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Abstract

Introduction: This paper tackles significant challenges in nonlinear programming and integer quadratic
programming problems (IQPPs), presenting innovative solution methodologies. It introduces advanced decision-
variable reduction techniques for IQPPs, optimizing solutions by minimizing state variables. The study
establishes necessary and sufficient conditions for IQPPs and develops strategies to identify dominated terms in
problem formulations. Variable reduction is further refined by analyzing problem data and upper bounds,
enabling certain variables to be fixed at zero. A detailed computational analysis highlights the efficiency of these
methods across various IQPP scenarios. Additionally, the paper provides insights into separable IQPPs, offering
a streamlined framework to enhance comprehension and facilitate intuitive problem-solving. MATLAB-based
simulations and graphical representations underscore the practical applicability and robustness of the proposed
techniques.

Keywords: Nonlinear programming problems, Quadratic programming, Simplex methods, Separable
programming algorithms.
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their method through empirical studies across
diverse datasets. Additionally, the reduction of
Integer Polynomial Programming Problems to Zero-
One Linear Programming Problems has been
explored by Lawrence J. Watters, further advancing
the field of variable reduction in optimization [6].
Applying variable reduction techniques prior to
implementing the Hashian algorithm has been
shown to significantly reduce problem complexity
and mitigate overflow risks associated with direct
application. However, many existing methods are
predominantly designed for linear or binary
optimization problems ([7], [8], [9]). In 2007, Hua
introduced a novel variable reduction approach
specifically for convex integer quadratic
programming problems (IQPPs), leveraging the
optimal values of continuous relaxations and
feasible solutions to IQPPs. Zhu and Broughan
further contributed by establishing necessary and
sufficient conditions for identifying reducible
variables in general integer linear programming
matrices, enhancing understanding of reduction
strategies ([10], [11]). In addition, Sun and Gu
addressed nonlinear integer programming in the
context of postal design problems [12], while A.
Billionnet and E. Soutif proposed an exact and
efficient Lagrangian decomposition technique for
the 0-1 quadratic knapsack problem. These
advancements underscore ongoing efforts to tackle
the computational complexities of IQPPs, fostering
scalable and efficient optimization solutions [13].
Building upon the above discussion, this article
proposes a novel variable reduction technique for
general integer quadratic programming problems
(GIQPPs) that allows certain variables to be fixed at
zero without compromising optimality. Specific
conditions for identifying removable decision
variables in quadratic integer programming
problems are presented. By analyzing problem data
and the upper bounds of variables, we establish
criteria under which some variables can be fixed at
zero. The effectiveness of these conditions is
validated through computational experiments
using random data in MATLAB, accompanied by
graphical illustrations of quadratic programming
problems. The structure of this paper is as follows:
Section 1 introduces the topic; Section 2 discusses
the basic concepts of nonlinear and quadratic
programming problems; Section 3 derives
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necessary and sufficient conditions for identifying
dominated terms; Section 4 explains the separable
technique for integer quadratic programming
problems in a clear manner; Section 5 evaluates the
proposed technique’s efficacy using computational
results from randomly generated GIQPPs and
separable 1QPPs; finally, Section 6 concludes the
paper.

2. General Quadratic Programming Problems

2.1 Nonlinear Programming: General Overview The
general nonlinear programming problem is written
in the following form:

Optimize (max or min)

Z =10 = (% X0 X,);

subject to the constraints:

g(x) =g (%, X, X;) <byy 1212, m;
=b; i=1,2,...,m; (1)

Zbi, i=1,2,...,m;

andx=(xs, x2,...,xn); Vxj20,j=1,2,...,n;

where f(x) = f (x3, X,...,xn) is real-valued objective
function of n decision variables and g(x) = gi(xy,
X2, ...,%n) is real-valued functions of n decision variables

in which at least one of these functions is nonlinear.

2.2 Necessary Kuhn-Tucker conditions for nonlinear
programming problems (NLPs)

Maximize Z = f(x),

subject to the constraints:

gi(x)=0, i=1,2,...,m; (2)
and x=x; , 2 0 foralli.

In a nutshell, this is written as:

a 9 i
5o ()= Elidigogi= 0 =12...m

moAg=0 i=12..m
YhAg <0, i =12..m
2,>0
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Note: If A < 0, these conditions also apply to
minimization nonlinear  programming  (NLP)
problems. The non negativity conditions x =
(%1, X ... xy,) 2 0is taken for all these conditions 1-
4. This represents the feasibilties condi tions.

The Kuhn-Tucker conditions for maximization NLP
problem is rewritten as:

Maximize Z = f(x),
subject to the constraints
g =0, 3)
and x< 0, i=12,..m
where x = (X1, X5 ... Xp)
In this NLP problem, taking the m+n inequalities
into equations. Take the m+n slack variables g > 0
(i=1,2,....,m,m+1,...,m+n) as:
g;(x) +s? =0, i=1.2,...,m
Xj+smy; J=12,...,n

The Kuhn-Tucker necessary conditions for the
maximum of f(x) is obtained as:

9 _,0
a—xjf(x) = a—xjgi(X),

m .
Aigi = /1m+j:]

i=1
=12,....m

Ag(x)=0, i=12,.....,m
/1m+jxj =0

gi(x) < 0; /1i,/17n+]', Xj > 0,

foralliandj.
The Kuhn-Tucker necessary conditions is taken into
sufficient conditions when f(x) is concave and g;(x)
is convex with respect to x. For minimization NLPPs,
f(x) is taken as convex, while gi(x) is taken as
concave in relation to x.

Lagrangian function is rewritten as:
L(XISIA) =f(gl,)_ Z:Zl A‘l Slz

Where 4 =(A4,4,, ... ...
Lagrange multiplier. The necessary conditions for

., An)T is the vector of

an extreme point to be local optimum (max or min)
can be obtained by solving the following equations:
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0 22 Zma @®A=0
ax]' B ax]f X i=1 ax] silX o

j=12...n
0 .
a—ij =—[gix)+sf] i=12,.....,n
d ,
EL ==2x;A;, i=12,......m

j

Thus, the Kuhn-Tucker necessary conditions to be
satisfied at a local optimum (max or min) point is
stated as follows:

T - Lga=0
=) Sa@a=0

j=12...,n
2igi(x) =0
gi(x) <0,
4,20, i=12..,m

Remark If the provided nonlinear programming
(NLP) problem is a minimization problem or if the
constraints are of the form g;(x) 20, then 4; <0.
Conversely, if the NLP problem is a maximization
problem with constraints of the form g;(x) < 0,
then 4; 2 0.

Kuhn-Tucker Sufficient Conditions:

Theorem 2.1 The Kuhn-Tucker necessary conditions
for the problem, Maximize Z = f(x),

subject to the constraints: g;(x) <0, i=1,2,...,.m; x
20,

are also sufficient conditions if f(x) is concave and
all g;(x) are convex functions of x.

2.3 Quadratic Programming (QP) Problems

Mathematical modeling of quadratic programming
problems is written as:

Optimize (Max or Min)
Z= Z?=1 cixj+ Z?:l Yk=1djiXj Xk,

subject to the constraints:

a;jxj < b; 4)

j=1
And x; = 0 foralliandj.

In matrix notation, the QP problem is rewritten as:
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Optimize (Max or Min) Z =c'x+ éxTDx,
subject to the constraints:

Axsb, (5)
and x 20,

where x = (X, %5 .....X,)"; €= (cy,c2 ...,cn)7; b1 =
(b1,b, ...,bm)T, D=[dj]is an nxn symmetric matrix,
i.e., dik =di;; A =[ajj] is an mxn matrix.

2.4 Separable Programming Problems

Separable programming problem: A nonlinear
programming (NLP) problem is termed a separable
programming problem when its objective function
can be expressed as a sum of multiple distinct one-
variable functions, some of which may be
nonlinear.

Separable convex programming: In separable
convex programming, each individual function is
convex. Specifically, the nonlinear function f(x) is
convex when the problem involves minimization
and concave when the problem involves
maximization.

Separable Functions: A function f(xq, x5 .....Xy)
that is expressed as the sum of n single-variable
functions, fi(x1), f2(x2),...., fa(xn) such that:

fla1, X5 oo X)) = f1(xa)+ fo(x2)+...+ fa(xn)
is said to be a separable function.

Optimize maxor minZ=37_, fj(xj); subject to the

constraints: Y.7_; a;;x; =bj, i,j=1,2,..,m,and x; 20
for all j, where fj(x)) is the j" separable function to
be approximated over a defined interval.

3 General Integer Quadratic Programming
Problems (GIQPPs)

In this section, let us take the general quadratic
programming problem (GIQPP):

(GIQPP) min fix)=x"Qx+c'x,

subject to constraints:

Aix < b;

Azx =b; (6)
x "

x 20
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di1 q12 - Gin
Where Q- le CIgz - an
dn1 9n2 ° qnn

Q is a symmetric matrix;

all a12 L) aln
| G210 Az .. Qo

Al B H H ‘. H
An1 Az - QApp

amjyy = (az, azj, . .. ,amj)T > 0;

a;; Qg Ain

a a . a
a=( B Gz G

Am1 Am2 Amn

Ay (A1j,Qzjpmnnennny A j)T> 0
amj = (ay, azj, ..., am)">0;
c=(cycz ...,cn) ERY;
bi=(byby, ...,bmi)" ER™;
b2=(by,by, ...,bm)T ER™;

N={12...,n, M1={12,... m}M2={12, ...
,m2}. Let S be the feasible range of (GIQPP). If we
remove some variables from (GIQPP), generally, the
optimal solution and optimal value will change.
However, if the optimal value of the problem which
has been removed a variable, is equal to that of the
original problem (GQPP), then we should only
consider the new problem with lower dimensions.

Let (GIQPPk) be the new problem after
removing the term k of (GIQPP):

(GIQPPk) min fi(y) =y’ Qey+d'y,

subject to constraints:

Al1y<b;,

A2y = by, (7)
y €277,

y20,

where

Qr= {qu‘j}{n—l)x(n—l) andd = (Cl, we.o,Cr-1,Cr+1, . .
. ,Cn)T ERn_l,'

Aik =(a1- - Qk-1 Qk+1 -+ - An);
A2k = (a1 - - - Qk-1 k1 -+ * 0n).

Let Sk be the feasible range of (GIQPPk).
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Definition 3.1. Let x* be the optimal
solution of (GIQPP) and f (x*) be the corresponding
optimal value. y xis the optimal solution of (GIQPPk)
and fi(y#) is the corresponding optimal value. If
fily#) = f (x#), then we say term k can be removed.
The corresponding integer variable xk is called a
dominated decision variable.

Theorem 3.1. Let x € R" be a feasible
integer solution of (GIQPP). Suppose k € N and for
all j € N\ {k}, there exist nonnegative integers /;
satisfying

ajl; < ay, fork
jen\{k}
€ M;; and z Ayl
jen\{k}
< @, fork € M,.

If for allj €N\ {k}, we set y; = x; +ix;, then
y € R is a feasible integer solution of (GQPPkK).
Additionally, xo = (y1, . . . ,yr-1,0,yr+1, . . . ,yn) T is also a
feasible integer solution of (GIQPP).

Theorem 3.2. If there exists a nonnegative
integer vector | € Sk such that

QI < qug 2aTQ*+d"1 < 2a7q-« < ci;

then xk is a dominated variable in (GIQPP). Here a =
(ai, ...,0r-1,0m, . . .,a0)7, Q= {q%}, Q% ={q i}

Remark. If g; is the other upper bound of
Xj, then the result of Theorem 3.2 also holds.

Denote u = max, jeni{q'i} v =
minjemik{q i}, b = maxiempfa;}, and e = (1,1, . . .
,1)"n-1x1. With these symbols, we obtain the
following result.

Corollary 3.1. If there exists a nonnegative
integer vector | €Sk such that

Qul < qu; 2b(n-1)(uer I-v)+dr | < ci;
then x« is a dominated variable in GIQPP.

Corollary 3.2. Assume for all i, j €N\ {k},
gi < 0 and q; > 0 in GIQPP. If there exists a
nonnegative integer vector | € Sx such that

Qi < gu; d'l < ci;

then x« is a dominated variable in GIQPP.
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Quadratic
Programming Under Inequality  Constraints

4 Optimizing Integer

In this section, we have establish the
GIQPP with inequality constraints:

GQPP1  min f(x) = x"Qxc"x

subject to constraint: Aix<bi;
x ez

x20.

GIQPPk: is the new problem after
removing the term r from GIQPP1:

GIQPPki1 minf(y)=y’Qy+d"y
subject to constraints: A"y<bs;
yEZ™Y

y20;

For convenience, we will continue to use
the same notations as in the previous section, but
with M2 =0. We will establish a necessary condition
for identifying dominated terms.

Theorem 4.1. In GIQPPy, if x«x is a
dominated decision variable, then 3 a nonnegative
integer vector | €Sk such that

"Qul+d™l < qik +ck;
where Sk ={y : Aiky < b1,y €71y > 0}.

Theorem 4.2. In GIQPPy, if for k, s EN; s #
r, there exists a nonnegative integer /s such that

vk EM;, axls < akr

QSslzs < Qkk

a;q  toely <o + Z a;qy,
jeEn\(k} jén(k}

then xx is a dominated decision variable.

Corollary 4.1. If xx is a dominated decision
variable in GIQPP1, then there exists a feasible
solution x0 of GIQPP1

such that f(xo)< gk + ck. Furthermore, the
optimal value of GIQPP1, f(x*), satisfies the
inequality f(x*) < qkk +Ck.
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Corollary 4.2. In GIQPP1, for k €N, if gk 2
0 and ck + 2 Yjem\i3@j9r; = 0, then x« is a
dominated decision variable.

Corollary 4.3. In GIQPP1, if there exist k €
N and s € N\{k} satisfying qx=0, gss < 0, and

2 Z a;qt  +c —min(ﬁ,qﬂ)ZC
, iis S kem1 \lagsl’ lqgs k
jen\{k}

+ 2 z a;qy,

jen\{k}
then xk is a dominated decision variable.

Corollary 4.4. In GIQPP1, if 7k ENand s €
N\ {k} satisfying gk > 0, gss>0, and

1
. a qrrl2
@Y aat -+ (f] o) 2 q
jen\{k}
1
2 Z . _.; M>—,
+ ajq” ass ~ 2

jen\{k}

then xk is a dominated decision variable.

Corollary 4.5. In GIQPP1, suppose 7k €N
satisfying gk > 0 and for all i, j € N\ {k} satisfying g
< 0. Assume

s EN\{k}, if
—mi Akr| |9kr =,
oo - min (|22].[22)) 2 e+ 2 )" aa,

jen\{k}
holds, then x« is a dominated variable.

Corollary 4.6. In GIQPP1, suppose ke N
and s € N\{k} satisfying g < 0 and gss < 0. If there
exists an integer /s satisfying

1
(qﬁ)z <l; < min (

qss keM1

And

Akr

ks

|&
! ks

)

2 Z aqt +es—1lg+ 2 Z a;qy;,
jen\{k} jen\{k}

then x« is a dominated decision variable.
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Corollary 4.7. In GIQPP1, suppose ke N
satisfying gk < 0 and for all jj € N\ {k} satisfying g
< 0. Assume

s € N\{k}, if there exists an integer Is

satisfying
1
<qﬁ>2 SlSS mln(% ,|ﬂ),
qss keM1 \1Qks ks
And

Ck _
l_ < Cy + 2 Z a]-qr]-,
s jen\{k}

then x« is a dominated decision variable.

Example 4.1. Consider the following
problem:

minf(x)=f(x1,Xz,x3,Xs)=(-5x2 +40x2 +4x3%+3
X3 +4x1X2-15X1X3+X1Xat 3X2X3+9X2Xat 2X3Xa—2X1 +6X2
+8X3 +X4)

Subject to constraints: 3x1 +4x2 +2x3 +8xa <

30
2X1 +7x2 +x3 +6x4 < 40
X = (X1, X2, X3, X4) 20, x EX?
In the matrix form, the above can be
written as,
-10 4 -15 1
. _.r| 4 80 3 9
min f(x) = x _15 3 g 2%
1 9 2 6
_NT
+ g X
1
Subject to constraints: Ax<b
where,
(3 4 2 8., 30\
A= (2 7 1 6)’b_(40)‘ x

_ T
= (X1, X2, X3, X4)
x120; X2 20; x320; x2>0; x €EX 4.

We find that qas +cs = 7 is larger. Thus we
should let x4 = 0 in the optimal solution from
Theorem 4.1. The optimal solution is x = (1,0,1,0)" .
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Using the above Corollaries, Fork=4, gss=6>0and
gsj =0 forj=1,2,3; c4=1>0. x4 is a dominated
decision variable. We remove x4 first. For k=2, s =

a . . . . .
1; c1 _<a£ —c2.x2 is a dominated decision variable.
21

Remove x2. The new problem can be written as:

min f(z) I%ZT (:12 —éS) z+ (_SZ)TZ

Subject to constraints: 3z1 +2z2 < 30;
221 +22 £40;
Z=[21,22];212 0;2: 2 0;2 2 0;
€22,

The optimal solution is

7" = %(100) and g(z*) = —20.

So for the original problem, the optimal
solution is

10

8 and f(x*) = =20
0

Example 4.2. Consider the following problem:

min  f(x) = f(xyXx2,X3,Xs,  Xs5,Xe)
(5x2+7.5x2+5x2-3x2-1.5x2+2.5x2+2x1x2  +18X1x3
+15x1xa +14x1xX5s +12X1Xe +24x2x3 +19X2X4 +3X2Xs5
+14x2x6 —6X3X4 +10x3X5 +4X3X6 +3X4X5 +XaXe +7X5X6
—7X1 +5X2 +X3 +4X4 +8X5 +6Xs)

Subject to constraints: 9xi1 +6x2 +6x3 +9x4 +3X5 +5Xs
<200

5x1 +6X2 +6x3 +10x4 +2X5 +7x6 < 200
X = (X1,X2,X3,X4) > 0, xEX?
In the matrix form, the above can be written as,

min f(x)
10 2 18 15 14 12
2 15 24 19 3 14

_1.r[18 24 10 -6 10 4|
15 19 -6 -6 3 1
14 3 10 3 -3 7
12 14 4 1 7 5
—\T
5
+1x
8
6
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Subject to constraints: Ax<b

where,

4=(5 ¢ ¢ 10 2 0= (oo)i* =

T
(xlﬂ xZ! X3, X4, xS! x6) .
x120; X2 20; x320; x42 0; x520; x620; x EX?,

Applying the above corollaries, for k = 2,
g22=15>0and g4=0forj=1,3,4,5,6;c2=5>0. x4
is a dominated decision variable. For the same
reason, there exists k = 6 satisfying above
corollaries, so xs is a dominated decision variable.
Remove x: first and xs.

Then the new problem can be written as:

10 18 15 14

18 10 -6 10

15 -6 —6 3

14 10 3 -3
—N\T

+ 1 y/

8

ming(x) =z

Subject to constraints: 9z1 +6z2 +9z3+3z4 < 200;
521 +622+10z3 +224 < 200;

z20;

Z=[21,22, 23,24;212 0,222 0; 232 0,24 2 0;2 2 0;
z€Z¢

22

1
The optimal solution is z* = > and g(z*)

0

0

0
= —154

So for the original problem, the

optimal solution is

22

and f(x*) = —154

S oo oo

We use MATLAB software to compute the
two examples with continuous variables. The
results yield the same optimal solution and optimal
value for both cases. This confirms the applicability
of this technique to general integer quadratic
programming problems.
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5 Separable Integer Quadratic Programming
Problems: A General Framework

Separable integer quadratic programming (IQP) is a
prevalent type of integer quadratic programming
problem  (IQPP) with  extensive practical
applications. Taking, qij= 0 for all i,jEN; i # .

For example, if f(x) = X7, fj(x;) is the nonlinear
convex objective function. Separable convex
programming problem is written as:

(GQPP2) min f(x) = ¥ jen(q);x7 + ;)

subject to A1x < B1

A2xx = B2
XEZ",x20,
where Aj=(ai, ..., an) >0;A2=(aq, . ...,

aon), aoj >0, j=1,....n.

Theorem 5.1 In (GIQPP2), if there exists a
nonnegative integer vector I=(l5,...,lr-1,lr+1,...,In)7 € Sk
such that

JEN\{r} JEN\{K}
then x« is a dominated decision variable. Here gjand
Sk are the same as those in Section 2.

Theorem 5.2 In (GIQPP2), if 3 a nonnegative
integer vector I=(ls,...,lr-1,lr+1,...,1n)T € Sk such that

Z q]-jl]-Zquk; 2bu + Z lj
JEN\{k} JEN\{k}
+ Z lejSCk;
JEN\{K}
then x« is a dominated decision variable in
(GIQPP2). Here u = maxieni{ f(gf)}, b =
maxijenk{f(aj)}.
Theorem 5.3 In (GIQPP2), assume for all jeN\{r}, qj;

< 0. If there exists a nonnegative integer vector [ =
(l1,...,I-1,lr41,...,In)T € Sk such that

JEN\{r} JEN\{r}
then x« is a dominated decision variable.
min f(x) = Z(qﬁsz + ¢x;)
jen

subject to Aix < B:
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Theorem 5.4 In (GIQPP3), if xk is a dominated
decision variable, then 3 a nonnegative integer
vector | = (11,...,Ir-1,Ir+1,...,In)T €S such that

Z (@07 +6l) < Qe + ¢k
JEN\{k}

If xx is a dominated decision variable, g + ck is large
enough. Thus we should let xx = 0 to decrease the
objective function value.

Theorem 5.5. In (GIQPP3), let k€N and seN\{k}. If
there exists a nonnegative integer Is such that

Z aksls < Ay QSslg + Qxks 2qg—sasls + Csls
JEMy
<

then x« is a dominated decision variable.

Corollary 5.1. In (GIQPP3), for k €N, if
gkk = 0 and ck > 0;

then xk is a dominated decision variable.

Corollary 5.2. In (GIQPP3), for k €N and s € N\{k},
if gk 2 0, gss > 0, and

1
. 2
2g..a, + ¢;) min %,(E) < cp;
( (qssQs s) ke, \ aks ars k
then xk is a dominated decision variable.

Corollary 5.2. In (GIQPP3), for k € N and s €N\ {r},
if gk >0 and gss < 0 and

. a
¢ min (ﬂ) < ¢y
keM; \Qks

then x« is a dominated decision variable.
Corollary 5.3. In (GIQPP3), suppose there exist ke

N and s€& N\{r} such that gi< 0 and gss < 0. If there
exists an integer /s satisfying
1
Qicke | in (%" <
(qss) <k< EEIII\E (aks,and Ce. lg < ck) <
then xx is a dominated decision variable.
Example 5.1. Consider the following
problem:

min flx) = f(x1,%2,x3,Xa,) =
(—4x2-2.5x2+x2+2x2+x1 ~4X2 +2X3 +5X4)

Subject to constraints: 5x1 +4xz2 +4x3 +7x4 <
30
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9x1 +3x2 +6Xx3 +7x4 < 100

X = (X13,X2,X3,x4) 2 0, x €X*

In the matrix form, the above can be
written as,

-8 0 0 0
1 0 -5 00
: — _ AT
mmf(x)—zx 0 0 2 ol*
0 0 0 4
1 T
+ _24 X
5
Subject to constraints: Ax< b
where,
_(5 4 4 7., _ (30,
A_(9 3 6 7)’b_(100)'x

— T
= (X1, X, X3, X4)
X120; X2 20; x320; x4>0; x EX 4.

We find that gss +c4 = 9 is large enough.
Thus we should let x4 = 0 in the optimal solution
from Theorem 4.4. The optimal solution is x =
(0,20,0,0)" . Applying the above corollaries, 3 k = 3,
such that gs3 > 0; ¢3 > 0. x3 is a dominated decision
variable. For k = 4, since qa4 > 0; c4 > 0. x4 is a
dominated decision variable. For k = 1; s = 2, since
q11< 0; g22<0and let [, = 2, then -9-2x2 < 2. x;
can be dominated. Remove xi1, X3, andxs

Then the new problem is

min g(z) = -5z% -4z,
Subject to constraints:4z2 < 30

32,5100

2220

vz, €7.

The optimal solution is z* = 7 and g(z* )

So the optimal solution of the original
problem is x* = (0,7,0,0) T and f{(x*)=-28.

Example 5.2.

Consider the following problem:
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min f(x) = f((xi,X2,X3,X4, Xs5,Xs) = (4x?
-3x2+6x2+5x2-x%-6.5x2~ 8x1 +4x2 +6x3 +8Xs +7X5
-5Xxs)

Subject to constraints:
5x1+4x2 +3x3 +3X4 +2x5 +X6 < 20
4x1 +8X2 +4x3 +7X4 +2X5 +3x6 < 20

X = (X1,X2,X3,X4, X5,X6) 2 0; x12 0; x22 0; x32 0;
x42 0; x52 0; x5 > 0; xeX?

In the matrix form, the above can be

written as,
min f(x)
8 0 0 0 o0 0
0 -6 0 0 O 0
_lsf0 0 12 0 0 0 |
2 0O 0 0 10 O 0
o 0 0 0 -2 0
o 0 0o O o0 -13
g\ T
4
+ g X
7
-5

Subject to constraints: Ax< b

where,

SRR R NG

T
(xl' x2' X3, X4, xS' x6)
x12 0; X22 0; x32 0; X22 0; x5 0; X5 > 0; xEX?

. Applying the above theorems and corollaries, 3 k

e 1 . f(a
= = 2Qe62= —kl)
2 and s = 6 satisfying gi1>gss. 2 and 1211\/2 (aks ,

then -7-1<1.x; is a dominated decision variable.
We remove x: first. For the same reason, there exist
k = 2 and s = 6 satisfying the corollaries so x3 is a
dominated decision variable. For k = 3; s = 6, since
-5x1<-8.x5 is a dominated decision variable. For k =
4, since q44 > 0; c4 > 0. x4 can be dominated and
removed. Remove Xz, X3, x4, and Xs.

Then the new problem is
min g(z) = 8z2 -13z2-8z; -522
s.t. 521 +22<20; 421 +322520; 212 0; 22 2 0; z €22,

The optimal solution is z = (2,4)" and g(z* ) = -36.
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6 Numerical Simulations:

In this section, we analyze experimental
results using theories and corollaries of this paper
to identify and eliminate or dominated terms of
(GIQPP1) and (GIQPP3) respectively.

For (GIQPP1), two types of random test
problems with integer data are investigated:

For uncorrelated data: p; and ax are distributed
uniformly in [0,200]. ¢; is distributed uniformly in
[-100,100]. Let gi=(pi + p;i)?*100.

For strongly correlated data: pj=ax-100, with ay;
distributed uniformly in [0,200]. Let gi=(pii+pji)>.

The quadratic coefficient matrix (g7)nxn in
(GIQPP1) is symmetric. We apply gij =(pi+p;i)?x100
in uncorrelated data. The results are presented in
Tables 1 and 2. For each type of problem size and
constraints, we generate 15 test problems. Tables 1
and 2 summarize the experimental results for
uncorrelated data.

Table 1: The effectiveness of uncorrelated data in

(GlQPP1).
Proble The Average Average
m size number of | remainin | dominate
constraint | g d rate (%)
s variables
10 2 5 15.6
3 9.41 48.4
5 7.1 44.88
10 7.02 49.19
50 2 47.1 78.18
5 44 67.21
10 39.3 67.18
50 49.6 56.99
100 1 99 58.1
2 50.5 49.5
50 53.94 46.06
100 55.82 44.18

Tables 1 and 2 show that all theories and corollary
are very good for the problem GIQPP1 and GIQPP3.
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Table 2: The effectiveness of uncorrelated
data in (GIQPP3).

Proble The Average Average
m size number of | remainin | dominate
constraint | g d rate (%)
s variables
10 2 7.4 50.6
3 6.5 47.4
5 5.7 52.38
10 6.8 49.4
50 2 45.3 65.01
5 44.8 55.4
10 40.3 97.0
50 40.6 43.17
100 1 90 100
2 82.5 17.5
50 89.5 94.07
100 97 48.97

The results also demonstrate that
uncorrelated data is almost similar to the strong
correlated data in the results of numerical analysis.
This decision variable reduction technique has very
low requirements in problem data and it can be
widely used in general integer quadratic
programming problems with linear inequality
constraints. For GIQPP1 and GIQPP3, we just
consider the one type of random generated test
problems: uncorrelated data and correlated data.
g; and ¢; were distributed uniformly in [-100,100].
axj was distributed uniformly in [0,200].

From the conclusion of the experiment
results for general integer quadratic programming
problems, we consider the average remaining
variables and average dominated rate in Table 1
and Table 2. Specially, for the separable integer
quadratic programming problem with linear
inequality constraints of integer variables are
identified as being dominated and can be fixed at
zero before a solution method is used. We also find
that for the same problem size and the number of
constraints will also affect the average dominated
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rate (in percentage) and average remaining
variables of the integer variables in separable
integer quadratic programming problems.

Throughout this research article, we have
applied the following notations: qi’rj= max{q;i;,0}, qij

= min{q;;,0}.
Figure 1 is plotted for QPPs 4.1.
Figure 2 is plotted for QPPs 4.2.
Figure 3 is plotted for QPPs 5.1.

Figure 4 is plotted for QPPs 5.2.

QPP 4.1, Pairwise relation: x, v x

IQPP 4.1.; Parwise relation: x, vs x,

3 E\S:

QPP 4.1 Pawise relato:x, 1 1,

e~ —
b v
E )
ol = ol
W ol =
!
5 ?!!Llr
o wf)
o

Fig.1: Phase portrait of Quadratic Programming

Problem 4.1 with different axes.

VPPAL Famtlm 1 KP4 Pavwseiin Al

15050506073
1 bl
KP4 ez lin 1, 61, 1 Pamse

Fig.2: Phase portrait of Quadratic Programming
Problem 4.2.
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1QPP5.1.; Painwise relation X, %X, QPP 5.1.; Pairwise relafion: x, vs x,
Ty — [

e

R E) %4 442012880
l|

QPP 5.1.; Pairwis reltionx, v x, 10PP 5.1, Pairwse reaton:x, 5.,
o wr B vy

Fig.3: Phase portrait of Quadratic Programming

Problem 5.1 with different axes.

VFPAD Pyt i 1 1 CFF 50, P (aghe A

Fig.4: Phase portrait of Quadratic Programming
Problem 5.2.

Matlab code for this:

numyariables = 10;

numconstraints = 2;
dominatedrate=randi([0,20],numconstraints,1);
averagedominatedrate=mean(dominatedrate)*100;

minremainingvariables=numyariables-max(domina
tedrate);

maxremainingvariables=numyariables-min(dominat
edrate);

averageremainingvariables=numariables—-mean(do
minatedrate);
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7. Conclusions

This paper investigates nonlinear programming and
general integer quadratic programming problems
(GIQPPs),  focusing on advanced optimization
techniques. We introduce an innovative variable
reduction method for GIQPPs that reduces problem
dimensionality by fixing certain decision variables at
zero, maintaining optimality. We also establish necessary
and sufficient conditions for identifying and
eliminating dominated terms within GIQPPs. Extensive
computational experiments using MATLAB validate the
effectiveness of the proposed approach, demonstrating
improved solution efficiency and accuracy. Our findings
contribute valuable insights into optimizing GIQPPs,
providing a robust framework for solving large-scale,
real-world nonlinear programming problems.
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