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Abstract 

The purpose of this paper is to prove common fixed point theorem in generalized fuzzy metric space. Also, we define 

new generalized fuzzy metric space endowed with graph and prove common fixed point theorem in this new setting. 

Our theorems generalize existing results. In addition, we bolster our findings with illustrative examples that validate our 

theorems. 
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1. Introduction 

Fixed point theory in functional analysis is an essential 

framework with broader applications across 

mathematical and other disciplines. Banach[1] 

formulated the Banach contraction principle, which is 

celebrated for several aspects. Kramosil and 

Michalek[2] developed the concept of fuzzy metric 

spaces by applying 𝑡 −norms to the fuzzy set theory 

introduced by L. A. Zadeh[3]. Later, George and 

Veeramani[4] modified the definition of fuzzy metric 

space. Hussain et al.[5] and Nadaban[6] proposed the 

concept of fuzzy 𝑏 −metric space as a generalization of 

fuzzy metric space. 

Jungck[7] proposed the concept of commutative 

mapping and established common fixed point theorem 

which fascinated many researchers leading to 

development in this area. 

Generalized metric spaces are widely studied in fixed 

point theory because they encompass a broad range of 

previously investigated spaces. Motivated by Jleli and 

Samet[8] generalized metric space, M.S. Ashraf et al.[9] 

introduced generalized fuzzy metric space which 

generalizes fuzzy metric space, fuzzy 𝑏 −metric space 

and dislocated fuzzy metric space. Recently L.N. Mishra 

et al.[10], Thangthong and Charoensawan[11] proved 

some common fixed point theorems in Jleli and 

Samet[8] generalized metric space which motivated us 

to prove common fixed point theorem for commuting, 

weakly compatible and admissible mappings in 

generalized metric space.  

The notion of a metric space endowed with a graph was 

introduced by Jachymski[12] which excited among 

researchers and the fixed point theorems in different 

spaces endowed with graph was established. In 2014, 

S. Shukla[13] gave the concept of fuzzy metric space  

 

endowed with graph. Charoensawan and Atiponrat[14] 

proposed the concept of new generalized metric space 

endowed with graph and proved the common fixed 

point theorem for generalized contraction. Motivated 

by Charoensawan and Atiponrat[14] we introduce the 

concept of new generalized fuzzy metric space 

endowed with graph and proved the common fixed 

point theorem in this new setting for generalized Ciric 

contraction. 

We structure our paper as following. In section 2, we 

give the preliminary definitions and results which will 

be used in consequent sections. The main results in 

section 3 are subdivided into three subsections. In 

subsection 3.1, we proved common fixed point 

theorem for commuting and weakly compatible 

mapping in generalized fuzzy metric space. In the next 

subsection 3.2, we defined the admissible contraction 

mapping in generalized fuzzy metric space and proved 

common fixed point theorem in the foresaid space. 

Finally, in section 4 we introduced the new generalized 

fuzzy metric space endowed with graph and proved 

common fixed point theorem in this new setting. 

2. Preliminaries 

Jleli and Samet[8] defined the following generalized 

metric space which generalized many existing metric 

spaces. 

Definition 2.1[8]   Consider a non-void set Ξ and a 

mapping 𝐺𝑚𝑠: 𝛯 × 𝛯 → [0,1]. For each 𝜈 ∈ Ξ, we set 

𝒮(𝐺𝑚𝑠 , 𝛯, 𝜈) = {𝜈𝑛 ⊆ 𝛯: 𝑙𝑖𝑚
𝑛→∞

𝐺𝑚𝑠(𝜈𝑛 , 𝜈) = 0}. For all 

𝜈, 𝜇 ∈ Ξ, with the following conditions: 

(Gms1) 𝐺𝑚𝑠(𝜈, 𝜇) = 0 ⇒ 𝜈 = 𝜇; 

(Gms2) 𝐺𝑚𝑠(𝜈, 𝜇) = 𝐺𝑚𝑠(𝜇, 𝜈); 
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(Gms3) there exists 𝑠′ ≥ 1 such that if 𝜈𝑛 ∈

𝑆(𝐺𝑚𝑠 , 𝛯, 𝜈) then  

𝐺𝑚𝑠(𝜈, 𝜇) ≤ 𝑠′ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 𝐺𝑚𝑠(𝜈𝑛 , 𝜇). 

Then 𝐺𝑚𝑠 is a generalized metric and (𝐺𝑚𝑠 , 𝛯) is termed 

as generalized metric space (briefly 𝐺𝑀𝑆). 

Definition 2.2[15]   A binary operation ⋆: [0,1] ×

[0,1] → [0,1] is a continuous 𝑡 −norm if it fulfills the 

subsequent requirements: (i) ⋆ is associate and 

commutative; (ii) ⋆ is continuous; (iii) 𝑏1 ⋆ 1 = 𝑏1 for all 

𝑏1 ∈ [0,1] and (iv) 𝑏1 ⋆ 𝑏2 ≤ 𝑏3 ⋆ 𝑏4 whenever 𝑏1 ≤ 𝑏3 

and 𝑏2 ≤ 𝑏4 for all 𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ [0,1]. 

Definition 2.3[4]   Consider a non-void set 𝛯, ⋆ is a 

continuous 𝑡 −norm and a mapping 𝐹𝑚𝑠: 𝛯 × 𝛯 ×

(0, ∞) → [0,1]. For all 𝜈, 𝜇 ∈ 𝛯 and 𝑡, 𝑠 > 0, with the 

following conditions: 

(Fms1) 𝐹𝑚𝑠(𝜈, 𝜇, 𝑡) > 0; 

(Fms2) 𝐹𝑚𝑠(𝜈, 𝜇, 𝑡) = 1 ⇔ 𝜈 = 𝜇; 

(Fms3) 𝐹𝑚𝑠(𝜈, 𝜇, 𝑡) = 𝐹𝑚𝑠(𝜇, 𝜈, 𝑡); 

(Fms4) 𝐹𝑚𝑠(𝜈, 𝜇, 𝑡 + 𝑠) ≥ 𝐹𝑚𝑠(𝜈, 𝜇, 𝑡) ⋆ 𝐹𝑚𝑠(𝜈, 𝜇, 𝑠); 

(Fms5) 𝐹𝑚𝑠(𝜈, 𝜇,⋅): (0, ∞) → [0,1] is continuous. 

Then Fms is a fuzzy metric and (Fms, Ξ,⋆) is termed as 

fuzzy metric space (briefly 𝐹𝑀𝑆). 

Definition 2.4[5]   Consider a non-void set 𝛯 with 𝑏 ≥

1, ⋆ is a continuous 𝑡 −norm. A mapping 𝐹𝑏: 𝛯 × 𝛯 ×

(0, ∞) → [0,1]. For all 𝜈, 𝜇 ∈ 𝛯 and 𝑡, 𝑠 > 0, with the 

following conditions: 

(Fb1) 𝐹𝑏(𝜈, 𝜇, 𝑡) > 0; 

(Fb2) 𝐹𝑏(𝜈, 𝜇, 𝑡) = 1 ⇔ 𝜈 = 𝜇; 

(Fb3) 𝐹𝑏(𝜈, 𝜇, 𝑡) = 𝐹𝑏(𝜇, 𝜈, 𝑡); 

(Fb4) 𝐹𝑏(𝜈, 𝜇, 𝑏(𝑡 + 𝑠)) ≥ 𝐹𝑏(𝜈, 𝜇, 𝑡) ⋆ 𝐹𝑏(𝜈, 𝜇, 𝑠) and 

(Fb5) 𝐹𝑏(𝜈, 𝜇,⋅): (0, ∞) → [0,1] is continuous. 

Then 𝐹𝑏 is a fuzzy 𝑏 −metric and (𝐹𝑏 , 𝛯,⋆) is termed as 

fuzzy 𝑏 −metric space (briefly Fb𝑀𝑆). 

M. Dinarvand[16] gave the following definition of 
triangular 𝛽 −admissible in 𝐹𝑀𝑆. 

Definition 2.5[16] Let (𝐹𝑚𝑠, 𝛯,⋆) be 𝐹𝑀𝑆 and 𝛽: 𝛯 ×
𝛯 × (0, ∞) → (0, ∞) then 𝑈: 𝛯 → 𝛯 is labelled as 
triangular 𝛽 −admissible 
(1) 𝛽(𝑞1, 𝑞2, 𝑡) ≤ 1 imply 𝛽(𝑈𝑞1, 𝑈𝑞2, 𝑡) ≤ 1 

(2) 𝛽(𝑞1, 𝑞3, 𝑡) ≤ 1 and 𝛽(𝑞3, 𝑞2, 𝑡) ≤ 1 imply 

𝛽(𝑞1, 𝑞2, 𝑡) ≤ 1 

for every 𝑞1, 𝑞2, 𝑞3 ∈ 𝛯 and 𝑡 > 0. 

     Presented below are the definition and results of a 

generalized fuzzy metric space as introduced by M.S. 

Ashraf et al. [9]. 

Definition 2.6[9]   Consider a non-void set 𝛯, ⋆ is a 

continuous 𝑡 −norm and a mapping 𝐺𝑓: 𝛯 × 𝛯 ×

(0, ∞) → [0,1]. For each 𝜈 ∈ 𝛯, we set  

𝒮(𝐺𝑓 , 𝛯, 𝜈) = {𝜈𝑛 ⊂ 𝛯: 𝑙𝑖𝑚
𝑛→∞

𝐺𝑓(𝜈𝑛, 𝜈, 𝑡) = 1∀𝑡 > 0}. 

For all 𝜈, 𝜇 ∈ 𝛯 and 𝑡 > 0, with the following 

conditions: 

(GfMS1) 𝐺𝑓(𝜈, 𝜇, 𝑡) > 0; 

(GfMS2) 𝐺𝑓(𝜈, 𝜇, 𝑡) = 1 ⇒ 𝜈 = 𝜇; 

(GfMS3) 𝐺𝑓(𝜈, 𝜇, 𝑡) = 𝐺𝑓(𝜇, 𝜈, 𝑡); 

(GfMS4) there exists 𝑠′ ≥ 1 such that if 𝜈𝑛 ∈

𝑆(𝐺𝑓 , 𝛯, 𝜈) then  

𝐺𝑓(𝜈, 𝜇, 𝑡) ≥ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 𝐺𝑓(𝜈𝑛 , 𝜇, 𝑡 𝑠′⁄ ); 

(GfMS5) 𝐺𝑓(𝜈, 𝜇,⋅): (0, ∞) → [0,1] is continuous and 

𝑙𝑖𝑚
𝑛→∞

𝐺𝑓(𝜈, 𝜇, 𝑡) = 1. 

Then Gf is a generalized fuzzy metric and (𝐺𝑓 , 𝛯,⋆) is 

termed as generalized fuzzy metric space (briefly 

𝐺𝐹𝑀𝑆). 

Example 2.7[9] With a generalized metric space 

(𝛯, 𝐺𝑚𝑠), create a mapping 𝐺𝑓: 𝛯 × 𝛯 × (0, ∞) → [0,1] 

such that 

𝐺𝑓(𝜈, 𝜇, 𝑡) = 𝑒−𝐺𝑚𝑠(𝜈,𝜇) 𝑡⁄  and  

𝒮(𝐺𝑓 , 𝛯, 𝜈) = {𝜈𝑛 ⊂ 𝛯: 𝑙𝑖𝑚
𝑛→∞

𝐺𝑓(𝜈𝑛, 𝜈, 𝑡) = 1} ∀𝜈

∈ 𝛯  and  𝑡 > 0 

then (𝐺𝑓 , 𝛯,⋆) is 𝐺𝐹𝑀𝑆 with 𝑡 −norm ⋆ is given by 𝑎1 ⋆

𝑎2 = 𝑎1𝑎2. 

Example 2.8 With a generalized metric space (𝛯, 𝐺𝑚𝑠), 

create a mapping 𝐺𝑓: 𝛯 × 𝛯 × (0, ∞) → [0,1] such that 

𝐺𝑓(𝜈, 𝜇, 𝑡) = 𝑡 𝑡 + 𝐺𝑚𝑠(𝜈, 𝜇)⁄  and 

𝒮(𝐺𝑓 , 𝛯, 𝜈) = {𝜈𝑛 ⊂ 𝛯: 𝑙𝑖𝑚
𝑛→∞

𝐺𝑓(𝜈𝑛 , 𝜈, 𝑡) = 1} ∀𝜈 ∈ 𝛯 

and 𝑡 > 0. Let 𝜈, 𝜇 ∈ 𝛯 and 𝜈𝑛 ∈ 𝒮(𝐺𝑚𝑠 , 𝛯, 𝜈). In view 

of 𝐺𝑚𝑠  being a generalized metric then from definition, 

𝑙𝑖𝑚
𝑛→∞

𝐺𝑓(𝜈𝑛, 𝜈, 𝑡) = 𝑡 𝑡 + 0⁄ = 1 

this gives 𝜈𝑛 ∈ 𝒮(𝐺𝑓 , 𝛯, 𝜈). 

It can be inferred that 

𝐺𝑓(𝜈, 𝜇, 𝑡)  =
𝑡

𝑡 + 𝐺𝑚𝑠(𝜈, 𝜇)
 

≥
𝑡

𝑡 + 𝑠′ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 𝐺𝑚𝑠(𝜈𝑛 , 𝜇)
 

=
𝑡 𝑠′⁄

𝑡 𝑠′⁄ + 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 𝐺𝑚𝑠(𝜈𝑛 , 𝜇)
 

= 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝
𝑡 𝑠′⁄

𝑡 𝑠′⁄ + 𝐺𝑚𝑠(𝜈𝑛 , 𝜇)
 

= 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝𝐺𝑓(𝜈𝑛, 𝜇, 𝑡 𝑠′⁄ ) 

we obtain,  

𝐺𝑓(𝜈, 𝜇, 𝑡) ≥ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝𝐺𝑓(𝜈𝑛, 𝜇, 𝑡 𝑠′⁄ ). then (𝐺𝑓 , 𝛯,⋆) is 

𝐺𝐹𝑀𝑆 with 𝑡 −norm ⋆ is given by 𝑎1 ⋆ 𝑎2 = 𝑎1𝑎2. 

Definition 2.9[9]   Let (𝐺𝑓 , 𝛯,⋆) be 𝐺𝐹𝑀𝑆 

(i) A sequence {𝜈𝑝} ∈ 𝛯 is labelled as 𝐺𝑓 −convergent 

to 𝜈 if 𝜈𝑛 ∈ 𝑆(𝐺𝑓 , 𝛯, 𝜈). 

(ii) A sequence {𝜈𝑝} ∈ 𝛯 is labelled to be 𝐺𝑓 −Cauchy 

sequence if 𝑙𝑖𝑚
𝑝,𝑞→∞

𝐺𝑓(𝜈𝑝, 𝜈𝑝+𝑞 , 𝑡) = 1 for every 𝑡 > 0. 
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(iii) Every 𝐺𝑓 −Cauchy sequence is 𝐺𝑓 −convergent is 

labelled as 𝐺𝑓 −complete 𝐺𝐹𝑀𝑆. 

Proposition 2.10[9] (i) Every 𝐹𝑀𝑆 is a 𝐺𝐹𝑀𝑆. 

                     (ii) Every Fb𝑀𝑆 is a 𝐺𝐹𝑀𝑆. 

Proposition 2.11[9] Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆 and a 

sequence {𝜈𝑝} ∈ 𝛯 such that {𝜈𝑝} is 𝐺𝑓 −convergent to 

𝜈 and 𝜇 then 𝜈 = 𝜇. 

Remark: For any sequence {𝜈𝑛} ∈ 𝛯, we denote 

𝛿(𝐺𝑓 , 𝑈, 𝜈𝑛, 𝑡) =

sup {𝐺𝑓(𝑈𝑛+𝑖(𝜈0), 𝑈𝑛+𝑗(𝜈0), 𝑡) ∶   𝑖, 𝑗 ∈ ℕ ∪

0 and  𝑡 > 0}. 

 

3. Main Results 

3.1 Common fixed point theorem in GFMS 

Definition 3.1 Take a set of self functions 𝑈 and 𝐾 of a 

𝐺𝐹𝑀𝑆 (𝐺𝑓 , 𝛯,⋆). 

(i) An element 𝑟 ∈ 𝛯 is labelled as coincidence point of 

𝑈 and 𝐾 equivalently 𝑈𝑟 = 𝐾𝑟. We denote the set of 

coincidence points of 𝑈 and 𝐾 as 𝐶𝑝(𝑈, 𝐾) = 𝑟 ∈

𝛯: 𝑈𝑟 = 𝐾𝑟. 

(ii) An element 𝑟 ∈ Ξ is labelled as common fixed point 

of 𝑈 and 𝐾 equivalently 𝑈𝑟 = 𝐾𝑟 = 𝑟 

Definition 3.2 A set of self functions 𝑈 and 𝐾 of a 𝐺𝐹𝑀𝑆 

(𝐺𝑓 , 𝛯,⋆) is labelled as 

(i) commuting if  

𝐺𝑓(𝑈𝐾𝑑1, 𝐾𝑈𝑑1, 𝑡) = 1 for all 𝑑1 ∈ 𝛯. 

(ii) weakly-commuting if 𝐺𝑓(𝑈𝐾𝑑1, 𝐾𝑈𝑑1, 𝑡) ≥

𝐺𝑓(𝑈𝑑1, 𝐾𝑑1, 𝑡) for all 𝑑1 ∈ 𝛯 and 𝑡 > 0. 

(iii) compatible if 𝑙𝑖𝑚
𝑝→∞

𝐺𝑓(𝑈𝐾𝑑𝑝, 𝐾𝑈𝑑𝑝, 𝑡) = 1 for 

every 𝑡 > 0 and a sequence {𝑑𝑝} ∈ 𝛯 with a condition 

that 𝑙𝑖𝑚
𝑝→∞

𝑈𝑑𝑝 = 𝑙𝑖𝑚
𝑝→∞

𝐾𝑑𝑝 = 𝑟 for certain 𝑟 ∈ 𝛯. 

(iv) 𝐑 −weakly commuting if for certain 𝑅 > 0,  

𝐺𝑓(𝑈𝐾𝑑1, 𝐾𝑈𝑑1, 𝑡) ≥ 𝐺𝑓(𝑈𝑑1, 𝐾𝑑1, 𝑡 𝑅⁄ ) for all 𝑑1 ∈ 𝛯 

and 𝑡 > 0. 

(v) weakly compatible if they operate commutatively 

at the point of coincidence which means, if 𝑈𝑟 = 𝐾𝑟 for 

certain 𝑟 ∈ 𝛯 results in 𝑈𝐾𝑟 = 𝐾𝑈𝑟. 

Definition 3.3  Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆 and a function 

𝑈: 𝛯 → 𝛯 is labelled continuous at a point 𝜈0 ∈ 𝛯, if 

{𝜈𝑛} ∈ 𝑆(𝐺𝑓 , 𝛯, 𝜈0) implies {𝑈𝜈𝑛} ∈ 𝑆(𝐺𝑓 , 𝛯, 𝑈𝜈0). 

Further, we say 𝑈 is continuous on 𝛯 if it continuous at 

every 𝜈 ∈ 𝛯. 

Theorem 3.4 Let (𝐺𝑓 , 𝛯,⋆) be a complete 𝐺𝐹𝑀𝑆. Take 

𝑈: 𝛯 → 𝛯 a continuous transformation and 𝐾: 𝛯 → 𝛯 

satisfying the following: (i) 𝑈 commutes with 𝐾; (ii) 

𝑈(𝛯) ⊆ 𝐾(𝛯);(iii) 𝐺𝑓(𝑈(𝑞1), 𝑈(𝑞2), 𝜌𝑡) ≥

𝐺𝑓(𝐾(𝑞1), 𝐾(𝑞2), 𝑡) for 𝜌 ∈ (0,1); (iv) there exists 𝑘0 ∈

𝛯 with 𝛿(𝐺𝑓 , 𝐾, 𝑘0, 𝑡) > 0. Then 𝑈 and 𝐾 holds a 

unique common fixed point. 

Proof. With given hypothesis, we have the mapping 𝑈 

commutes with 𝐾. Let 𝑘0 ∈ 𝛯 and 𝑈(𝑘0) = 𝐾2(𝑘0) 

subsequently by induction 

𝑈𝑚−1(𝑝0) = 𝐾𝑚(𝑝0)                                                (3.1) 

For 𝑚 ∈ ℕ and 𝑖, 𝑗 ∈ ℕ, we obtain, 

𝐺𝑓(𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0), 𝑡)       

= 𝐺𝑓(𝑈𝑚−1+𝑖(𝑘0), 𝑈𝑚−1+𝑗(𝑘0), 𝑡) 

                             ≥ 𝐺𝑓(𝐾𝑚−1+𝑖(𝑘0), 𝐾𝑚−1+𝑗(𝑘0), 𝑡 𝜌⁄ ) 

Taking supremum, 

𝑠𝑢𝑝𝐺𝑓(𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0), 𝑡)

≥ 𝑠𝑢𝑝 𝐺𝑓(𝐾𝑚−1+𝑖(𝑘0), 𝐾𝑚−1+𝑗(𝑘0), 𝑡 𝜌⁄ ) 

𝛿(𝐺𝑓 , 𝐾, 𝐾𝑚(𝑘0), 𝑡) ≥ 𝛿(𝐺𝑓 , 𝐾, 𝐾𝑚−1(𝑘0), 𝑡 𝜌⁄ ). 

Subsequently, for every 𝑚 ∈ ℕ, 𝛿(𝐺𝑓 , 𝐾, 𝐾𝑚(𝑘0), 𝑡) ≥

𝛿(𝐺𝑓 , 𝐾, (𝑘0), 𝑡 𝜌𝑚⁄ ). 

By employing the inequality mentioned above, for 

every 𝑚, 𝑚1 ∈ ℕ, we obtain, 

𝛿(𝐺𝑓 , 𝐾𝑚, 𝐾𝑚+𝑚1(𝑘0), 𝑡) ≥ 𝛿(𝐺𝑓 , 𝐾, 𝐾𝑚(𝑘0), 𝑡)

≥ 𝛿(𝐺𝑓 , 𝐾, (𝑘0), 𝑡 𝜌𝑚⁄ ).
 

With 𝛿(𝐺𝑓 , 𝐾, (𝑘0), 𝑡 𝜌𝑚⁄ ) > 0 and 𝜌 ∈ (0,1) we end at 

lim
𝑚,𝑚1→∞

𝐺𝑓(𝐾𝑚(𝑘0), 𝐾𝑚+𝑚1(𝑘0), 𝑡) = 1 which 

indicates 𝐾𝑚(𝑘0) is a 𝐺𝑓 −Cauchy sequence. With 

provided that (𝐺𝑓 , 𝛯,⋆) is 𝐺𝑓 −complete, there exists 

𝑙𝛼 ∈ 𝛯 so that 𝐾𝑚(𝑘0) is 𝐺𝑓 −convergent to 𝑙𝛼. 

Following equation (3.1), 𝑈𝑚(𝑘0) is 𝐺𝑓 −convergent to 

𝑙𝛼. 

From hypothesis (𝑖𝑖𝑖) and 𝐾 is continuous, we get 𝑈 is 

continuous. Thus, 𝑈(𝐾𝑚(𝑘0)) → 𝑈(𝑙𝛼). 

Since 𝑈 and 𝐾 is commutative, for every 𝑚, we have 

𝑈(𝐾𝑚(𝑘0)) = 𝐾(𝑈𝑚(𝑘0)) which intern implies 

𝑈(𝑙𝛼) = 𝐾(𝑙𝛼). Moreover, by commutative property, 

𝐾(𝐾(𝑙𝛼) = 𝐾(𝑈(𝑙𝛼)) = 𝑈(𝑈(𝑙𝛼)), 

 

𝐺𝑓(𝑈(𝑙𝛼), 𝑈(𝑈(𝑙𝛼)), 𝑡) ≥ 𝐺𝑓(𝐾(𝑙𝛼), 𝐾(𝑈(𝑙𝛼)), 𝑡 𝜌⁄ ) 

                     ≥ 𝐺𝑓(𝑈(𝑙𝛼), 𝑈(𝑈(𝑙𝛼)), 𝑡 𝜌⁄ ) 

                     ≥ 𝐺𝑓(𝐾(𝑙𝛼), 𝐾(𝑈(𝑙𝛼)), 𝑡 𝜌2⁄ ) 

                     ≥ ⋯ ≥ 𝐺𝑓(𝑈(𝑙𝛼), 𝑈(𝑈(𝑙𝛼)), 𝑡 𝜌𝑚⁄ ). 

From (GfMS2) and (GfMS5) we have, 

𝐺𝑓(𝑈(𝑙𝛼), 𝑈(𝑈(𝑙𝛼)), 𝑡) = 1, that is, 𝑈(𝑙𝛼) = 𝑈(𝑈(𝑙𝛼). 

By Proposition 2.11, we conclude, 𝑈(𝑙𝛼) =

𝑈(𝑈(𝑙𝛼)) = 𝐾(𝑈(𝑙𝛼)) that is, 𝑈(𝑙𝛼) is a common 
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fixed point of 𝐾 and 𝑈. 

Next, we prove the uniqueness, Assume 𝑞1 = 𝐾(𝑞1) =

𝑈(𝑞1) and 𝑞2 = 𝐾(𝑞2) = 𝑈(𝑞2) 

 

𝐺𝑓(𝑞1, 𝑞2, 𝑡) = 𝐺𝑓(𝑈(𝑞1), 𝑈(𝑞2), 𝑡)

≥ 𝐺𝑓(𝐾(𝑞1), 𝐾(𝑞2), 𝑡 𝜌⁄ )

= 𝐺𝑓(𝑞1, 𝑞2, 𝑡 𝜌⁄ )

= 𝐺𝑓(𝑈(𝑞1), 𝑈(𝑞2), 𝑡 𝜌⁄ )

≥ 𝐺𝑓(𝐾(𝑞1), 𝐾(𝑞2), 𝑡 𝜌2⁄ )

≥ ⋯ ≥ 𝐺𝑓(𝑞1, 𝑞2, 𝑡 𝜌𝑚⁄ ) → 1  as  𝑚 → ∞

 

𝐺𝑓(𝑞1, 𝑞2, 𝑡) = 1, that is, 𝑞1 = 𝑞2.                 ◻ 

Example 3.5  Let 𝛯 = [0,1] be a complete 𝐺𝐹𝑀𝑆 with 

(𝛯, 𝐺𝑚𝑠) = |𝜈 − 𝜇| and 𝐺𝑓(𝜈, 𝜇, 𝑡) = 𝑡 𝑡 + |𝜈 − 𝜇|⁄   

with 𝑡 > 0 and 𝑎1 ⋆ 𝑎2 = 𝑎1𝑎2. Define 𝑈(𝜈) = 𝜈 8⁄  and 

𝐾(𝜈) = 𝜈 4⁄  on 𝛯. Undoubtedly, 𝑈(𝛯) ⊆ 𝐾(𝛯). 

Following this, we demonstrate 𝑈 and 𝐾 commute. 

𝑈(𝐾(𝜈)) = 𝑈(𝜈 4⁄ ) = 𝜈 4.8⁄ = 𝜈 32⁄  and 𝐾(𝑈(𝜈)) =

𝐾(𝜈 8⁄ ) = 𝜈 8.4⁄ = 𝜈 32⁄  which implies 𝑈(𝐾(𝜈)) =

𝐾(𝑈(𝜈)). 

Now, we verify, 𝐺𝑓(𝑈(𝜈), 𝑈(𝜇), 𝜌𝑡) ≥

𝐺𝑓(𝐾(𝜈), 𝐾(𝜇), 𝑡). Taking 𝜌 = 1 2⁄  

𝐺𝑓(𝑈(𝜈), 𝑈(𝜇), 𝑡 2⁄ ) =
𝑡 2⁄

𝑡 2⁄ + |𝑈(𝜈) − 𝑈(𝜇)|

=
𝑡 2⁄

𝑡 2⁄ + |𝜈 8⁄ − 𝜇 8⁄ |

=
𝑡

𝑡 + |𝜈 − 𝜇| 4⁄

=
𝑡

𝑡 + |𝜈 4⁄ − 𝜈 4⁄ |

 

𝐺𝑓(𝑈(𝜈), 𝑈(𝜇), 𝑡 2⁄ ) ≥ 𝐺𝑓(𝐾(𝜈), 𝐾(𝜇), 𝑡) 

Furthermore, for 𝑖, 𝑗 ∈ ℕ and 𝑡 > 0 

𝛿(𝐺𝑓 , 𝐾, 𝑘0, 𝑡) =  𝑠𝑢𝑝 {𝐺𝑓(𝐾𝑖(𝑘0), 𝐾𝑗(𝑘0), 𝑡)}  

                     = 𝑠𝑢𝑝 (
𝑡

𝑡+|
𝑘0

2𝑖 −
𝑘0

2𝑗|
)  

                    = 𝑠𝑢𝑝 (
𝑡

𝑡+𝑘0|
2𝑖−2𝑗

2𝑖+𝑗 |
) = 1 > 0 for 𝑘0 = 0. 

Thus, all the conditions of Theorem 3.4 holds, indicating 

that U and K share a unique common fixed point at 0. 

Corollary 3.6 Let (𝐹𝑚𝑠, 𝛯,⋆) be a complete 𝐹𝑀𝑆. Take 

𝑈: 𝛯 → 𝛯 a continuous transformation, 𝐾: 𝛯 → 𝛯 such 

that 

𝐹𝑚𝑠(𝑈(𝑞1), 𝑈(𝑞2), 𝜌𝑡) ≥ 𝐹𝑚𝑠(𝐾(𝑞1), 𝐾(𝑞2), 𝑡) for 𝜌

∈ (0,1) 

Also, 𝑈 commutes with 𝐾 and 𝑈(𝛯) ⊆ 𝐾(𝛯). If there 

exists 𝑘0 ∈ 𝛯 with 

𝑠𝑢𝑝{𝐹𝑚𝑠(𝑈𝑛+𝑖(𝑘0), 𝑈𝑛+𝑗(𝑘0), 𝑡): 𝑖, 𝑗 ∈ ℕ ∪ 0  and  𝑡

> 0} > 0 

 then 𝑈 and 𝐾 holds a unique common fixed point. 

Proof. Proof follows from Theorem 3.4 and proposition 

2.10.                                                          ◻ 

Corollary 3.7 Let (𝐹𝑏 , 𝛯,⋆) be a complete 𝐹𝑏𝑀𝑆. Take 

𝑈: 𝛯 → 𝛯 a continuous transformation, 𝐾: 𝛯 → 𝛯 such 

that 

𝐹𝑏(𝑈(𝑞1), 𝑈(𝑞2), 𝜌𝑡) ≥ 𝐹𝑏(𝐾(𝑞1), 𝐾(𝑞2), 𝑡) for 𝜌 ∈

(0,1). 

Also, 𝑈 commutes with 𝐾 and 𝑈(𝛯) ⊆ 𝐾(𝛯). If there 

exists 𝑘0 ∈ 𝛯 with 

𝑠𝑢𝑝{𝐹𝑏(𝑈𝑛+𝑖(𝑘0), 𝑈𝑛+𝑗(𝑘0), 𝑡): 𝑖, 𝑗 ∈ ℕ ∪ 0 and 𝑡

> 0} > 0 

then 𝑈 and 𝐾 holds a unique common fixed point. 

Proof. Proof follows from Theorem 3.4 and proposition 

2.10.                                                          ◻ 

Theorem 3.8 Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆. A set of self 

functions 𝑈 and 𝐾 are weakly compatible on 𝛯 

satisfying the following: (i) 𝑈(𝛯) ⊆ 𝐾(𝛯); (ii) 

𝐺𝑓(𝑈(𝑘1), 𝑈(𝑘2), 𝜌𝑡) ≥ 𝐺𝑓(𝐾(𝑘1), 𝐾(𝑘2), 𝑡) for 𝜌 ∈

(0,1); (iii) there exists 𝑘0 ∈ 𝛯 with 𝛿(𝐺𝑓 , 𝐾, 𝑘0, 𝑡) > 0. 

If either 𝑈 or 𝐾 is complete then 𝑈 and 𝐾 holds a unique 

common fixed point. 

Proof. Following Theorem 3.4, we arrive, 

lim
𝑚→∞

𝐺𝑓(𝐾𝑚(𝑘0), 𝐾𝑚+𝑚1(𝑘0), 𝑡) = 1 indicates 𝐾𝑚(𝑘0) 

is a 𝐺𝑓 −Cauchy sequence. Consider 𝐾(𝛯) is complete 

then the subsequence of 𝐾𝑚(𝑘0) has a limit in 𝐾(𝛯), 

say 𝑙𝛼. Since 𝐾𝑚(𝑘0) is a cauchy sequence with 

convergent subsequence which implies 𝐾𝑚(𝑘0) is also 

convergent. 

Consider 

𝐺𝑓(𝑈𝑚𝑘0, 𝑈(ℎ), 𝜌𝑡) ≥ 𝐺𝑓(𝐾𝑚(𝑘0), 𝐾(ℎ), 𝑡). 

Taking limit 𝑛 → ∞ 

𝐺𝑓(𝑙𝛼 , 𝑈(ℎ), 𝜌𝑡) ≥ 𝐺𝑓(𝑙𝛼 , 𝐾(ℎ), 𝑡)

≥ 𝐺𝑓(𝑙𝛼 , 𝑙𝛼 , 𝑡) = 1.
 

Then 𝑈(ℎ) = 𝑙𝛼 = 𝐾(ℎ), that is, 𝑈 and 𝐾 have a 

coincidence point. Since 𝑈 and 𝐾 are weakly-

compatible then 𝑈(𝐾(ℎ)) = 𝐾(𝑈(ℎ)) which implies 

𝑈𝑙𝛼 = 𝐾𝑙𝛼. 

Now we prove 𝑙𝛼 is a common fixed point of 𝑈 and 𝐾. 

𝐺𝑓(𝑈𝑚𝑘0, 𝑈(𝑙𝛼), 𝜌𝑡) ≥ 𝐺𝑓(𝐾𝑚(𝑘0), 𝐾(𝑙𝛼), 𝑡). 

Taking limit 𝑛 → ∞ 

𝐺𝑓(𝑙𝛼 , 𝑈(𝑙𝛼), 𝜌𝑡) ≥ 𝐺𝑓(𝑙𝛼 , 𝐾(𝑙𝛼), 𝑡)

≥ 𝐺𝑓(𝑙𝛼 , 𝑈(𝑙𝛼), 𝑡).
 

Then 𝑈(𝑙𝛼) = 𝐾(𝑙𝛼) = 𝑙𝛼, that is, 𝑈 and 𝐾 have a 

common fixed point.                                                                   ◻ 



 
 
 

574 

Journal of Harbin Engineering University 

ISSN: 1006-7043 

Vol 46 No. 7 

July 2025 

Theorem 3.9 Theorem 3.8 continues to be valid if 

weakly compatible property in Theorem 3.8 is 

substituted by 

(i) weakly commuting 

(ii) 𝑹 −weakly commuting. 

Proof. (i) As all the hypothesis of Theorem 3.8 hold then 

𝑈 and 𝐾 have a coincidence point. Let 𝑞1 be the 

coincidence point of 𝑈 and 𝐾 then 𝑈(𝑞1) = 𝐾(𝑞1). 

Now, using weakly commuting 

𝐺𝑓(𝑈𝐾(𝑞1), 𝐾𝑈(𝑞1), 𝑡) ≥ 𝐺𝑓(𝑈(𝑞1), 𝐾(𝑞1), 𝑡)

= 𝐺𝑓(𝑈(𝑞1), 𝑈(𝑞1), 𝑡) = 1. 

Then 𝑈(𝐾(𝑞1)) = 𝐾(𝑈(𝑞1)) which implies 𝑈 and 𝐾 

are weakly compatible. Now, following theorem 3.8, we 

arrive 𝑈 and 𝐾 have a common fixed point. 

(ii) Now, using 𝑅 −weakly commuting 

𝐺𝑓(𝑈𝐾(𝑞1), 𝐾𝑈(𝑞1), 𝑡) ≥ 𝐺𝑓(𝑈(𝑞1), 𝐾(𝑞1), 𝑡 𝑅⁄ )

= 𝐺𝑓(𝑈(𝑞1), 𝑈(𝑞1), 𝑡 𝑅⁄ ) = 1. 

Then 𝑈(𝐾(𝑞1)) = 𝐾(𝑈(𝑞1)) which implies 𝑈 and 𝐾 

are weakly compatible. Similarly, following theorem 

3.8, we arrive 𝑈 and 𝐾 have a common fixed 

point.                                                                        ◻ 

3.2 Common fixed point theorem for admissible 

contraction mapping in GFMS 

Motivated by M. Dinarvand[16] we introduce the 

following definition of triangular−(𝛽, 𝐺𝑓) − admissible 

in 𝐺𝐹𝑀𝑆. 

Definition 3.10 Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆 and 𝑈, 𝐾: 𝛯 →

𝛯 and 𝛽: 𝛯 × 𝛯 × (0, ∞) → (0, ∞) 𝑈 is 

triangular−(𝛽, 𝐺𝑓) −admissible with respect to 𝐾 

whenever 

(1𝛽) 𝛽(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≤ 1 signifies 𝛽(𝑈𝑞1, 𝑈𝑞2, 𝑡) ≤ 1 

and 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) > 0 

(2𝛽) 𝛽(𝑞1, 𝑞3, 𝑡) ≤ 1 and 𝛽(𝑞3, 𝑞2, 𝑡) ≤ 1 signifies 

𝛽(𝑞1, 𝑞2, 𝑡) ≤ 1 

for every 𝑞1, 𝑞2, 𝑞3 ∈ 𝛯 and 𝑡 > 0. 

Definition 3.11 Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆 and 𝑈, 𝐾: 𝛯 →

𝛯 and 𝛽: 𝛯 × 𝛯 × (0, ∞) → (0, ∞). A set of functions 𝑈 

and 𝐾 is called an admissible 𝐶𝑓 −contraction whenever 

(1𝐶𝑓) 𝑈 is triangular−(𝛽, 𝐺𝑓) −admissible with 

respect to 𝐾 and 

(2𝐶𝑓) For every 𝑞1, 𝑞2 ∈ 𝛯 and for some 𝜌 ∈ (0,1) with 

𝛽(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≤ 1 signifies 

𝛽(𝐾𝑞1, 𝐾𝑞2, 𝑡) 𝐺𝑓(𝑈𝑞1, 𝑈𝑞2, 𝜌𝑡) 

                       ≥  𝑚𝑖𝑛{𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡), 𝐺𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡),    

      𝐺𝑓(𝐾𝑞1, 𝑈𝑞1, 𝑡), 𝐺𝑓(𝐾𝑞1, 𝑈𝑞2, 𝑡), 𝐺𝑓(𝐾𝑞2, 𝑈𝑞1, 𝑡)}. 

Lemma 3.12 Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆, 𝛽: 𝛯 × 𝛯 ×

(0, ∞) → (0, ∞) and set of self functions 𝑈 and 𝐾 is a 

admissible 𝐶𝑓 −contraction then for any 𝜈, 𝜇 ∈

𝐶𝑝(𝑈, 𝐾) satisfies the following 

(i) 𝛽(𝐾𝑞1, 𝐾𝑞1, 𝑡) ≤ 1 then 𝐺𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡) = 1 

(ii) 𝛽(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≤ 1 then 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) = 1. 

Proof. (i) Let 𝑞1 ∈ 𝐶𝑝(𝑈, 𝐾) then 𝑈𝑞1 = 𝐾𝑞1. Using 𝑈 is 

triangular admissible, for 𝛽(𝐾𝑞1, 𝐾𝑞1, 𝑡) ≤ 1, we have 

𝐺𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡) > 0. 

𝐺𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡) = 𝐺𝑓(𝑈𝑞1, 𝑈𝑞1, 𝑡) 

          ≥ 𝛽(𝐾𝑞1, 𝐾𝑞1, 𝑡)𝐺𝑓(𝑈𝑞1, 𝑈𝑞1, 𝑡) 

≥ 𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝑈𝑞1,

𝑡

𝜌
), 

    𝐺𝑓 (𝐾𝑞1, 𝑈𝑞1,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝑈𝑞1,

𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝑈𝑞1,

𝑡

𝜌
)}                        

          ≥ 𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝑈𝑞1,

𝑡

𝜌
)} 

          ≥ 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,
𝑡

𝜌
) 

          ≥ ⋯ ≥ 𝐺𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌𝑛⁄ ) → 1 as  𝑛 → ∞ and 

𝜌 ∈ (0,1). 

(ii) Let 𝑞1, 𝑞2 ∈ 𝐶𝑝(𝑈, 𝐾) then 𝑈𝑞1 = 𝐾𝑞1 and 𝑈𝑞2 =

𝐾𝑞2. Using 𝑈 is triangular admissible, for 

𝛽(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≤ 1, we have 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) > 0. 

𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) = 𝐺𝑓(𝑈𝑞1, 𝑈𝑞2, 𝑡) 

                           ≥ 𝛽(𝐾𝑞1, 𝐾𝑞2, 𝑡)𝐺𝑓(𝑈𝑞1, 𝑈𝑞2, 𝑡) 

  ≥ 𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞2, 𝑈𝑞2,

𝑡

𝜌
), 

𝐺𝑓 (𝐾𝑞1, 𝑈𝑞1,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝑈𝑞2,

𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞2, 𝑈𝑞1,

𝑡

𝜌
)}     

≥ 𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,

𝑡

𝜌
),      

 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,

𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞2, 𝐾𝑞1,

𝑡

𝜌
)} 

≥ 𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,

𝑡

𝜌
),  

𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,
𝑡

𝜌
)}   

Case(i) If  

𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,

𝑡

𝜌
),  

                           𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,
𝑡

𝜌
)} = 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,

𝑡

𝜌
)  

then 

𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≥ 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡 𝜌⁄ ) 

                           ≥ 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡 𝜌2⁄ ) 

                           ≥ ⋯ ≥ 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡 𝜌𝑛⁄ ) = 1as 𝑛 →

∞ and 𝜌 ∈ (0,1). 

Thus, 𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) = 1. 

Case(ii) If min {𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,

𝑡

𝜌
),  

                           𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,
𝑡

𝜌
)} = 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,

𝑡

𝜌
) 

then 

𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≥ 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,
𝑡

𝜌
) = 1. 

Case(iii) If  
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𝑚𝑖𝑛{𝐺𝑓 (𝐾𝑞1, 𝐾𝑞2,
𝑡

𝜌
) , 𝐺𝑓 (𝐾𝑞1, 𝐾𝑞1,

𝑡

𝜌
),  

                           𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,
𝑡

𝜌
)} = 𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,

𝑡

𝜌
) 

then 

𝐺𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡) ≥ 𝐺𝑓 (𝐾𝑞2, 𝐾𝑞2,
𝑡

𝜌
) = 1.                 ◻ 

 

Theorem 3.13 Let (𝐺𝑓 , 𝛯,⋆) be a 𝐺𝐹𝑀𝑆, 𝛽: 𝛯 × 𝛯 ×

(0, ∞) → (0, ∞) and set of self functions then for any 

𝜈, 𝜇 ∈ 𝐶𝑝(𝑈, 𝐾) satisfies the following: (i) 𝑈(𝛯) ⊆

𝐾(𝛯); (ii) 𝑈 and 𝐾 is a admissible 𝐶𝑓 −contraction; (iii) 

there exists 𝑘0 ∈ 𝛯 with 𝛽(𝐾𝑘0, 𝑈𝑘0, 𝑡) ≤ 1 and 

𝛿(𝐺𝑓 , 𝑈, 𝑘0, 𝑡) > 0; (iv) 𝑈 and 𝐾 are continuous; (v) 𝑈 

and 𝐾 are commuting. Then 𝑈 and 𝐾 have a 

coincidence point. Furthermore, if for any 𝜈, 𝜇 ∈

𝐶𝑝(𝑈, 𝐾) we obtain 𝛽(𝐾𝜈, 𝐾𝜇, 𝑡) ≤ 1 then 𝑈 and 𝐾 

have a common fixed point. 

Proof. Take 𝑘0 ∈ 𝛯 such that 𝛽(𝐾𝑘0, 𝑈𝑘0, 𝑡) ≤ 1 and 

𝛿(𝐺𝑓 , 𝑈, 𝑘0, 𝑡) > 0. 

Since 𝑈(𝛯) ⊂ 𝐾(𝛯), for 𝑚 ∈ ℕ, we construct 

𝐾𝑚(𝑘0) = 𝑈𝑚−1(𝑘0). 

With 𝛽(𝐾𝑘0, 𝑈𝑘0, 𝑡) = 𝛽(𝐾𝑘0, 𝐾2𝑘0, 𝑡) ≤ 1 and using 

𝑈 is triangular−(𝛽, 𝐺𝑓) −admissible with respect to 𝐾 

implies  

𝛽(𝑈𝑘0, 𝑈2𝑘0, 𝑡) = 𝛽(𝐾2𝑘0, 𝐾3𝑘0, 𝑡) ≤ 1. 

Proceeding this process, we arrive, 

𝛽(𝐾𝑚𝑘0, 𝑈𝑚+1𝑘0, 𝑡) ≤ 1 for 𝑚 ∈ ℕ. 

Since 𝑈 is triangular−(𝛽, 𝐺𝑓) −admissible with respect 

to 𝐾, we arrive 

𝛽(𝐾𝑞1𝑘0, 𝑈𝑞2𝑘0, 𝑡) ≤ 1 for 𝑞1, 𝑞2 ∈ ℕ.  

For 𝑚 ∈ ℕ and 𝑖, 𝑗 ∈ ℕ, we obtain 

 

 

                   𝐺𝑓(𝐾𝑚+𝑖+1(𝑘0), 𝐾𝑚+𝑗+1(𝑘0), 𝑡) = 𝐺𝑓(𝑈𝑚+𝑖(𝑘0), 𝑈𝑚+𝑗(𝑘0), 𝑡) 

                                         ≥ 𝛽(𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0), 𝑡)𝐺𝑓(𝑈𝑚+𝑖(𝑘0), 𝑈𝑚+𝑗(𝑘0), 𝑡) 

                                                              ≥ 𝑚𝑖𝑛{𝐺𝑓(𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0), 𝑡 𝜌⁄ ), 𝐺𝑓(𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+𝑖(𝑘0), 𝑡 𝜌⁄ ),  

                                       𝐺𝑓(𝐾𝑚+𝑗(𝑘0), 𝑈𝑚+𝑗(𝑘0), 𝑡 𝜌⁄ ), 𝐺𝑓(𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+𝑗(𝑘0), 𝑡 𝜌⁄ ), 𝐺𝑓(𝐾𝑚+𝑗(𝑘0), 𝑈𝑚+𝑖(𝑘0), 𝑡 𝜌⁄ )}.  

Taking supremum, 

𝛿(𝐺𝑓 , 𝑈, 𝑈𝑚𝑘0, 𝑡) ≥ 𝑚𝑖𝑛 {𝑠𝑢𝑝 𝐺𝑓(𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0),
𝑡

𝜌
) , 𝑠𝑢𝑝 𝐺𝑓 (𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
),       

      𝑠𝑢𝑝 𝐺𝑓 (𝐾𝑚+j(𝑘0), 𝑈𝑚+j(𝑘0),
𝑡

𝜌
) , 𝑠𝑢𝑝 𝐺𝑓 (𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+j(𝑘0),

𝑡

𝜌
) , 𝑠𝑢𝑝 𝐺𝑓 (𝐾𝑚+j(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
)} 

                               ≥ 𝑚𝑖𝑛 {𝑠𝑢𝑝 𝐺𝑓(𝑈𝑚−1+𝑖(𝑘0), 𝑈𝑚−1+𝑗(𝑘0),
𝑡

𝜌
) , 𝑠𝑢𝑝 𝐺𝑓 (𝑈𝑚−1+𝑖(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
), 

      𝑠𝑢𝑝 𝐺𝑓 (𝑈𝑚−1+j(𝑘0), 𝑈𝑚+j(𝑘0),
𝑡

𝜌
) , 𝑠𝑢𝑝 𝐺𝑓 (𝑈𝑚−1+𝑖(𝑘0), 𝑈𝑚+j(𝑘0),

𝑡

𝜌
) , 𝑠𝑢𝑝 𝐺𝑓 (𝑈𝑚−1+j(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
)}  

                               ≥ 𝑚𝑖𝑛{𝛿 (𝐺𝑓 , 𝑈, 𝑈𝑚−1𝑘0,
𝑡

𝜌
) , 𝛿 (𝐺𝑓 , 𝑈, 𝑈𝑚𝑘0,

𝑡

𝜌
)} 

 𝛿(𝐺𝑓 , 𝑈, 𝑈𝑚𝑘0, 𝑡) ≥ 𝛿 (𝐺𝑓 , 𝑈, 𝑈𝑚−1𝑘0,
𝑡

𝜌
 ) .

In the same way, it can be inferred that, 

𝛿(𝐺𝑓 , 𝑈, 𝑈𝑚𝑘0, 𝑡) ≥ 𝛿(𝐺𝑓 , 𝑈, 𝑘0, 𝑡 𝜌𝑚⁄ ). 

By employing the inequality mentioned above, for 

every 𝑚, 𝑚1 ∈ ℕ and 𝑚1 > 𝑚, we obtain, 

𝐺𝑓(𝐾𝑚(𝑘0), 𝐾𝑚1(𝑘0), 𝑡) = 𝐺𝑓(𝑈𝑚−1(𝑘0), 𝑈𝑚1−1(𝑘0), 𝑡)

≥ 𝛿(𝐺𝑓 , 𝑈, 𝑈𝑚−1(𝑘0), 𝑡)

≥ 𝛿(𝐺𝑓 , 𝑈, 𝑘0, 𝑡 𝜌𝑚−1⁄ ).

 

With 𝛿(𝐺𝑓 , 𝑈, (𝑘0), 𝑡 𝜌𝑚−1⁄ ) > 0 and 𝜌 ∈ (0,1) we end 

at lim
𝑚,𝑚1→∞

𝐺𝑓(𝐾𝑚(𝑘0), 𝐾𝑚1(𝑘0), 𝑡) = 1 which indicates 

𝐾𝑚(𝑘0) is a 𝐺𝑓 −Cauchy sequence. With provided that 

(𝐺𝑓 , 𝛯,⋆) is 𝐺𝑓 −complete, there exists 𝑙𝛼 ∈ 𝛯 so that 

𝐾𝑚(𝑘0) is 𝐺𝑓 −convergent to 𝑙𝛼, that is, 

lim
𝑚→∞

𝐺𝑓(𝐾𝑛(𝑘0), 𝑙𝛼 , 𝑡) = lim
𝑚→∞

𝐺𝑓(𝑈𝑛(𝑘0), 𝑙𝛼 , 𝑡) = 1. 

Thus, 𝐾𝑛𝑘0,  𝑈𝑛𝑘0 ∈ 𝑆(𝐺𝑓 , 𝛯, 𝑙𝛼). 

From given hypothesis, 𝑈 and 𝐾 is continuous, we 

obtain, 𝑈𝐾𝑛(𝑘0) ∈ 𝑆(𝐺𝑓 , 𝛯, 𝑈𝑙𝛼) and 𝐾𝑈𝑛(𝑘0) ∈

𝑆(𝐺𝑓 , 𝛯, 𝐾𝑙𝛼). Since 𝑈 and 𝐾 are commuting, we get 

𝐾𝑈𝑛(𝑘0) ∈ 𝑆(𝐺𝑓 , 𝛯, 𝑈𝑙𝛼). 

From proposition 2.10, 𝑈𝑙𝛼 = 𝐾𝑙𝛼. Then 𝑙𝛼 is a 

coincidence point of 𝑈 and 𝐾. 

Let 𝑈𝑙𝛼 = 𝐾𝑙𝛼 = 𝑙1, since 𝑈 and 𝐾 are commuting, 

𝐾𝑙1 = 𝐾(𝑈𝑙𝛼) = 𝑈(𝐾𝑙𝛼) = 𝑈𝑙1, that is, 𝐾𝑙1 = 𝑈𝑙1 

then 𝑙1 is a coincidence point. 

From hypothesis 𝛽(𝐾𝑙𝛼 , 𝐾𝑙1, 𝑡) ≤ 1 and lemma (3.12), 

𝑈𝑙1 = 𝐾𝑙1 = 𝐾𝑙𝛼 = 𝑙1, that is, 𝑈𝑙1 = 𝐾𝑙1 = 𝑙1 which 

implies 𝑙1 is a common fixed point of 𝑈 and 

𝐾.                                                                                     ◻ 
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Definition 3.14 Consider 𝑋 = [0,1] and 𝐺𝑓 defined as 

𝐺𝑓(𝜈, 𝜇, 𝑡) = {

𝑒−𝜈+𝜇 𝑡⁄ , if 𝜈, 𝜇 ≠ 0;

𝑒−𝜇 2𝑡⁄ , if 𝜈 = 0;

𝑒−𝜈 2𝑡⁄ , if 𝜇 = 0.

 

Then (𝐺𝑓 , 𝛯,⋆) is a generalized fuzzy metric space with 

𝑡 −norm 𝑎 ⋆ 𝑏 = 𝑎𝑏. Consider 

𝛽(𝜈, 𝜇, 𝑡) = {
1 𝜈, 𝜇 ∈ [0, 1 𝑛⁄ ] with 𝜈 ≠ 0 or 𝜇 = 0;
2 otherwise

 

Define the mappings 𝑈 and 𝐾 as 𝑈(𝜈) = 𝜈4 and 

𝐾(𝜈) = 𝜈2. 

Here 𝑈(𝛯) ⊂ 𝐾(𝛯). Choose 𝑘0 = 1 4⁄ ∈ 𝛯 then  

𝛽(𝐾(𝑘0), 𝑈(𝑘0), 𝑡) = 𝛽(1 16⁄ , 1 256⁄ , 𝑡) = 1 and 

𝛿(𝐺𝑓 , 𝑈, 1 4⁄ , 𝑡) > 0. 

Also, it is easy to see U and K are continuous and 

commuting. Now we show that U and K is an admissible 

Cf contraction. 

Consider 𝜈1, 𝜈2, 𝜈3 ∈ 𝛯. If 𝛽(𝐾𝜈1, 𝐾𝜈2, 𝑡) ≤ 1 then 

𝜈1
2, 𝜈2

2 ∈ [0, 1 2⁄ ] and 𝐾𝜈1 = 𝜈1
2 ≠ 0 or 𝐾𝜈2 = 𝜈2

2 =

0. Consequently, 𝜈1
4, 𝜈2

4 ∈ [0, 1 4⁄ ] and 𝐾𝜈1 = 𝜈1
4 ≠

0 or 𝐾𝜈2 = 𝜈2
4 = 0 leads to 𝛽(𝑈𝜈1, 𝑈𝜈2, 𝑡) ≤ 1 and 

𝐺𝑓(𝐾𝜈1, 𝐾𝜈2, 𝑡) > 0. 

If 𝛽(𝜈1, 𝜈3, 𝑡) ≤ 1 implies 𝜈1 ≠ 0 or 𝜈3 = 0 and 

𝛽(𝜈3, 𝜈2, 𝑡) ≤ 1 implies 𝜈3 ≠ 0 or 𝜈2 = 0 then we have 

𝜈1 ≠ 0 or 𝜈2 = 0 and 𝛽(𝜈1, 𝜈2, 𝑡) ≤ 1. Therefore, we 

have (1𝐶𝑓), 𝑈 is triangular−(𝛽, 𝐺𝑓) −admissible with 

respect to 𝐾. 

Next to prove (2𝐶𝑓), Consider 𝜈1, 𝜈2 ∈ 𝛯 and 𝜌 = 1 2⁄  

with 𝛽(𝐾𝜈1, 𝐾𝜈2, 𝑡) ≤ 1 then 𝜈1
2, 𝜈2

2 ∈ [0, 1 2⁄ ] and 

𝐾𝜈1 = 𝜈1
2 ≠ 0 or 𝐾𝜈2 = 𝜈2

2 = 0. Here we arrive two 

cases: 

Case(i) If 𝐾𝜈2 = 0 

β(𝐾ν1, 𝐾ν2, 𝑡)𝐺𝑓(𝑈ν1, 𝑈ν2, ρ𝑡)

= β(𝐾ν1,0, 𝑡)𝐺𝑓 (ν1
4,0,

𝑡

2
) 

                                  = 𝑒
−

ν1
4

2(𝑡/2) = 𝑒−
ν1

4

𝑡      

                             ≥ 𝑒−
ν1

4+ν1
2

𝑡 = 𝐺𝑓(𝐾ν1, 𝑈ν1, 𝑡) 

                  ≥ 𝑚𝑖𝑛{𝐺𝑓(𝐾ν1, 𝐾ν2, 𝑡), 𝐺𝑓(𝐾ν2, 𝑈ν2, 𝑡), 

𝐺𝑓(𝐾ν1, 𝑈ν1, 𝑡), 𝐺𝑓(𝐾ν1, 𝑈ν2, 𝑡), 𝐺𝑓(𝐾ν2, 𝑈ν1, 𝑡)} 

Case(ii) If 𝐾𝜈2 ≠ 0 

β(𝐾ν1, 𝐾ν2, 𝑡)𝐺𝑓(𝑈ν1, 𝑈ν2, ρ𝑡) = 𝐺𝑓 (ν1
4, ν2

4,
𝑡

2
) 

= 𝑒
−

ν1
4+ν2

4

𝑡/2 = 𝑒−
2(ν1

4+ν2
4)

𝑡  

                       ≥ 𝑒−
ν1

2+ν2
2

𝑡 = 𝐺𝑓(𝐾ν1, 𝐾ν2, 𝑡) 

               ≥ 𝑚𝑖𝑛{𝐺𝑓(𝐾ν1, 𝐾ν2, 𝑡), 𝐺𝑓(𝐾ν2, 𝑈ν2, 𝑡), 

 𝐺𝑓(𝐾ν1, 𝑈ν1, 𝑡), 𝐺𝑓(𝐾ν1, 𝑈ν2, 𝑡), 𝐺𝑓(𝐾ν2, 𝑈ν1, 𝑡)}. 

Hence, 𝑈 and 𝐾 satisfies an admissible 𝐶𝑓 contraction 

with 𝜌 = 1 2⁄ . Thus, all conditions of Theorem 3.13 

satisfied. Hence, 𝑈 and 𝐾 have a coincidence point, that 

is, 0. Also, 0 is the common fixed point for 𝑈 and 𝐾 in 𝛯. 

4. Common fixed point theorem in new generalized 

fuzzy metric space endowed with graph 

Motivated by Charoensawan and Atiponrat[14] new 

generalized metric space endowed with graph, we 

introduce the concept of new generalized fuzzy metric 

space endowed with graph. 

Definition 4.1 Consider a non-void set 𝛯, ⋆ is a 

continuous 𝑡 −norm and a mapping 𝑁𝑓: 𝛯 × 𝛯 ×

(0, ∞) → [0,1]. For all 𝜈, 𝜇 ∈ 𝛯 and 𝑡 > 0, with the 

following conditions: 

(𝑁𝑓𝑀𝑆1) 𝑁𝑓(𝜈, 𝜇, 𝑡) > 0; 

(𝑁𝑓𝑀𝑆2) 𝑁𝑓(𝜈, 𝜇, 𝑡) = 1 ⇒ 𝜈 = 𝜇; 

(𝑁𝑓𝑀𝑆3) 𝑁𝑓(𝜈, 𝜇, 𝑡) = 𝑁𝑓(𝜇, 𝜈, 𝑡); 

(𝑁𝑓𝑀𝑆4) there exists 𝑎 ≥ 1 such that if 𝜈𝑛 ∈

𝑆(𝑁𝑓 , 𝛯, 𝜈) and 𝜇𝑛 ∈ 𝑆(𝑁𝑓 , 𝛯, 𝜇) then 

𝑁𝑓(𝜈, 𝜇, 𝑡) ≥ limsup
𝑛→∞

𝑁𝑓(𝜈𝑛, 𝜇𝑛, 𝑡 𝑎⁄ ); 

(𝑁𝑓𝑀𝑆5) 𝑁𝑓(𝜈, 𝜇,⋅): (0, ∞) → [0,1] is continuous and 

lim
𝑛→∞

𝑁𝑓(𝜈, 𝜇, 𝑡) = 1. 

Then 𝑁𝑓 is a new generalized fuzzy metric and 

(𝑁𝑓 , 𝛯,⋆) is termed as new generalized fuzzy metric 

space(briefly 𝑁𝐺𝐹𝑀𝑆). 

     The definitions of Cauchy, convergent, complete and 

continuous, compatible of 𝑁𝐺𝐹𝑀𝑆 are analogous from 

𝐺𝐹𝑀𝑆. 

     Consider (𝑁𝑓 , 𝛯,⋆) a new generalized fuzzy metric 

space. Let 𝛶 be a directed graph with set of vertices 

𝐾(𝛶) = 𝛯 and set of all edges 𝐸(𝛶) with 𝛥 ⊆ 𝐸(𝛶) and 

no parallel edges where 𝛥 is the diagonal of 𝛯 × 𝛯. 

From now we consider (𝑁𝑓 , 𝛯,⋆) a generalized metric 

space with graph 𝛶. 

Definition 4.2 Let (𝑁𝑓 , 𝛯,⋆) be a 𝑁𝐺𝐹𝑀𝑆 endowed with 

directed graph 𝛶 and 𝑈: (𝑁𝑓 , 𝛯,⋆) → (𝑁𝑓 , 𝛯,⋆) is 

labelled as 𝛶 −continuous if for some 𝜈 ∈ 𝛯 with 𝜈𝑚 ∈

𝑆(𝑁𝑓 , 𝛯, 𝜈) so that (𝜈𝑚, 𝜈𝑚+1) ∈ 𝐸(𝛶) for every 𝑚 ∈ ℕ, 

we arrive 𝑈𝜈𝑚 ∈ 𝑆(𝑁𝑓 , 𝛯, 𝑈𝜈). 

Definition 4.3 Let (𝑁𝑓 , 𝛯,⋆) be a 𝑁𝐺𝐹𝑀𝑆 endowed with 

directed graph 𝛶 and 𝑈, 𝐾: 𝛯 → 𝛯, we call 𝑈 is 𝐾 −edge 

preserving with respect to 𝛶 if (𝐾𝑞1, 𝐾𝑞2) ∈ 𝐸(𝛶) 

signifies (𝑈𝑞1, 𝑈𝑞2) ∈ 𝐸(𝛶). 

Definition 4.4 Let (𝑁𝑓 , 𝛯,⋆) be a 𝑁𝐺𝐹𝑀𝑆 endowed with 

directed graph then 𝐸(𝛶) fulfills the transitivity 

property if for every 𝑞1, 𝑞2, 𝑞3 ∈ 𝛯, we obtain 

(𝑞1, 𝑞3), (𝑞3, 𝑞2) ∈ 𝐸(𝛶) signifies (𝑞1, 𝑞2) ∈ 𝐸(𝛶). 

Definition 4.5 Let (𝑁𝑓 , 𝛯,⋆) be a 𝑁𝐺𝐹𝑀𝑆 endowed with 

directed graph 𝛶 and 𝑈, 𝐾: 𝛯 → 𝛯, the pair (𝑈, 𝐾) is 

called 𝑁𝑓 −contraction whenever 
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(1𝑁𝑓) 𝑈 is 𝐾 −edge preserving with respect to 𝛶. 

(2𝑁𝑓) For every 𝑞1, 𝑞2 ∈ 𝛯 and for some 𝜌 ∈ (0,1) 

with (𝐾𝑞1, 𝐾𝑞2) ∈ 𝐸(𝛶) signifies 

𝑁𝑓(𝑈𝑞1, 𝑈𝑞2, 𝜌𝑡) ≥ 𝑚𝑖𝑛{𝑁𝑓(𝐾𝑞1, 𝐾𝑞2, 𝑡), 

                              𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡), 𝑁𝑓(𝐾𝑞1, 𝑈𝑞1, 𝑡), 

                               𝑁𝑓(𝐾𝑞1, 𝑈𝑞2, 𝑡), 𝑁𝑓(𝐾𝑞2, 𝑈𝑞1, 𝑡)}. 

Lemma 4.6 Let (𝑁𝑓 , 𝛯,⋆) be a 𝑁𝐺𝐹𝑀𝑆 endowed with 

directed graph 𝛶 and 𝑈, 𝐾: 𝛯 → 𝛯. The pair (𝑈, 𝐾) is a 

𝑁𝑓 −contraction then for any 𝑞2, 𝑞1 ∈ 𝐶𝑝(𝑈, 𝐾) 

satisfies the following 

(i) 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡) > 0 then 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡) = 1. 

(ii) 𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡) > 0 and (𝐾𝑞2, 𝐾𝑞1) ∈ 𝐸(𝛶) then 

𝐾𝑞2 = 𝐾𝑞1. 

Proof. (𝑖) Let 𝑞2 ∈ 𝐶𝑝(𝑈, 𝐾) then 𝑈𝑞2 = 𝐾𝑞2 

 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡) = 𝑁𝑓(𝑈𝑞2, 𝑈𝑞2, 𝑡) 

          ≥ 𝑚𝑖𝑛{𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌⁄ ), 

                𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌⁄ ),  

                                                   𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌⁄ )} 

≥ 𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌⁄ ) ≥ 𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌2⁄ ) 

      ≥ ⋯ ≥ 𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌𝑛⁄ ) = 1 as 𝑛 → ∞ and 𝜌 ∈

(0,1). 

(ii) Let 𝑞2, 𝑞1 ∈ 𝐶𝑝(𝑈, 𝐾) then 𝑈𝑞2 = 𝐾𝑞2 and 𝑈𝑞2 =

𝐾𝑞2. 

𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡) = 𝑁𝑓(𝑈𝑞2, 𝑈𝑞1, 𝑡) 

≥ 𝑚𝑖𝑛{𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝑈𝑞2, 𝑡 𝜌⁄ ), 

                       𝑁𝑓(𝐾𝑞1, 𝑈𝑞1, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝑈𝑞1, 𝑡 𝜌⁄ ), 

                                                       𝑁𝑓(𝐾𝑞1, 𝑈𝑞2, 𝑡 𝜌⁄ )} 

 ≥ 𝑚𝑖𝑛{𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ), 

                                                          𝑁𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌⁄ )} 

we consider the following cases: 

case(i) If  

min {𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ), 

                      𝑁𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌⁄ )} = 𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ) 

 then 

 𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡) ≥ 𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ) 

                            ≥ 𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌2⁄ ) 

                            ≥ ⋯ ≥ 𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌𝑛⁄ ) = 1 as 

𝑛 → ∞ and 𝜌 ∈ (0,1). 

Thus, 𝐾(𝑞2) = 𝐾(𝑞1). 

case(ii) If 

min {𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ), 

                      𝑁𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌⁄ )} = 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ) 

then 

𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡) ≥ 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ) = 1 

Thus, 𝐾(𝑞2) = 𝐾(𝑞1). 

case(iii) If 

min {𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡 𝜌⁄ ), 𝑁𝑓(𝐾𝑞2, 𝐾𝑞2, 𝑡 𝜌⁄ ), 

                      𝑁𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌⁄ )} = 𝑁𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌⁄ ) 

then 

𝑁𝑓(𝐾𝑞2, 𝐾𝑞1, 𝑡) ≥ 𝑁𝑓(𝐾𝑞1, 𝐾𝑞1, 𝑡 𝜌⁄ ) = 1 

Thus, 𝐾(𝑞2) = 𝐾(𝑞1).                                                  ◻ 

Theorem 4.7 Let (𝑁𝑓 , 𝛯,⋆) be a complete 𝑁𝐺𝐹𝑀𝑆 

endowed with directed graph 𝛶 and 𝑈, 𝐾: 𝛯 → 𝛯, the 

pair (𝑈, 𝐾) is a 𝑁𝑓 −contraction satisfies the following: 

(i) 𝑈(𝛯) ⊆ 𝐾(𝛯); (ii) 𝐸(𝛶) holds transitivity property; 

(iii) there exists 𝜈0 ∈ 𝛯 with (𝐾𝜈0, 𝑈𝜈0, ) ∈ 𝐸(𝛶) and 

𝛿(𝑁𝑓 , 𝑈, 𝜈0, 𝑡) > 0; (iv) 𝑈 is 𝛶 −continuous and 𝐾 is 

continuous and (v) 𝑈 and 𝐾 are compatible. Then 𝑈 and 

𝐾 have a coincidence point. Furthermore, if (𝐾𝜈, 𝐾𝜇) ∈

𝐸(𝛶) for any 𝜈, 𝜇 ∈ 𝐶𝑝(𝑈, 𝐾) and 𝑈 and 𝐾 are 

commuting. Then 𝑈 and 𝐾 have a common fixed point. 

Proof. Take 𝑘0 ∈ 𝛯 such that (𝑈𝑘0, 𝐾𝑘0) ∈ 𝐸(𝛶) and 

𝛿(𝑁𝑓 , 𝑈, 𝑘0, 𝑡) > 0.  

Since 𝑈(𝛯) ⊂ 𝐾(𝛯), for 𝑚 ∈ ℕ, we construct 

𝐾𝑚(𝑘0) = 𝑈𝑚−1(𝑘0). 

With (𝐾𝑘0, 𝑈𝑘0) = (𝐾𝑘0, 𝐾2𝑘0) ∈ 𝐸(𝛶) and using 

(1𝑁𝑓) 𝑈 is 𝐾 −edge preserving with respect to 𝛶 

implies  

(𝑈𝑘0, 𝑈2𝑘0) = (𝐾2𝑘0, 𝐾3𝑘0) ∈ 𝐸(𝛶), 

proceeding this process, we arrive  

(𝐾𝑚𝑘0, 𝐾𝑚+1𝑘0) ∈ 𝐸(𝛶) for 𝑚 ∈ ℕ. 

Since 𝐸(𝛶) fulfills the transitivity property, we arrive, 

(𝐾𝑘1𝑘0, 𝐾𝑘2𝑘0) ∈ 𝐸(𝛶) for all 𝑘1, 𝑘2 ∈ ℕ and 𝑘1 < 𝑘2. 

For 𝑚 ∈ ℕ and 𝑖, 𝑗 ∈ ℕ, we obtain, 

 

𝑁𝑓(𝐾𝑚+𝑖+1(𝑘0), 𝐾𝑚+𝑗+1(𝑘0), 𝑡) = 𝑁𝑓(𝑈𝑚+𝑖(𝑘0), 𝑈𝑚+𝑗(𝑘0), 𝑡) 

                              ≥ min {𝑁𝑓 (𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0),
𝑡

𝜌
) , 𝑁𝑓 (𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
) , 𝑁𝑓 (𝐾𝑚+𝑗(𝑘0), 𝑈𝑚+𝑗(𝑘0),

𝑡

𝜌
), 

                                                                                                   𝑁𝑓 (𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+𝑗(𝑘0),
𝑡

𝜌
) , 𝑁𝑓 (𝐾𝑚+𝑗(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
)}  

Taking supremum, 

𝛿(𝑁𝑓 , 𝑈, 𝑈𝑚𝑘0, 𝑡) ≥ min {𝑠𝑢𝑝𝑁𝑓 (𝐾𝑚+𝑖(𝑘0), 𝐾𝑚+𝑗(𝑘0),
𝑡

𝜌
), 𝑠𝑢𝑝𝑁𝑓 (𝐾𝑚+𝑖(𝑘0), 𝑈𝑚+𝑖(𝑘0),

𝑡

𝜌
), 

                           𝑠𝑢𝑝𝑁𝑓 (𝐾𝑚+𝑗(𝑘0), 𝑈𝑚+𝑗(𝑘0),
𝑡

𝜌
) , 𝑠𝑢𝑝Nf (Km+i(k0), Um+j(k0),

t

ρ
) , 𝑠𝑢𝑝Nf (Km+j(k0), Um+i(k0),

t

ρ
)} 

𝛿(𝑁𝑓 , 𝑈, 𝑈𝑚𝑘0, 𝑡) ≥  𝛿(𝑁𝑓 , 𝑈, 𝑈𝑚−1𝑘0, 𝑡)
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In the same way, it can be inferred that, 

𝛿(𝑁𝑓 , 𝑈, 𝑈𝑚𝑘0, 𝑡) ≥ 𝛿(𝑁𝑓 , 𝑈, 𝑘0, 𝑡 𝜌𝑚⁄ ). 

By employing the inequality mentioned above, for 

every 𝑚, 𝑚1 ∈ ℕ and 𝑚1 > 𝑚, we obtain, 

𝑁𝑓(𝐾𝑚(𝑘0), 𝐾𝑚1(𝑘0), 𝑡)

= 𝑁𝑓(𝑈𝑚−1(𝑘0), 𝑈𝑚1−1(𝑘0), 𝑡) 

≥ 𝛿(𝑁𝑓 , 𝑈, 𝑈𝑚−1(𝑘0), 𝑡) 

≥ 𝛿(𝑁𝑓 , 𝑈, 𝑘0, 𝑡 𝜌𝑚−1⁄ ). 

With 𝛿 (𝑁𝑓 , 𝑈, (𝑘0),
t

ρ𝑚) > 0 and 𝜌 ∈ (0,1) we end at 

lim
𝑚,𝑚1→∞

𝑁𝑓(𝐾𝑚(𝑘0), 𝐾𝑚1(𝑘0), 𝑡) = 1 which indicates 

𝐾𝑚(𝑘0) is a 𝑁𝑓 −Cauchy sequence. With provided that 

(𝑁𝑓 , 𝛯,⋆) is 𝑁𝑓 −complete, there exists 𝑙𝛼 ∈ 𝛯 so that 

𝐾𝑚(𝑘0) is 𝑁𝑓 −convergent to 𝑙𝛼, that is, 

lim
𝑚→∞

𝑁𝑓(𝐾𝑛(𝑘0), 𝑙𝛼 , 𝑡) = lim
𝑚→∞

𝑁𝑓(𝑈𝑛(𝑘0), 𝑙𝛼 , 𝑡) = 1. 

Thus, 𝐾𝑛𝑘0,  𝑈𝑛𝑘0 ∈ 𝑆(𝑁𝑓 , 𝛯, 𝑙𝛼). From given 

hypothesis, 𝑈 is 𝛶 −continuous and 𝐾 is continuous, 

we obtain, 𝑈𝐾𝑛(𝑘0) ∈ 𝑆(𝑁𝑓 , 𝛯, 𝑈𝑙𝛼) and 𝐾𝑈𝑛(𝑘0) ∈

𝑆(𝑁𝑓 , 𝛯, 𝐾𝑙𝛼). 

Utilizing 𝑈 and 𝐾 are compatible and (𝑁𝑓𝑀𝑆4), 

𝑁𝑓(𝑈𝑙𝛼 , 𝐾𝑙𝛼 , 𝑡) ≥ 𝑎 lim
𝑛→∞

sup𝑁𝑓(𝑈𝐾𝑛(𝑘0), 𝐾𝑈𝑛(𝑘0), 𝑡)

= 1, 

we obtain 𝑈𝑙𝛼 = 𝐾𝑙𝛼. Then 𝑙𝛼 is a coincidence point of 

𝑈 and 𝐾. Let 𝑈𝑙𝛼 = 𝐾𝑙𝛼 = 𝑙1, since 𝑈 and 𝐾 are 

commuting, 𝐾𝑙1 = 𝐾(𝑈𝑙𝛼) = 𝑈(𝐾𝑙𝛼) = 𝑈𝑙1, that is, 

𝐾𝑙1 = 𝑈𝑙1 then 𝑙1 is a coincidence point. 

From given hypothesis and lemma 4.6, (𝐾𝑙𝛼 , 𝐾𝑙1) ∈

𝐸(𝛶), 𝑈𝑙1 = 𝐾𝑙1 = 𝐾𝑙𝛼 = 𝑙1, that is, 𝑈𝑙1 = 𝐾𝑙1 = 𝑙1 

which implies 𝑙1 is a common fixed point of 𝑈 and 𝐾.                                                                                     

◻ 

Example 4.8 Let 𝛯 = [0,1] and define 𝑁𝑓 be a new 

generalized fuzzy metric space as 

𝑁𝑓(𝜈, 𝜇, 𝑡) = {

𝑒−2(𝜈+𝜇) 𝑡⁄ , if 𝜈, 𝜇 ≠ 0;

𝑒−𝜇 𝑡⁄ , if 𝜈 = 0;

𝑒−𝜈 𝑡⁄ , if 𝜇 = 0.

 

Then (𝑁𝑓 , 𝛯,⋆) is a new generalized fuzzy metric space. 

Consider 𝐸(𝛯) = (𝜈, 𝜇): 𝜈 ≠ 0or𝜇 = 0. We will define 

𝑈, 𝐾: 𝛯 → 𝛯 as  

𝑈(𝜈) =
𝜈

2𝜈 + 12
 

𝐾(𝜈) =
𝜈

6
 

Here 𝑈(𝛯) ⊂ 𝐾(𝛯). Choose 𝑘0 = 1, then 

(𝐾𝑘0, 𝑈𝑘0) = (𝐾(1), 𝑈(1)) = (1 6⁄ , 1 14⁄ ) ∈ 𝐸(𝛯). 

 𝑁𝑓(𝜈, 𝜇, 𝑡) ≥ 𝑒−2(𝜈+𝜇) 𝑡⁄ ≥ 𝑒−4 𝑡⁄ ≥ 0 implies 

𝛽(𝐺𝑓 , 𝑈, 1, 𝑡) > 0. 

Also, it is easy to see that, 𝑈 is 𝛶 −continuous and 𝐾 is 

continuous. Consider 𝜈1, 𝜈2 ∈ 𝛯 with (𝐾𝜈1, 𝐾𝜈2) ∈

𝐸(𝛯). For 𝐾𝜈1 ≠ 0 or 𝐾𝜈2 ≠ 0 implies 𝜈1 ≠ 0 or 𝜈2 ≠

0, we arrive 𝑈𝜈1 ≠ 0 or 𝑈𝜈2 ≠ 0 which implies 

(𝑈𝜈1, 𝑈𝜈2) ∈ 𝐸(𝛯) then 𝑈 is 𝐾 −edge preserving with 

respect to 𝛶. Next, we prove the transitivity property, 

Consider (𝜈1, 𝜈3), (𝜈3, 𝜈2) ∈ 𝐸(𝛶) for 𝜈1, 𝜈2. 𝜈3 ∈ 𝛯 

then 𝜈3 ≠ 0 implies 𝜈1 ≠ 0 and 𝜈3 = 0 implies 𝜈1 = 0, 

that is, either 𝜈1 ≠ 0 or 𝜈2 = 0 which implies (𝜈1, 𝜈2) ∈

𝐸(𝛶). 

Next, to prove that (𝑈, 𝐾) satisfies 𝑁𝑓 −contraction 

with 𝜌 = 1 2⁄ . Let 𝜈1 , 𝜈2 ∈ 𝛯 and (𝐾𝜈1, 𝐾𝜈2) ∈ 𝐸(𝛶). 

Case(i) If 𝐾𝜈2 = 0 then 𝑈𝜈2 = 0. For 𝜌 = 1 2⁄ , 

𝑁𝑓(𝑈𝜈1, 𝑈𝜈2, 𝜌𝑡) = 𝑁𝑓 (
𝜈1

2𝜈1 + 12
, 0,

t

2
) 

                            = 𝑒𝑥𝑝 (−

𝜈1
2𝜈1+12

𝑡 2⁄
) 

                            ≥ 𝑒𝑥𝑝 (−
𝜈1 12⁄

𝑡 2⁄
) = 𝑒𝑥𝑝 (−

𝜈1

6t
) 

                            ≥ 𝑁𝑓(𝐾𝜈1, 0, 𝑡) = 𝑁𝑓(𝐾𝜈1, 𝐾𝜈2, 𝑡) 

 ≥ 𝑚𝑖𝑛{𝑁𝑓(𝐾𝜈1, 𝐾𝜈2, 𝑡), 𝑁𝑓(𝐾𝜈2, 𝑈𝜈2, 𝑡), 

𝑁𝑓(𝐾𝜈1, 𝑈𝜈1, 𝑡), 𝑁𝑓(𝐾𝜈1 , 𝑈𝜈2, 𝑡),  𝑁𝑓(𝐾𝜈2, 𝑈𝜈1, 𝑡)}. 

                            

Case(ii) If 𝐾𝜈2 ≠ 0 then 𝑈𝜈2 ≠ 0. For 𝜌 = 1 2⁄  

𝑁𝑓(𝑈𝜈1, 𝑈𝜈2, 𝜌𝑡) = 𝑁𝑓 (
𝜈1

2𝜈1 + 12
,

𝜈2

2𝜈2 + 12
,

t

2
) 

                            = 𝑒𝑥𝑝 (−
2(

𝜈1
2𝜈1+12

+
𝜈2

2𝜈2+12
)

𝑡 2⁄
) 

                            = 𝑒𝑥𝑝 (−

2(𝜈1+𝜈2)

𝜈1+6

𝑡
) 

                           ≥ 𝑒𝑥𝑝 (−

2(𝜈1+𝜈2)

6

𝑡
) 

                           = 𝑁𝑓(𝐾𝜈1, 𝐾𝜈2, 𝑡) 

                  ≥ 𝑚𝑖𝑛{𝑁𝑓(𝐾𝜈1, 𝐾𝜈2, 𝑡), 𝑁𝑓(𝐾𝜈2, 𝑈𝜈2, 𝑡), 

       𝑁𝑓(𝐾𝜈1 , 𝑈𝜈1, 𝑡), 𝑁𝑓(𝐾𝜈1, 𝑈𝜈2, 𝑡),  𝑁𝑓(𝐾𝜈2, 𝑈𝜈1 , 𝑡)}. 

Consider a sequence 𝑞𝑚 ∈ 𝛯 satisfies  

lim
𝑚→∞

𝑈𝑞𝑚 = lim
𝑚→∞

𝐾𝑞𝑚 = 𝑞  

for some 𝑞 ∈ 𝛯. 

lim
𝑚→∞

𝑞𝑚

6
= lim

𝑚→∞

𝑞𝑚

2𝑞𝑚+12
= 𝑞. 

Hence, we arrive 𝑞 = 0 and  

lim
𝑚→∞

𝑁𝑓(𝐾𝑈(𝑞𝑚), 𝑈𝐾(𝑞𝑚), 𝑡)

= lim
𝑚→∞

(
 𝑞𝑚

12𝑞𝑚 + 72
,

𝑞𝑚

2𝑞𝑚 + 72
, 𝑡)

= 1 

which implies 𝑁𝑓 −compatible. Then there is a 

coincidence point for (𝑈, 𝐾), that is, 0. Then 0 is a 

common fixed point for 𝑈 and 𝐾. 

5. Conclusions 

In this work, we have explored the common fixed point 

theorems within the framework of generalized fuzzy 

metric space. Furthermore, we introduced a new 

generalized fuzzy metric space endowed with a graph 

which effectively incorporates the connectivity of graph 
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into the fuzzy metric framework. Within this extended 

setting, we established the common fixed point 

theorem and examples are included to support our 

theorems. Our results contribute to the ongoing 

development of fixed point theory in fuzzy and graph 

contexts, with potential implications for applied 

mathematics and computational models involving 

uncertainty. 
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