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Abstract: This paper presents a comprehensive study on solving indefinite quadratic programming problems
through the framework of dynamical systems. Specifically, we construct and analyze dynamical systems
associated with two core DC (Difference of Convex functions) programming algorithms tailored for indefinite
qguadratic programs. Leveraging tools from non-smooth analysis and the theory of ordinary differential
equations, we rigorously establish the existence and uniqueness of global solutions to these systems.
Furthermore, we prove the convergence of system trajectories to Karush-Kuhn-Tucker (KKT) points, offering a
novel trajectory-based verification method for KKT optimality conditions. The proposed approach not only
provides theoretical insights into the behavior of such systems but also contributes to the development of robust

algorithms for non-convex optimization problems.
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1. Introduction

Quadratic Programming (QP) serves as a
fundamental tool in the field of mathematical
optimization and plays a pivotal role in a wide array
of practical and theoretical applications across
disciplines such as engineering design, economic
modeling, portfolio optimization, machine learning,
and operations research. At its core, QP involves
the minimization (or maximization) of a quadratic
objective function subject to linear constraints
[1],[2]. When the objective function is convex—that
is, when its associated Hessian matrix is positive
semi-definite—the problem is well-posed and
efficiently  solvable  using  well-established
techniques such as interior-point methods, active-
set strategies, or gradient-based algorithms. The
landscape changes drastically when the quadratic
objective function is indefinite, meaning the
Hessian matrix is not positive semi-definite. In this
case, the problem becomes non-convex, leading to
multiple local minima, saddle points, and possibly
disconnected feasible regions. Such characteristics
render the optimization problem significantly more
difficult, as classical convex optimization methods
may fail to locate the global minimum or even
converge at all. These challenges underscore the
necessity for more advanced methods capable of
navigating the complex geometry of the solution
space in non-convex settings [3].

In recent vyears, continuous-time dynamical
systems have emerged as promising and powerful
alternatives for addressing the inherent difficulties
of indefinite quadratic programming. These
systems model the optimization process as a
trajectory governed by differential equations,
where the state of the system evolves over time
under the influence of carefully designed vector
fields. By exploiting the rich theory of differential
equations and dynamical systems, researchers have
developed methods that not only provide insights
into the qualitative behavior of the optimization
process but also ensure global convergence under
certain conditions. This trajectory-based approach
has opened new avenues for solving non-convex
QPs with theoretical rigor and practical
applicability, making it a compelling area of ongoing
research and development ([4], [5], [6], [7]).

In this study, we explore a novel trajectory-based
approach for solving indefinite quadratic programs
using dynamical systems inspired by DC (Difference
of Convex functions) programming algorithms.
These algorithms decompose non-convex problems
into differences of convex functions, facilitating
iterative refinement toward optimal solutions.

By constructing corresponding dynamical systems,
we investigate their global behavior, particularly
focusing on the existence, uniqueness, and
convergence properties of their solutions ([8], [9],
(10]).
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We rigorously establish that the trajectories of the
proposed dynamical systems not only exist globally
and uniquely but also converge to the Karush-Kuhn-
Tucker (KKT) points of the original optimization
problem. This convergence provides a natural and
efficient mechanism for KKT point verification,
bridging the gap between theoretical optimality
conditions and practical solution methods [11],
[12].

Our results offer a robust theoretical foundation
for employing dynamical systems in solving
indefinite QPs, providing valuable insights into the
stability and convergence characteristics of such
systems. This work opens new avenues for the
development of continuous-time algorithms with
strong theoretical guarantees, suitable for a wide
range of non-convex optimization applications.

The paper is organized as follows: Section 1
introduces the topic, setting the context for the
study. Section 2 explores the fundamental concepts
of dynamical systems and solution of Infinite
quadratic programs. Section 3 presents the
evolution of dynamical system trajectories. Section
4 assesses the convergence of dynamical system
trajectories to KKT Points. Section 5 addresses the
numerical problem: KKT point verification via
trajectory convergence. Finally, Section 5 concludes
the paper, summarizing key findings and
implications.

2 Basic Concepts of Dynamical Systems and
Solution of Infinite Quadratic Programs

Dynamical systems of solution of indefinite
quadratic programs under a geometric constraint is
written as:

min {f{x} = %xTQx +q"x|x€ecC (D

where Q € R™" is a symmetric matrix, g ER", C C
R" is a nonempty closed convex set, and q'
represents the matrix transposition. This problem is
well known in optimization theory. Many
qualitative properties of (1) were established for
the case where Cis a polyhedral convex set. If Cis a
closed ball with center a and radiusr >0, i.e.,

C =Blar)={x€eR|llx—al<r}

then by introducing the new variable y := x-a one
gets the problem on minimizing a linear quadratic
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function on the ball B7(0,r). Thus, (1) includes the
trust-region sub problem [17]. Numerical methods
to solve the problem were considered by GM Lee.

If x € C isalocal solution of (1), the
(Qx+qy—X)= 0,forally € C, (2)

Definition 1 A vector X € C is said to be a Karush-
Kuhn-Tucker point (a KKT point) of (1) if condition
(2) is satisfied. The KKT point set of (1) is denoted
by Cx.

Definition 2 Let Q € R™" be a matrix, g € Rn, and
C C R n a nonempty closed convex set. The affine
variationl inequality with a geometric constraint set
defined by the triple (Q,q,C) is the problem of
finding “x € C such that condition (2) is fulfilled.

The KKT point set of the indefinite quadratic
programming problem under a geometric
constraint (1) coincides with the solution set of the
AVI (affine variational inequality) with a geometric
constraint set defined by the triple (Q,q,C), where Q
is a symmetric matrix. In general, the matrix Q of
the AVI given by (Q,q,C) needs not be symmetric.

To solve (1) by DCA (Difference-of-Convex functions
Algorithm), one uses the representation
f(x)=f1(x)-f2(x) for the objective function f(x) with

1
fi) = |5 ¥ @+ aTx | +6c),
1
f2(x) = 2 xT Q2x,

where Qi and Q2 are such symmetric positive
definite n x n matrices that Q= Q1 - Q2, Here, &c(x)
is the indicator function of C (i.e., 8c(x) = 0 for x €C
and 8¢(x) = o= for x & C). Denote by A1(Q) and An(Q),
respectively, the smallest eigenvalue and the
largest eigenvalue of Q. Pham Dinh et al. [15] have
defined :

(a) Q1 = pl, Q2 = pl -Q, where p > 0 is a real value
such that p > A (Q);

(b) Q1 = Q+pl, Q2 = pl, where p > 0 is a real value
satisfying the condition p > -A1(Q).

Since an upper bound and a lower bound for the
eigenvalues of a symmetric matrix can be easily
computed. one can quickly find a real value p > 0
satisfying p > An(Q) (resp., p > -A1(Q)).
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The choice made in (a) leads to the explicit iteration
schem

1
xk+t = Pc(xk -3 (Qx* + q)

(k=012,...) 3)

with x 0 € C being an initial point and PC(u) denoting
the metric projection of u ERnon C.

Theorem 1 If C is a polyhedral convex set and (1)
has a global solution, then for each x° € C, the DCA
sequence {x} constructed by the scheme (3)
converges R-linearly to a KKT point of the problem,
that is, there exists X€ C« such that

1
lim sup ||x* — x||k <1
k—co

Theorem 2 (16) If C=B7(0,r) with r >0, then for each
x® € C, the DCA sequence {x‘} obtained by the
scheme (3) converges to a KKT point of (1).

Rewrite the formula in (3) equivalently as

xk+l — xk 1[P( . 1(Q"+ )
=— x* —— (Qx
n nl® p 1

-x @
where n > 0 is a constant. Suppose that the whole
iteration sequence {x*} lies on a continuously
differentiable curve {z(t)}xo0 in R n and z(0) = x°, z(t«)
= x* for all k, with {t«} being an increasing sequence
of positive real numbers satisfying the condition

lim t, =c. Then, by the

k—oo

approximation

using rough

z(t —z(t kL — xk
At ~ ( k+1)77 (tx) _ ==,

(4) we

From

300 = =[P (200 =3 @20 + ) - 2t |

get

Therefore, the curve {z(t)}=o0 can be approximated
by the trajectory x(-) of the dynamical system

160 = [P (20~ @x(®) +q) - 20|
n P )
x(0) = x°.
for all t>0

Where n and p are fixed positive constants and p is
strictly larger than the largest eigenvalue of Q.

)
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If the choice (b) is adopted, then one has an implicit

k+1

iteration scheme, where x**1is computed via x* by

solving the strongly convex quadratic program

1
min{lp{x} = ExTQx +q7x +g||x - u||2 |x
ec (6

With u= x* [5]. Denote by Fc(u) the unique solution
(6). Then, the map Fc: Rn—> Cis Lipschitz continuous,
i.e., there exists a constant £>0 such that

[IFe@?) = Fe®)| < #|lut —u?|| vul,u?
eER" (7

This fact can be proved by the arguments for
obtaining Theorem 2.1 in [15]. Now, the implicit
iteration scheme under consideration is given by
the formula

X1 =F.x*  (k=012,......) (8)

With x°€C being an initial point. The following

convergence theorem was established by Cuong et
al.[5].

Theorem 3 If C is a polyhedral convex set and (1)
has a global solution, then for each xo€C, the DCA
sequence {x‘} generated by the scheme (8)
converges R-linearly to a point x € C,.

Numerical tests on two families of randomly

generated indefinite quadratic programs on
polyhedral convex sets showed that in terms of the
number of computation steps and the execution
time, algorithm (8) is much more efficient than
algorithm (3) when the algorithms are applied to
the same problem. If the whole sequence{x"}
generated by the iteration scheme(8) lies on a
continuously differentiable curve {z(t)}+>0 in R" and
2(0)=x°, z(tx)=x* for all k, where {t«} is an increasing

sequence of positive real numbers with klim ty =
—00

oo, then the reasoning given in a preceding
paragraph shows that the curve {z(t)}=>0 can be

approximated by the trajectory x(-) of the
dynamical system
. 1
x(ty) = 0 [Fe(x(@)) —x(0) ]
x(0) = x°.
forallt =0 9
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Where n and p are fixed positive constants, p is
strictly larger than -A1(Q), and with Fc(u) denoting
the unique solution(6).

The next questions, which are the key ingredients
of solving (1) by dynamical systems, arise in a
natural way.

Problem1: Let{ti}c(0,°) be a sequence such that
lim t;, = o, and suppose that klim x(ty) = X,

k—oo

where x(t) denotes the trajectory of either the
dynamical system(5)or(9). Can it be established
that ™ x is a Karush-Kuhn-Tucker (KKT) point of the
quadratic programming problem (1)?

Problem2: If the quadratic programming problem
(1) admits a solution, then there exists a Karush-
Kuhn-Tucker (KKT) point X such that klim x(ty) =

X, where x(t) denotes the trajectory of either the
dynamical system (5) or (9).

Regarding the positive constant p which has a great

role in guaranteeing the convergence of the DCA
sequences addressed in Theorem [20], the
following question is of interest.

Problem 3: Is the condition p > An(Q) (respectively,
p >-A1(Q)) necessary to ensure the convergence of
the trajectory x(-) of (5) (respectively, of (9)) to a
Karush-Kuhn-Tucker (KKT) point of (1), assuming
that the problem admits a solution? It is interesting
also to investigate the role of the constant n > 0 for
the convergence of the trajectories of the
dynamical systems (5) and of (9).

Problem 4: Does the constant n > 0 influence the
convergence of the trajectory x(-) of (5)
(respectively, of (9)) to a Karush-Kuhn-Tucker (KKT)
point of (1), assuming that the problem admits a
solution? Note that using dynamical systems to
solve optimization problems, variation inequalities,
as well as equilibrium problems, is a powerful
approach that has been studied
intensively worldwide.

3 Evolution of Dynamical System Trajectories

The initial value problem defined by the dynamical
system (5) admits a unique global solution.
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Theorem4 For any x°€R,, p>0, and n>0, there exists
a uniqgue C' function x:R->R. satisfying the
differential equation and the initial condition in(5).

Proof:-

Let F(x) = %[PC (x —% (Qx + q) — x] for every x

€Rn. Since the operator Pc: R"->Cis non expansive?,
[Chapterl, Corollary2.4], one has for any x, y €R" the
estimates

F(x) = F(y)
= ||%[Pc(y—% (Qy+q>—y]
~alpe (e @va) |
=%||[Pc (y—% (Qy+q)
e o

S%H Pc(y—% (Qy+q)
(e @)

+ ||y—x||]

<3l -5 @ a)= (=5 cor ]

+lly =l

<= (5 ligll +2) Iy - x|
<-(= —x]l.
n\p Y

Thus the mapping F:Rn—>Rn is globally Lipschitz with
1/1 .
the constant;(; ol + 2) Rewrite (5) as

x=F(x), x(0)=x° (10)

Applying the Picard-Lindelof Theorem, we can
assert that the initial value problem (10) has a
locally unique solution. Now, to show that all
solutions of the IVP in(10) are defined for all t €R".
There are constants M and L such that

[IFCOI| <M+ L||x|| vxeR™ (11)

To do so, the growth condition (11) is fulfilled with

1#GN = [ [Pe (x = 5 c@x+a) =]

=l (=5 cex )]
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=%||[{Pc<x—% (QX+CI)—<"_% (@ +a)}

1
> @x+alfl
g%[”f—(x—% (Qx+q)||+% (QX+Q)||]

< {(etl + = liall) + (G i1l + 1)
<—|l|lx — — x]|||-

n p 1 p

Therefore, the growth condition (11) is fulfilled with

We have proved that there is a unique C*functionx
(-) defined on the whole real line satisfying the
conditions in (5). O

Theorem 5 For any x%°€R,, p>0, and n>0, the
dynamical system (9) has a unique C*trajectory x(-),
which is defined on the whole real line.

Proof: - Let € be a positive constant satisfying the
condition(7). For every vector xERn,

Put G(x) = }](Fc(x) -x)

By(7), we have for any x, y €R the following

1
Gy —GHx) Il = ”5 [((Fe) —»)
= (Fe(x) — )]l
1
SE [||FC(Y)_FC(X)||+||)’—X||

1
<-(+Dly—xI.
n
So, the mapping G:Rn—>Rn is globally Lipschitz with
the constant 1/n (£+1). Rewrite the system (9) as °
x=G(x), x(0)=x° (12)

This IVP has a locally unique solution by the Picard-
Lindelof Theorem. There are constants M1 and L1
such that

[IGCOI| < My + Ly|Ix]| vx € R™ (13)

Indeed, fixing a point XeC, we have for every x €ERx
the estimates

1
GG 1l = |5 [Fe(®) —x]|
1
= J11(Fe) = Fe(D) = (o) = )]
s%[l’ x— % 1l Fo(®) — x I

Vol 46 No. 04
April 2025

S% Llhxl+IFe@)I+@+&)Mx]

Therefore, the growth condition (13) is satisfied if

we choose
1 _ ~ 1+72
M, =5 XN+ Ec(x) ), L, = T

All solutions of the IVP in (12) are defined for all t€
Rn. We have seen that the system (9) possesses a
uniqueC! trajectory x(-), which is defined on the
whole real line. 0

4 Convergence of Dynamical System Trajectories
to KKT Points

Let F : R->R be defined by F(x)=ax+p for x €R, where
o andPB are real constants, and let C =[-1,1].
Consider the (possibly non-convex) quadratic
optimization problem

min {f{x} = %ax2 +Bx|x€C (14)

According to the generalized Fermat’s rule , if XeC
is a local solution of (14), then

Vi) (y—x) =
ax+ B)(y—x) =0,

0,forally € C
forallyecC (15)

In agreement with the definition recalled in Section
2, X € Cis said to be a Karush-Kuhn-Tucker point (a
KKT point) of (14) if the condition (15) is satisfied.

For some x° € C, let x(-) be the solution of the
following dynamical system

100 = [pe(x©) — @x(© +8) -2 |
x(0) = x°.
forallt >0
where n and p are fixed positive constants.

Proposition 1 For any (a,8) € RxR satisfying a < 0
and for any x° €[-1,1], the unique solution x(t) of
(16) converges to a KKT point of (14) as t = oo.

Proposition 2 For any (a,8) € RxR satisfying a 20
and for any x° € [-1,1], the unique solution x(t) of
(16) converges to a KKT point of (14) as t > oo,
provided that p —a > 0.

Theorem 6 For any (a,8) ERxR and for any
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x° €/-1,1], the unique solution x(t) of (16)
converges to a KKT point of (14) as t ><< if either a
<0 or a>0and p 2a.

5 Numerical Simulation: KKT Point Verification via
Trajectory Convergence

Let us consider the optimization problem:
Minimize f(x) = x? + x2 €Y
subject to x1+x2-1=0

Let x(t) € R? be a trajectory (solution path) of a
dynamical system governed either by:—

(i) a projected gradient flow (e.g., equation (5)), or,

(ii) a neural network-based dynamical model (e.g.,
equation (9)).

Assume the following discrete-time samples are
taken from the trajectory x(t) at increasing time
values tk—>oe:

x(t1) = (0.7,0.5),
x(tz) = (0.6,0.4),
X(t3)=(0.55,0.4),
X(ts)=(0.51,0.4),

X(t5)=(0.5001,0.4999).

Let us assume that: klim ty =X =
—00

(0.5,0.5).

Question

Is ¥ = (0.5,0.5). a KKT point of the optimization
problem (1)?

Solution

To check if x is a KKT point, we verify the KKT
conditions.

Step 1: Lagrangian Function

Define the Lagrangian:
L(x,A) =x2 +x2 +A(x1+x2-1)
Step 2: KKT Conditions

The KKT conditions for equality-constrained
optimization are:

(i) Stationarity:

2x;+A =0

VXL(X’}\) - 0=>{ 2x2 +}\=0
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(ii) Primal Feasibility:
X1 +x2-1=0
Step 3: Substitute x = (0.5,0.5)
(i) Check primal feasibility:
0.5 + 0.5-1=0 =Satisfied

(i) Solve stationarity: From the stationarity
conditions:

2(0.5) + A=0=A=-12(0.5) A=0=A =-1
Thus, the same A satisfies both equations.
Conclusion

All KKT conditions are satisfied. Hence

x = (0.5,0.5) is a KKT point of problem (1)

6 Conclusion

In this work, we have investigated the solution of
indefinite quadratic programming problems by
formulating and ana-lyzing associated dynamical systems
derived from two principal DC programming
algorithms. Through the application of non-smooth
analysis and the theory of ordinary differential
equations, we established both the existence and unique-
ness of global solutions to the proposed systems.
Importantly, we demonstrated that the trajectories of
these dynamical systems converge to the Karush-Kuhn-
Tucker (KKT) points, thereby validating the optimality
of the solutions obtained. This trajectory-based
framework offers a promising and theoretically sound
approach for verifying KKT conditions in non-convex
optimization scenarios. The results lay asolid foundation
for the development of efficient continuous-time
algorithms for solving a broader class of indefinite
quadratic programming problems.
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