(3.34)
Combining inequalities (3.29) and (3.34),we obtain

X(h(f)) h(t) qi(s) X(h(S)) T(S) q;(w) T(u)
In ( f (ZL 1 M; x(s) (f h(s) :1 1Ti)exp( fu R](lp' E) dl*l)) dU) ds=0

Taking into account that x is non-increasing and h(s) > s, the last inequality becomes

|n(x(h(t)) fh(f)(z qL(S) th(S)(Zn ql(u) (fuf(u) R;(,€) d) du) ds (3.35)

x(t) i=1 M; (s) i=1 M;

From (3.33) ,it follows that there exists a constant ¢ > 0 such that for sufficiently large t

JEOCE 22 exp () (Bis 52 )exol [7 Ry(,€) dp) du) ds ¢ >

=170 h(s)

Choose ¢ such thatc>c¢ > é . For every & >0 such that c —& > ¢, we have

h(t i i » 1
[T ) exp ([0 (8, W yexp( [ Ry () db) du) ds2c>cesc > (336)

Combining inequalities (3.35) and (3.36), we obtain
In x(h(t)) )

">
s 2c , t>ts.
Thus
x(h(t)) ¢ ’
=2 y>ef >
( pro )2e€ 2ec >1,

which gives ,for somet>ts2ts,
x(h(t) 2 (ec’) x(t).

Repeating the above procedure ,it follows by induction that for any positive integer k,

x(h(®))

’ k . .
pre > (ec )" for sufficiently large t.

(In(2)-1n (¢)

Since ec’ > 1, there is a k € N satisfying k > 2 ( 1n @)

) such that for t sufficiently large

x(h(t) Nk o 282
pre >(ec) >(C.) (3.37)

Next we split the integral in (3.36) into two integrals , each integral being no less than %

[ CE 2 ) exp (10 (i B Jexp( [ R (4,€) d) du) ds 2, (3.38)
h i i ’
JROCEI B2 ) exp ([0 (s 22 yexp( [ Ry (,€) dip) du) ds 25, (3.39)

Integrating (2.6) from tto t,, , we deduce that
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x(tn) =x(t)) - ;" Biy %2 x(7i(s))ds 20
or

x(ta) =x(t)) - [ 1 ‘“(j) x(7(s))ds 20
which in view of (3.29), gives

x(ta) = x(t)) - [ T, B x(h(s)) exp (fr o (B XY exp( [T R; (¥, ) dy) du)ds 20

=170, (5)11ML-

x(ta) = x(1) ) x(h(t) [ 21y B exp (7 (xr, L yexp( [T R;(,€) dip) du)ds 20

=170 (S)llMi

The strict inequality is valid if we omit x(t) > 0 on the left-hand side

x(ta) x(h(®) [T, LD exp ([T, B yexp( [T R,(1,€) d) du)ds 20

=1 M; (s) l 1 M;
Using the inequality (3.38), we conclude that
x(t,) > % x(h(t)). (3.40)
Similarly, integrating (2.6) between t, to h(t) with the later application of (3.28) leads to

x(h(t) =x(t) x(h(ea) [} Ziy 22 exp (1) Ty B )exp( [ Ry(,) dy) du) ds 20

llMl

The strict inequality is valid if we omit x(t,;) on the left hand side.

x(h(®) x(h(ta) f, T, 5D exp ([ (T, B Yexp( [7 ™ R;(,) d) du)ds >0,

i=1 M; (s) l 1 M;
Using the inequality (3.39), we get
x(h(t) > (5) x(h(t)) (3.41)

Combining (3.40 ) and (3.41),

x((tn) _ 212
xnay <&

which contradicts (3.37) .

Thus the proof of the theorem is completed.

Example:

Consider the following advanced differential equation:
x(t) § x(7,(O)In (e @Ol 4 2) f x(T,(O)In (e *@®1+3)=0,t20 (3.42)

Where
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t+l,
Bt—7k-1,
t+7k+5,
7,(t) = ot

3t—7k-4,

t+7k+8,

7,(8) =7, (0) +1,

and

ha(0) = inf {74(5)) =

and

t € [3.5k, 3.5k +1],
te[3.5k+1, 3.5k +1.5],
te[3.5k+1.5, 3.5k +2],
te[3.5k+2, 3.5k +2.5],

te[3.5k+2.5, 3.5k+3],

te[3.5k+3, 3.5k +3.5],

t € [3.5k, 3.5k +1],
te[3.5k+1, 3.5k +1.3],
te[3.5k+1.3, 3.5k +2],

te[3.5k+2, 3.5k +2.5],

te[3.5k+2.5, 3.5k+2.8],

te[3.5k+2.8, 3.5k +3.5],

ha(8) = inf{T,(5)} = ha(®) + 1,

k € Ny, Ny is the set of nonnegative integers. Then

t(t) = min {7,()} = 7, (0).
Lett=3.5k+1.3 and t(t)=3.5k +3
. . ®
B=lim inf [ XL 4i(s),

where

Q®)=2, q)=2,

e

hence,

35k+3

B =tlim inf f3 5k +13 (i + S ) =1.87 and therefore the smaller root of
—00 . .

et®7 =\is 1, = —0.213.

Also,

. X
Mi = lim sup 5

X

M, = 1li ——=0.91
1 |x}£>noo sup g1(x) 0.9
M, = li —~_-0.72.
2 |x|l£>noo sup g2(x) 0.7
Therefore,

,O< Mi< 0,
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2,20 21 418,

13

Let us prove that the solutions of (3.42) is oscillatory by showing (3.1) of Theorem 3.1 holds.

. h(t) i(s) (s) i (W
The function G; = [, (X} 227 exp (th 2yz T yexp( f; “R;(,e) d)du)ds

=1 M; ®) =1 M;

attains its maximum at t = 3.5k +1.3, k € N , for every j 2 1.

Thus,

Gy = ;O 1) exp (1) Ca B exp([7 Ry (9, ©) dy)duyds

®) i=1 M;

with

i (®) i (s) i ()
Ri=CL 5D [1+ [0 exp (77142 exp (7 Ro(8,€) d9) du ds]

=17,

and

Ro= (X2, &9y (4,) =-0.302.

M
Thus,
R, =7.152 and
G,=2.36.

lim sup G; = 2.36 > 1 .Hence the inequality (3.1) is satisfied.

t-> o

Therefore all solutions of (3.42) are oscillatory
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