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Abstract

In the realm of financial time series, accurately modeling dependencies among macroe-
conomic variables is crucial for enhancing parameter estimation and capturing nonlinear
relationships, an inherent characteristic of financial time series data. This study proposes
a DCC-MGARCH model integrated with copulas (Gumbel, Clayton, and t copulas) and a
modified form of Kullback-Leibler (KL) divergence to improve dependency measurement
and parameter estimation accuracy. The study employs a modified form of Kullback-
Leibler divergence to quantify dependencies, enhancing both parameter estimation and
predictive performance. The model was tested using both simulated and real-world fi-
nancial data, with results indicating synchrony in volatility and covariance structures.
However, the Gumbel copula did not conform well to the dependence structure, while
the Clayton and t copulas provided better representations. The hybrid KL-based copula-
DCC-MGARCH model outperformed the traditional DCC-MGARCH model. These findings
highlight the effectiveness of KL divergence in optimizing copula selection, making the
proposed model a robust tool for measuring nonlinear dependencies in multivariate fi-

nancial time series.
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1 Introduction

Financial time series data often exhibit com-
plex dependence structures characterized by
volatility clustering, autocorrelation, and
non-stationarity. Dependence is an inher-
ent characteristic of financial time series data
and measures how movement in one finan-
cial variable affects movement in the oth-
ers (Cuomo et al., 2022). Modeling depen-
dence in financial time series data is crucial
in various areas of finance and economics.
Failure to account for dependence leads to
underestimating risks and generating inaccu-
rate forecasts of financial and economic vari-

ables.

The modeling of financial time series depen-
dence has evolved significantly over the years
owing to the limitations of traditional depen-
dence models. Traditional dependence mod-
els are based on restrictive assumptions due
to their reliance on correlation structures,
which limit their ability to capture nonlinear
dependencies and dynamic structures in time
series data. Empirical studies highlight the
limitations of these models in fully describing
dynamic dependencies in financial markets.
As noted by Ammann and Siiss (2013) tradi-
tional methods often exhibit bias as the es-
timated correlation coefficient is overly sim-
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plistic and highly linear, failing to capture
the complex relationship inherent in high-
dimensional financial datasets. Linear cor-
relation measures, like Pearson’s correlation
coefficient and linear regression, are insuffi-
cient to account for non-linear dependencies
and heavy-tailed behavior prevalent in finan-
cial data.

Engle (1982) introduced the Autoregres-
sive Conditional Heteroskedasticity (ARCH)
model, which laid the groundwork for
modeling volatility clustering in financial
time series; later Bollerslev (1986) ex-
tended the ARCH model to Generalized Au-
toregressive Conditional Heteroskedasticity
(GARCH).These models improved time se-
ries modeling by accounting for time-varying
volatility. However, the models focused on
univariate time series, prompting the need
for a multivariate approach necessitating the
development of multivariate GARCH mod-
els. However, despite the advancements
in the MGARCH model, they are not fully
sufficient in modeling high-dimensional de-
pendence as they majorly focus on model-
ing volatility and linear dependency due to
the correlation coefficient within their struc-
ture. Among MGARCH models, the con-
stant conditional correlation (CCC) model
(Bollerslev, 1990) assumes constant correla-
tions over time, which is unrealistic for finan-
cial markets where dependence evolves over
time. Similarly, while the BEKK model (En-
gle and Kroner, 1995) attempted to improve
on this by ensuring a positive-definite covari-
ance matrix and allowing for time-varying
correlations, its parametric complexity and
computational complexity limit its applica-
bility in high-dimensional settings. Serban
et al. (2007) compared the performance of
BEKK to a copula-based model, noting the
strain of BEKK in accounting for varying lev-
els of heavy-tailed behavior and capturing dy-
namic dependency observed in financial mar-
kets

The Dynamic Conditional Correlation (DCC)
model introduced by Engle (2002) further
improved MGARCH modeling by allowing
dynamic correlations. Its flexibility and re-
duced computational complexity have made
it garner wide use in financial modeling com-
pared to other MGARCH models. However,

despite it’s benefits, the existence of a lin-
ear correlation structure within its frame-
work limits its ability to capture the nonlin-
ear nature inherent in financial time series
data.

Copula models have emerged as a power-
ful alternative to overcome the limitations of
correlation-based dependence measures. The
copula theory, introduced in 1959 by Abe
Sklar and applied for the first time in finance
at the end of the twentieth century, is a pow-
erful and flexible statistical tool for model-
ing. Copula makes it possible to decom-
pose a joint distribution function for a ran-
dom vector into its marginal functions and
their corresponding dependence structures,
allowing for the modeling of nonlinear de-
pendencies and other high-dimensional de-
pendence structures that are often observed
in financial time series data (Chidzalo et al.,
2022; Dewick and Liu, 2022) . Empirical ev-
idence suggests that copula-MGARCH mod-
els outperform traditional MGARCH models
in capturing nonlinear and other complex de-
pendence structures (Lee and Long, 2009).
While copulas offer a powerful solution, cop-
ula selection has been a challenge (Ferma-
nian and Scaillet, 2005). Copula selection
is integral to financial modeling. Different
copula families capture different dependence
structures; selecting the incorrect copula can
bias dependence estimation and misrepresent
financial forecasts.

Kullback Leiber divergence ensures that the
selected copula accurately reflects the in-
tended dependence by penalizing variability
in dependence structures. Diks et al. (2013)
introduced Kullback-Leibler (KL) divergence
as a statistical tool to assess and identify the
most suitable copula for capturing complex
dependencies in financial time series.

In addition to addressing volatility cluster-
ing and autocorrelation, it is crucial to cap-
ture non-linear dependence and improve pa-
rameter estimation within the DCC-MGARCH
framework owing to the complex and evolv-
ing dependence structures exhibited across fi-
nancial markets. Traditional MGARCH mod-
els rely on correlation-based measures, which
often fail to fully describe high dimensional
dependence structures. While copula func-
tions provide a flexible tool for modeling such
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relationships, their effectiveness depends on
selecting and calibrating the most appropri-
ate copula function to reflect real-world de-
pendencies accurately.

This study aims to develop a measure of non
linear dependence and enhance parameter
estimation within the DCC MGARCH-Copula
framework by integrating copulas with a
modified form of Kullback-Leibler (KL) diver-
gence. The KL divergence reduces the bias
and inefficiencies that arise from selecting
an inappropriate copula by minimizing infor-
mation loss between empirical and theoreti-
cal dependence structures, ensuring that the
chosen copula accurately captures the depen-
dence structure improving model robustness
in dynamic financial environments. Section
2 outlines the methodology, detailing the in-
tegration of KL divergence into the copula-
based DCC MGARCH framework to form a
new model that enhances nonlinear depen-
dence modelling and parameter estimation.
Section 3 presents the empirical analysis, in-
cluding data description, model estimation
results, and a comparison of copula selection
methods. Section 6 concludes the study with
a summary of key insights and recommenda-
tions for future research.

2 Methodology

This section proposes a measure of multivari-
ate dependence suitable for variables that sat-
isfy a GARCH process. It also introduces a
method for using this measure to evaluate
multivariate dependence under the assump-
tion that the variables satisfy a GARCH pro-
cess.

2.1 Proposed Model and Proper-
ties

We propose a model for measuring multivari-

ate dependence based on a modified form

of the Kullback-Leibler divergence, as fol-
lows:

1 P(Xlg,flfl,,XnSZEn)

M(X1) = 1y log

N [[j=1 P(X; <))

)
where 1, is a vector of size N x 1 whose el-
ements are all ones, N is the sample size of

each variable X;, i =1,...,n, and T denotes

I

the transpose operation. From the properties
of copulas, we have:

P(X) <zy,...,X, <a,) = O(Fi(x1), ..., Fu(x,)),
(2)

where Fi(z;) = PX;, < ), i =

1,...,n.

The following theorem provides condi-

tions under which M (X, Xy, -+, X,)
M (X;-1.,) indicates negative or positive de-
pendence. We supply the proof using the defi-
nition of quadrant dependence found in Man-
dia et al. (2024), which states that the vari-
ables X; exhibit negative dependence if

P(Xléajly'“aXnan H X<.f13']

(3)

The theorem is formally stated below.

Theorem 1. Let X;, i =1, ...
ing facts hold:
1. If X, exhibit countermonotonic depen-
dence, M (X;—1.,) € (—00,0).
2. If X, exhibit comonotonic dependence,
M(Xi—1.) € (0,00).
3. If X; are independent, M (X;_1.,) = 0.

,n. The follow-

Proof. From the definition in equation (3),
negative dependence is achieved when

X, <) < [[P(X < ).

=1

P(X1§$1,...

Therefore,

0§P(X1§ac1,...,
[P <),
=1
P(Xlgxla--'aXnan)
H?:I P(X; <)

X, <z, <

— 0< < 1.

The value of M (X.,) is then given by:

1

P(Xlgl'l,...,Xngl'n)
N .

111
MR P(XG < @)

M(Xlzn) =

For negative dependence, the numerator
PX; < zy,...,X,, < xz,) is smaller than
the denominator [, P(X; < x;), which im-
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plies:
—151 ] < 0.
N VST POXG < )

Similarly, for positive dependence, the nu-
merator P(X; < xzq,...,X, < x,) exceeds
the denominator [}, P(X; < x;), which im-
plies:

1

P(Xl Sfl}'l,...,Xn an)
[[= P(X; < )

> 0.

Finally, for independence, the numerator
equals the denominator, leading to:

1
Nl; log

P(Xlgxlw'anan)

= 0.
H?:l P(X; < ;)

Thus, the theorem is proven. O

Since M (Xi.,,) € (—o0,00), as stated in the
theorem above, it is necessary to determine
the upper and lower bounds of this mea-
sure, given that both [[", P(X; < x;) and
C(Fi(xy),...,F,(x,)) are nonzero. The fol-
lowing theorem, which relies on the Frechet-
Hoeffding bounds (Yan, 2023), establishes
the bounds for M (X3.,).

Theorem 2. Suppose that for GARCH
errors modeled by random variables
Xi:l:n) H?:l P(Xz S .CL"Z) 7£ 0 and

C(F(x1), -+ ,F(x,)) # 0. Then the follow-
ing statements hold:

1. M(X;=1.,) is permutation invariant.

2.

1, min{F(x;),i=1---

M(Xiz1) < =1n

)

Hoeffding bounds,

n n

i=1 i=1
In addition, by Frechet-Hoeffding bounds,

C(F(x1), -, F(z,)) <min{F(x;),i=1--- ,n}

This finishes our proof. O

In addition, we propose the use of the
following to measure time filtered depen-
dence:

Cg(P(Xl S LL’l),P(XQ S I‘Q))
(1) F(22)

A(Xl, Xg) = lOg
4)

2.2 Application to GARCH Pro-
cess

This subsection provides the definition of a
GARCH process and introduces the proposed
technique for measuring dependence in a
GARCH process.

Definition 1. The process {X,} is said to fol-
low a DCC-GARCH process with an ARMA
mean if it satisfies the following conditions:
* The mean equation follows the ARMA(p, q)
model:

Xy = puy + €, (5)

where
p q
pe =k + Z Qi X + Z Oiec—;.  (6)
i=1 j=1

The residuals ¢; are conditionally het-

- N > i Fzi) —n+1
Proof. The first property clearly follows be-
cause P(X; < zy,---,X, < x,) =
C(F(x1),---,,F(x,)) is invariant under defi-
nition of cupula. Similarly [, P(X; < z;) is
clearly invariant under a permutation. Now,
considering the properties of logarithms,

1 C(F(x1), -, F(zy))
NS T B < )
1. C(F(zy), -, F(xn))

< —1
=N H?:lP(Xigxi)

M(Xizi) =

Since [[", P(X; < ;) # 0, then by Frechet-

eroskedastic and follow the DCC GARCH
process, which consists of the following
components:
1. The conditional variance-covariance
matrix is defined as:

H, = D/R,D,, 7

where:

) hJI\{ZQ\l,t )
(8)
is the diagonal matrix of conditional
standard deviations, and R; is the
time-varying correlation matrix.

D, = diag (n}1%, hif% .
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2. The correlation matrix R, is updated
dynamically:

Rt = (l—a—b)R—f—aQt—l—bRt_l, (9)
where @), is the covariance matrix of
standardized residuals, defined as:
Q= (1—a—b)Q+au_yu, | +bQ,_1,

(10)
and R and () are the unconditional
correlation and covariance matrices,
respectively.

3. The residuals are obtained as follows:
€ = H?'577t, (1D
where 1, = w; is the vector of stan-
dardized innovations and HY- is the
Cholesky decomposition of H,.
In order to measure dependence in a GARCH
model, we suggest the following methodol-
ogy: Fit the GARCH model as defined in Def-
inition 1; Extract residuals estimated from
the GARCH process; Transform the residu-
als using the Probability Integral Transform
(PIT); Fit the transformed residuals into a
copula, such as Gaussian, t-copula, Gumbel,
and Clayton; and we use the results from
the last two steps to measure dependence us-
ing M(X;—1.4) and A. The following theorem
suggests why our measures are suitable for
measuring dependence in GARCH process.

Theorem 3 (Synchrony of A(X;, X;) and
hij). If X; = ¢, and 0 < F(x1) < 1, then the
sign of h; ; aligns with A(X;, X;) under specific
dependency conditions:
1. When X; = Xs, h;; > 0and A(Xy, X;) >
0.
2. When X, and X, are countermonotonic,
hi,j < 0 and A(Xl,Xg) < 0.
3. When X, and X, are comonotonic, h; ; >
0 and A(Xl, XQ) > 0.

Proof. Suppose X; = X,. Then:
alog |H I 1 @dii’t
dmt 80
a log ‘Lt|

S fefab) (12)

under the same condition.Now, suppose X;
and X, are countermonotonic. Then, by The-

orem 1, A;; < 0, which is equivalent to
h;; < 0 under the same condition. Finally,
suppose X; and X, are comonotonic. Then,
by Theorem 1, A;; > 0, which is equivalent
to h,; ; > 0 under the same condition. O

2.3 Hybrid DCC-GARCH-Copula
Model

This study proposes a hybrid DCC-GARCH-
copula model, incorporating a novel ap-
proach to defining the roles of R and () in
the DCC-GARCH framework.

Proposition 1. Under the conditions of Theo-
rem 3, the roles of R and () in the DCC-GARCH
model are redefined as follows:

1
—L
2/\2'71' ’

H} = (13)

where the elements of L are defined as (L); ;
A; ;. Consequently:

_ 1 _
R=——L = L.

2Ai,i ’ Q

Substituting these definitions into the DCC-
GARCH framework results in the following
equation:

1
R, = (1—a—0) (QA» AL) +a[(1—a—b) L+au,_1u 1 +bQ;_1]

(14)
Assuming that the errors follow a ¢-
distribution, the following lemma describes
the maximum likelihood method for estimat-
ing a and b.

Lemma 1. The partial derivatives of the log-
likelihood function with respect to a and b are
given as follows:

aé_i(_lalog|HtL|_l/+d 1 %)

da & 2 Oa 2 1+ f da
(15)
o & 10log|HF| v+d 1 4f
%:;(_5 a2 1+ft%>’
(16)
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where:
T(rrLy-1
f= e (17)
v—2

ofe  —e (H})” 18H = (HE)!
da v — 2 ’ (18)
df,  —e (H) B (1) e
% N v — 2 (19

The derivative of log | HL| with respect to
aorbis:

810g ‘H | 1 8dzzt
Z dnt ae
n 81%6'@', 0 e {a,b}. (20)

Proof. The log-likelihood function is:

- v+d v
la,b,v) = {logf‘ ( ) —logT (=
S osr (42) -ur (5
d 1
g log(a - 2)) - 3 log |
- Z Dog(1+£). @D
where f; = &

v—2

The partial derivatives with respect to a and
b are derived by applying the chain rule. For
a, the derivative is:

%_i _10log|Hf| v+d 1 09f;
da 2 Oa 2 14+ fi Oa

The term 8f t js obtained by differentiating f;
with respect to a:

18H (HL)

ofi  —e (HE)

Oa

1/—2

Similarly, for b, the derivative is:

%_i _10log|Hf| v+d 1 9f;
b 2 ob > 1+, ob

where:

%:
ob

18H

—€ (Hf) " (H) ™!

1/—2

The derivative of log | HF| with respect to 0 €
{a,b} is:

(910g|H | 1 8dut 810g|Lt|
Z diiy 00 09
This completes the proof. Il
3 Results and Discus-
sions

This section considers a DCC-MGARCH pro-
cess that was simulated by choosing a = 0.45
and b = 0.02. The initial values of the random
errors, R, and (); are simulated from a t dis-
tribution, for example choosing Ry = ¢, €o,
where ¢, follows the t distribution. The
framework in Definition 7 is then used to gen-
erate the rest of the values iteratively. The in-
novations are then passed to A(X;, Y;) in Eqn.
(4) to measure the pairwise dependence.

The results show that copulas of different
types do not equally adhere to the postulation
in Theorem 3. The values of A(X;, X;) gener-
ated under Clayton, Gaussian, and T copu-
las demonstrate high synchrony with volatil-
ity (Figure 1a). In contrast, the values of
A(Xy, X;) generated under the Gumbel cop-
ula do not synchronize well with volatility,
as shown in Figure 1a. Furthermore, it can
be observed that the values for A(X;,Y;) gen-
erated primarily by the 7-copula and Gaus-
sian copula exhibit higher synchrony with

. covariance compared to those generated by

the Gumbel and Clayton copulas (Figure
1b).

(@) A;; versus (H);; = (b) A;; versus (H);; =
Var(X; Cov(X;, Xj), i
) A;; synchronizes w1t>h 7135” =

Flgure 1:

Cov(X;, X;

In addition, the global dependence from
M(X,,Y;) shows high synchrony with the
usual Kendall’s tau. That is, whenever
Kendall’s tau is positive, the global value
M(X;,Y;) is also positive. Similarly, syn-
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chrony can also be noted in cases where
Kendall’s tau is negative (Table 1).

Table 1: Global Dependence under
M (X, Xs)
Measure Framework Value Dependence Type
Kendall's Tau Non-parametric 0.45 Comonotonic
-0.05 Counter-Monotonic
Clayton 38.32
) Gumbel 117.89 .
M(X1, Xs) +-Copula 125.33 Comonotonic
Gaussian 47.33
Clayton None
Gumbel None Counter-Monotonic
t-Copula -49.19

Gaussian -22.20

Given these results, the proposed hybrid
DCC-GARCH-copula is fitted to the simu-
lated data. Since errors cannot be known
prior to estimating the model, copulas can
be estimated using the original variable data.
Thus, we assume that the errors preserve the
original pairwise dependence. Thus, we re-
estimate the parameters using Hl as well as
H,. Table 2 shows that parameter estimation
improves with an increase in time only when
H} is used instead of H;. The mean squared
error (MSE) values are generally consistent,
regardless of the increase in time. This is be-
cause H! contains more information about
dependence through copulas.

Table 2: Parameter Estimations under H, and

Hf
T Under H, Under HF
b MSE a MSE b MSE a MSE
100 0.46  0.009 0.021 0.01 0.44  0.006 0.019 0.051
500 0.451 0.0019 0.0205 0.006 0.448 0.0009 0.0201 0.001

1000 0.453 0.0007 0.0198 0.004 0.447 0.0004 0.0202 0.003

For clarity of understanding, the estimation
of b can be performed under different iter-
ations for various repetitions of simulations.
The box and swirl plots, generated with a
sample size of 500 repetitions for each num-
ber of iterations 7', show that the median
of the values of b estimated under H/} in
our hybrid model tends to be much closer to
the exact value of 0.45 as the sample size
increases (Figure 2b). However, the oppo-
site trend is observed for the ordinary DCC-
GARCH model (Figure 3).

o
®
@

Estimated b
Estimated b

040

035
030 °

T=600  T=800  T=1000 T=l00  T=200 T= T=600
T T

(a) Under H, (b) Under HF

Figure 2: Estimating b under the ordinary and
hybrid DCC-GARCH models

In order to achieve good triangulation, the
model was fitted to real data of the three
variables; inflation rates, exchange, and in-
terest rates. The data featured monthly
values ranging from June 2006 to January
2024. Seventy-five percent was used for
training both the ordinary and hybrid mod-
els, and the rest was used for testing. Re-
sults were graphed for pictorial presentation
in (Figure ??). The figure shows that both
models have same degree of accuracy espe-
cially for exchange rate. However, the points
predicted from hybrid models seem to be
closer to points for raw data for both test-
ing and training parts than those predicted by
ordinary GARCH. Particularly, the ordinary
GARCH seems to be much further from raw
data.

—— original Inflation
——- Hybrid Training Fit
----- Hybrid Testing Fit
——- DCC Training Fit
----- DCC Testing Fit

204

15 A

Inflation
=
(=]

Time

Figure 3: Inflation
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—— oOriginal Exchange rate
=== Hybrid Training Fit
Hybrid Testing Fit

=== DCC Training Fit

DCC Testing Fit

140 4

120 4

Exchange rate

80 4

60

Figure 4: Exchange rate

—— original Interest Rates
—== Hybrid Training Fit

-+ Hybrid Testing Fit
——- DCC Training Fit
DCC Testing Fit

18

16

14

12 1

Interest Rates

10

Figure 5: Interest rate
These results were confirmed with the mea-

sures of accuracy calculated . For example,
the coefficient of determination is negative
in for test set for inflation data. This ex-
plains why it is generally not performing well
for test data. However, the hybrid GARCH
model still gives a positive value of R%. The
root mean square error for both models was
compared, indicating minimum evidence of
overestimation or underestimation. The val-
ues of mean absolute percentage error for the
hybrid model are generally lower than those
of ordinary GARCH (Table 3). Both models
are giving lower values of MAPE that are less
than 5% for exchange rate data.

Table 3: Model Performance Metrics across
Variables

Variable

Model R?Train R2?Test RMSE Train RMSE Test MAPE Train MAPE Test

Inflation
Hybrid
DCC
Exchange Rate
Hybrid
DCC

0.764
0.698

2.15
2.43

1.11
1.92

18.9
27.2

0.437
-0.670

0.648
0.634

0.628
0.641

7.35
7.50

9.55
9.37

7.32
7.53

Interest Rates
Hybrid
DCC

0.694
0.379

0.672
0.373

1.43
2.04

1.14
1.57

9.40
16.7

13.4
26.0

4.68
4.77

7.87
13.3

4 Conclusion

This study developed and tested a hybrid
copula-DCC-MGARCH model and compared
its performance against the traditional DCC-
MGARCH model in measuring nonlinear de-
pendencies using interest rates, exchange
rates, and inflation rate data. By integrat-
ing the copula model into the modified KL di-
vergence model, the study aimed to enhance
parameter estimation and capture nonlin-
ear dependencies within the DCC MGARCH
framework. Empirical results show that the
hybrid model outperformed the traditional
DCC-MGARCH model, evidenced by lower
mean squared error (MSE) in parameter es-
timation, indicating improved model preci-
sion. The comparative analysis of Gum-
bel, Clayton, and t copulas further revealed
that different copulas capture distinct depen-
dency structures. These results confirm that
incorporating KL divergence into the DCC-
MGARCH framework improves both depen-
dence measurement and parameter estima-
tion, making the hybrid model a superior al-
ternative for multivariate financial time series
analysis.

Future research could include testing the
model under different economic conditions,
such, financial crises, and policy shifts, which
would further assess its robustness. Explor-
ing alternative copula families, such as vine
copulas, to enhance model flexibility.
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