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Abstract

The purpose of this paper is to prove common fixed point theorem in generalized fuzzy metric space. Also, we define
new generalized fuzzy metric space endowed with graph and prove common fixed point theorem in this new setting.
Our theorems generalize existing results. In addition, we bolster our findings with illustrative examples that validate our
theorems.
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1. Introduction

Fixed point theory in functional analysis is an essential
framework with broader applications across
mathematical and other disciplines. Banach[1]
formulated the Banach contraction principle, which is
celebrated for several aspects. Kramosil and
Michalek[2] developed the concept of fuzzy metric
spaces by applying t —norms to the fuzzy set theory
introduced by L. A. Zadeh[3]. Later, George and
Veeramani[4] modified the definition of fuzzy metric
space. Hussain et al.[5] and Nadaban[6] proposed the
concept of fuzzy b —metric space as a generalization of
fuzzy metric space.

Jungck[7] proposed the concept of commutative
mapping and established common fixed point theorem
which fascinated many researchers leading to
development in this area.

Generalized metric spaces are widely studied in fixed
point theory because they encompass a broad range of
previously investigated spaces. Motivated by Jleli and
Samet[8] generalized metric space, M.S. Ashraf et al.[9]
introduced generalized fuzzy metric space which
generalizes fuzzy metric space, fuzzy b —metric space
and dislocated fuzzy metric space. Recently L.N. Mishra
et al.[10], Thangthong and Charoensawan[11] proved
some common fixed point theorems in Jleli and
Samet[8] generalized metric space which motivated us
to prove common fixed point theorem for commuting,
weakly compatible and admissible mappings in
generalized metric space.

The notion of a metric space endowed with a graph was
introduced by Jachymski[12] which excited among
researchers and the fixed point theorems in different
spaces endowed with graph was established. In 2014,
S. Shukla[13] gave the concept of fuzzy metric space

endowed with graph. Charoensawan and Atiponrat[14]
proposed the concept of new generalized metric space
endowed with graph and proved the common fixed
point theorem for generalized contraction. Motivated
by Charoensawan and Atiponrat[14] we introduce the
concept of new generalized fuzzy metric space
endowed with graph and proved the common fixed
point theorem in this new setting for generalized Ciric
contraction.

We structure our paper as following. In section 2, we
give the preliminary definitions and results which will
be used in consequent sections. The main results in
section 3 are subdivided into three subsections. In
subsection 3.1, we proved common fixed point
theorem for commuting and weakly compatible
mapping in generalized fuzzy metric space. In the next
subsection 3.2, we defined the admissible contraction
mapping in generalized fuzzy metric space and proved
common fixed point theorem in the foresaid space.
Finally, in section 4 we introduced the new generalized
fuzzy metric space endowed with graph and proved
common fixed point theorem in this new setting.

2. Preliminaries

Jleli and Samet[8] defined the following generalized
metric space which generalized many existing metric
spaces.

Definition 2.1[8] Consider a non-void set Z and a

mapping G,,s: = X & — [0,1]. For each v € &, we set

S(Gps, 2, V) = {vn C Z: lim G (v, v) = O}. For all
n—-oo

v, U € E, with the following conditions:

(GmsD) Gps(v, ) = 0> v =y
(Gms2) Gps (v, 1) = G5 (1, v);
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(Gps3) there exists s'>1 such that if v, €
S(Gs, E,v) then

Gms(v, 1) < Sli%sup Gms (Vn, ).
Then G, is a generalized metric and (G, £) is termed
as generalized metric space (briefly GMS).

Definition 2.2[15] A binary operation *:[0,1] X
[0,1] = [0,1] is a continuous t —norm if it fulfills the
subsequent requirements: (i) * is associate and
commutative; (ii) * is continuous; (iii) b; * 1 = b, for all
b, € [0,1] and (iv) by * b, < bs *x b, whenever b; < b
and b, < b, for all by, b,, b3, b, € [0,1].

Definition 2.3[4] Consider a non-void set =, x is a
continuous t —norm and a mapping F,: & X E X
(0,0) - [0,1]. For all v,u € £ and t,s > 0, with the
following conditions:

(Fins1) Bns(v, i, t) > 0;

(Fns2) Bns(vt) =1 v =y;

(Fns3) Fns (v, i1, 1) = Eps (1, v, 8);

(Fms4’) Fms(V' wt+ S) 2 Fms(V' u, t) * Fms(Vv u, S);
(Fus5) Ens (v, u,7): (0,00) — [0,1] is continuous.

Then F ¢ is a fuzzy metric and (F s, Z,%) is termed as
fuzzy metric space (briefly FMS).

Definition 2.4[5] Consider a non-void set = with b >
1, * is a continuous t —norm. A mapping Fj,: = X £ X
(0,0) - [0,1]. For all v,u € £ and t,s > 0, with the
following conditions:

(Fp1) Fp(v, i t) > 0;

Fp2) F(vpt) =1leov=y

(Fp3) Fy (v, i, ) = Fp(u, v, 1);

(Fp4) Fb(v, u, bt + S)) > Fy(v,u,t) * Fy(v,u,s) and
(Fp5) Fp (v, 1,-): (0,00) — [0,1] is continuous.

Then F, is a fuzzy b —metric and (Fy, Z,x) is termed as
fuzzy b —metric space (briefly F, MS).

M. Dinarvand[16] gave the following definition of
triangular § —admissible in FMS.

Definition 2.5[16] Let (F,,, =,%) be FMS and : £ X
E % (0,00) > (0,0) then U:E — & is labelled as
triangular B —admissible

(1) B(41, G2, ) < Limply B(Uqy,Uqy,t) < 1

(2) B(41,q3,t) < 1 and B(q3, Gz, t) < 1 imply

B(qlﬂ qz, t) < 1
forevery qi,q,,q3 € Zandt > 0.

Presented below are the definition and results of a
generalized fuzzy metric space as introduced by M.S.
Ashraf et al. [9].

Definition 2.6[9] Consider a non-void set =, x is a
continuous t—norm and a mapping Gg:E X E X
(0,0) - [0,1]. For each v € &, we set

5(Gp5,v) = {vn < 3 lim Gy (vy, v, £) = 1Vt > 0}.
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Forallv,u € £ and t > 0, with the following
conditions:
(GeMS1) G (v, u, t) > 0;
(GeMS2) Gr (v, pu,t) = 1= v = p;
(GeMS3) G (v, 1, t) = Gp (v, 8);
(G¢MS4) there exists s > 1 such that if v,, €
S(Gf, =, v) then

Gr(v,pu,t) = 7gi_{{)zosup GV, i, t/s");
(GeMSS) Gr (v, u1,7): (0,0) = [0,1] is continuous and
ii_tzlon(v,u, t)=1.
Then G¢ is a generalized fuzzy metric and (Gf,E.',*) is
termed as generalized fuzzy metric space (briefly
GFMS).

Example 2.7[9] With a generalized metric space
(&, Gys), create a mapping Gs: Z X £ x (0,00) — [0,1]
such that
Gr(v, 1, t) = e~ Cms(V:)/t gng
5(Gp5,v) = {vn © 5 lim Gy (v, v, ) = 1}VV
EZand t>0
then (Gf,E,*) is GFMS with t —norm x is given by a; *
az = alaz.
Example 2.8 With a generalized metric space (=, G,,5),
create a mapping Gy: £ X £ X (0,0) — [0,1] such that
Gf(V, u, t) = t/t + Gms(V: .u) and
S(GpEv) = {vy c & imG (v v, t) = 1}vv e &
n-oo
andt > 0. Letv,u € £ and v, € §(G, Z,V). In view
of G,,s being a generalized metric then from definition,
limGe(vp,v,t) =t/t+0=1
n—-oo
this gives v, € S(Gf, =, v).

It can be inferred that

Gf (V, w t) =

t

t+ Gms (v, 1)

t

=

t+ s'limsup Gps(Vp, 1)

n—oo

B t/s’'

T t/s" + limsup G (Vy, 1)
n—-oo

I t/s'
= iimsu
n-o P t/s" + Gns (Vn' n)

= limsupGy(vy, 1, t/s")
n—-oo

we obtain,
Gr(v,u,t) = rlli_@squf(vn, u, t/s"). then (Gf,E,*) is

GFMS with t —norm x is given by a; x a, = a,a,.

Definition 2.9[9] Let (Gy, Z,x) be GFMS

(i) A sequence {v,} € Z' is labelled as G —convergent
tovifv, € S(G, Z,v).

(i) A sequence {v,} € Z is labelled to be Gy —Cauchy
sequence if pl{;’lnoon(vp,vp+q, t) = 1foreveryt > 0.
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(iii) Every Gr —Cauchy sequence is G —convergent is
f f
labelled as Gy —complete GFMS.

Proposition 2.10[9] (i) Every FMS is a GFMS.
(i) Every FyMS is a GFMS.

Proposition 2.11[9] Let (Gf,E,*) be a GFMS and a
sequence {v,} € £ such that {v,} is G; —convergent to
v and y thenv = p.

Remark: For any sequence {v,,} € =, we denote
8(Gs, U, vy, t) =
sup {Gr (U™ (vy), UM (vp),8) + i,j ENU
Oand t > 0}.

3. Main Results
3.1 Common fixed point theorem in GFMS

Definition 3.1 Take a set of self functions U and K of a
GFMS (G, E,%).

(i) An element r € Z is labelled as coincidence point of
U and K equivalently Ur = Kr. We denote the set of
coincidence points of U and K as C,(U,K)=r1€
Z:Ur = Kr.

(ii) An element r € Z is labelled as common fixed point
of U and K equivalently Ur = Kr =r

Definition 3.2 A set of self functions U and K ofa GFMS
(G, E,x) is labelled as
(i) commuting if

Gr(UKd,,KUd,,t) = 1foralld, € 5.

(i) weakly-commuting if G(UKd,KUd,,t) =
Gr(Ud,y,Kd,,t) foralld; € Eandt > 0.

(i) compatible if limG;(UKd, KUd,t)=1 for
p—)OO
every t > 0 and a sequence {d,} € & with a condition
that limUd,, = limKd, = r for certainr € Z.
p—)OO p—)OO

(iv) R —weakly commuting if for certain R > 0,

Gf(UKdl,KUdl, t) = Gf(Udl, Kd,,t/R)foralld, € &
andt > 0.

(v) weakly compatible if they operate commutatively
at the point of coincidence which means, if Ur = Kr for
certainr € Z results in UKr = KUr.

Definition 3.3 Let (Gf, E,*) be a GFMS and a function
U:EZ - Z is labelled continuous at a point v, € Z, if
{va} € S(Gr,E,v,) implies  {Uv,} € S(Gf, Z,Uvyp).
Further, we say U is continuous on = if it continuous at
everyv € Z.
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Theorem 3.4 Let (Gf,E,*) be a complete GFMS. Take
U:Z = E a continuous transformation and K: = — &
satisfying the following: (i) U commutes with K; (ii)
U(&) € K(&);(iii) Gr(U(q1),U(q2), pt) =
Gr(K(q1),K(qz),t) for p € (0,1); (iv) there exists k, €
Z with 8(Gs, K, ko,t) > 0. Then U and K holds a
unique common fixed point.

Proof. With given hypothesis, we have the mapping U
commutes with K. Let ky € & and U(k,) = K?(k,)
subsequently by induction

U™ (py) = K™ (po) (3.1)

Form € Nand i,j € N, we obtain,
Gr (K™ ko), K™ (ko), t)
= Gf(Um_Hi(ko): U™ (ko) t)
> Gp(K™ " (ko), K™% (ko). t/p)

Taking supremum,

supGy (K™ (ko), K™ (ky), )

> sup Ge (K™ (ko), K™ (ko), t/p)
8(Gr, K, K™ (ko) t) = 8(Gr, K, K™ (ko), t/p).
Subsequently, for every m € N, 6(Gf, K,K™(ky), t) >
8(Gs, K, (ko) t/p™).
By employing the inequality mentioned above, for
every m,m; € N, we obtain,

8(Gr, K™ K™ ™1 (ko),t) = 6(Gs, K, K™ (ko). t)
> 6(Gr, K, (ko), t/p™).

With 5(Gf, K, (ky), t/pm) > 0andp € (0,1) we end at
lim  Gr(K™(ko), K™+ (ko) t) = 1 which
m,mq—co

indicates K™ (ko) is a Gy —Cauchy sequence. With
provided that (Gf, E,*) is Gy —complete, there exists
le €E so that K™(ky) is Gy —convergent to [g.
Following equation (3.1), U™ (k,) is Gy —convergent to
lg.

From hypothesis (iii) and K is continuous, we get U is
U(K™ (ko)) = U(ly).
Since U and K is commutative, for every m, we have
U(Km(ko)) = K(Um(ko)) which intern implies
U(l,) = K(l,). Moreover, by commutative property,

K(K(,) =K(UU)) =UUUy)),

continuous. Thus,

Gr(U(L), U(UU) t) = Gr(KU), K(UUL)), t/p)

> G (U(l), U(UUY). t/p)
> G (K1), K(U(L), t/p?)
> > G (U, UUU) t/p™).

From (GeMS2) and (G¢MS5) we have,

Gr(U(), U(U(),t) = 1, thatis, U(l,) = UWU ().

By Proposition 2.11, we conclude, U(l,) =

U(U(la)) = K(U(la)) thatis, U(l,) isa common
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fixed point of K and U.
Next, we prove the uniqueness, Assume q; = K(q;) =
U(q1) and q, = K(q2) = U(q2)

Gr(q1,q2t) = Gr(U(q1),U(gz2),t)
= Gr(K(q1),K(q2),t/p)
= Gf(‘h' 9z, t/p)
= Gr(U(q1),U(q2). t/p)
> Gr(K(q1),K(q2),t/p?)
> 2Gr(q1,q2t/p™) 21 as m > o

Gf(ql,qz,t) =1, thatis, ¢; = q,-. O

Example 3.5 Let & = [0,1] be a complete GFMS with
(8, Gms) = v —pland Gs (v, t) = t/t + |v — pl
witht > 0anda, * a, = a,a,. DefineU(v) = v/8and
K(v)=v/4 on ZE. Undoubtedly, U(E) < K(%).
Following this, we demonstrate U and K commute.
UK®)=U/4) =v/48=v/32 and K(U(W)) =
K(v/8) =v/8.4 =v/32 which implies U(K(v)) =

K(UW)).
Now, we verify, G¢(U(v), U(w), pt) =
Ge(K(v),K(w),t). Taking p = 1/2
t/2
GO I = e -~ v
t/2

T t/2+ v/8— /8
t

Tt lv—ul/4
t

Tt [v/A—v/4]
G UMW), UW),t/2) 2 Gr(K (W), K, t)
Furthermore, fori,j € Nandt > 0

8(Gr, K, ko, t) = sup {Gy (K" (ko), K’ (ko), )}

t
- (‘H Fo Ko )
2t 2J
t
= Sup 72
t+ko

i_2Jj
l+)

>=1>0f0rk0=0.

Thus, all the conditions of Theorem 3.4 holds, indicating
that U and K share a unique common fixed point at 0.

Corollary 3.6 Let (F,, Z,%) be a complete FMS. Take
U:EZ — Z a continuous transformation, K: Z — Z such
that
Fns(U(q1), U(q2), pt) = Fps(K(q1),K(q2), t) for p
€ (0,1)
Also, U commutes with K and U(Z) € K(Z). If there
exists k, € = with
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Sup{E,s (U™ (ky), U™ (ky),t):i,j ENUO and t
>0}>0
then U and K holds a unique common fixed point.

Proof. Proof follows from Theorem 3.4 and proposition
2.10. O

Corollary 3.7 Let (F,, E,%) be a complete F,MS. Take
U:Z — Z a continuous transformation, K: £ — Z such
that
Fy(U(q1),U(q2), pt) = Fy(K(q1),K(q2),8) for pE€
(0,1).
Also, U commutes with K and U(E) € K(%). If there
exists ko, € E with

sup{F, (U™ (ko), U™ (ko),t):i,j ENUOand t

>0}>0

then U and K holds a unique common fixed point.

Proof. Proof follows from Theorem 3.4 and proposition
2.10. O

Theorem 3.8 Let (Gf,E,*) be a GFMS. A set of self
functions U and K are weakly compatible on E
satisfying the following: (i) U(E) € K(&); (ii)
Gr(U(ky), U(ky), pt) = Gp(K (ky), K (k2),t) for p€
(0,1); (iii) there exists k, € £ with S(Gf, K, ky, t) > 0.
If either U or K is complete then U and K holds a unique
common fixed point.

Proof. Following Theorem 3.4, we arrive,
rlliirgon(Km(ko),KmJ'ml (ko),t) = 1 indicates K™(ky)
is a Gy —Cauchy sequence. Consider K (&) is complete
then the subsequence of K™ (ky) has a limit in K(&),
say l,. Since K™(k,) is a cauchy sequence with
convergent subsequence which implies K™ (k,) is also
convergent.
Consider
Gr(U™ko, U(h), pt) = Ge(K™(ko), K(h),t).
Taking limitn - oo
Gr(le, Uh), pt) = Ge(lg, K(h), 1)

= Gl Lo, t) = 1.
Then U(h) =1, = K(h), that is, U and K have a
coincidence point. Since U and K are weakly-
compatible then U(K(h)) = K(U(h)) which implies
Ul, =Kl,.
Now we prove l, is a common fixed point of U and K.

Gr(U™ko, U(le), pt) = Gp(K™(ko), K1), t).
Taking limit n — oo
Gf(la: U(la)' Pt) 2 Gf(lm K(l(x)‘ t)
= Gr(lg, U, t).

Then U(l,) = K(l,) =1,, that is, U and K have a
common fixed point. O
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Theorem 3.9 Theorem 3.8 continues to be valid if
weakly compatible property in Theorem 3.8 s
substituted by

(i) weakly commuting

(ii) R —weakly commuting.

Proof. (i) As all the hypothesis of Theorem 3.8 hold then
U and K have a coincidence point. Let q; be the
coincidence point of U and K then U(q,) = K(q,).
Now, using weakly commuting
Gr(UK(q1),KU(q1), t) = G (U(q1), K(q1), 1)
=Gr(U(q1),U(q1),t) = 1.
Then U(K(q,)) = K(U(q,)) which implies U and K
are weakly compatible. Now, following theorem 3.8, we
arrive U and K have a common fixed point.
(ii) Now, using R —weakly commuting
G (UK (q1), KU(q1), 8) = Gp(U(q1), K(q1),t/R)
= Gr(U(q1),U(qq),t/R) = 1.
Then U(K(ql)) = K(U(ql)) which implies U and K
are weakly compatible. Similarly, following theorem
3.8, we arrive U and K have a common fixed
point. O

3.2 Common fixed point theorem for admissible
contraction mapping in GFMS

Motivated by M. Dinarvand[16] we introduce the

following definition oftriangular—(ﬁ, Gf) — admissible
in GFMS.

Definition 3.10 Let (Gf,E,*) bea GFMS and U,K: 5 —
E and B:E X E % (0,00) > (0,00) U is
triangular—(ﬁ, Gf) —admissible with respect to K
whenever

(18) B(Kq1,Kq,,t) <1 signifies B(Uqy,Uqy,t) <1
and G (Kqq,Kqy,t) > 0

(2B) B(q1,q3,t) <1 and B(qs,q,t) <1 signifies

ﬁ(qlﬂ q2, t) < 1
forevery qi,q,,q3 € Eandt > 0.

Definition 3.11 Let (Gf, Z,x) be a GFMS and U,K: £ -
Eand B: £ X E X (0,0) — (0, o). A set of functions U
and K is called an admissible C; —contraction whenever
(1 Cf) U is triangu/ar—(ﬂ, Gf) —admissible  with
respect to K and
(ZCf) Forevery q4,q, € E and for some p € (0,1) with
B(Kqy,Kq,,t) < 1 signifies
B(Kq1,Kqz,t) Gr(Uqq, Ugy, pt)
= min{Gr(Kqy,Kqy, t), Gr(Kqz, Uqy, t),
Gr(Kqy,Uqy,t),Gr(Kqq, Uqy, £), Gr(Kqa, Ugy, 1)}

Lemma 3.12 Let (G, E,%) be a GFMS, B:5 X & X
(0,0) — (0, ) and set of self functions U and K is a
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admissible  C; —contraction then for any v,u€
C, (U, K) satisfies the following

(i) B(Kq.,Kqq,t) < 1then Ge(Kqy,Kqy,t) = 1

(i) B(Kqy,Kqa, t) < 1 then Gf(K‘h:KqZ:t) =1

Proof. (i) Let q; € C,(U,K) then Uq, = Kq,.Using U is
triangular admissible, for 8(Kq,,Kq;,t) < 1, we have
Gr(Kq1,Kq,t) > 0.

Gf(quﬂ qu! t) = Gf(Uqli Uqll t)
> f(Kq1,Kq:,t)Gr(Uqy,Uqy, t)
t t
> min{Gf <Kq1, qu,/—)> , Gr (qu, Uql,;),
t t t
Gr (Kar, Uan, ), Gy (Kaw, Uas, %), Gy (Kar, Uan, 5))

. t t

= min{Gy (qu, qu,;) , Gy (qu, Uql,;)}
t

= Gy (qu, qu,;)

> > Gr(Kq,Kqy,t/p™) > 1as n > o and
p € (0,1).
(i) Let q4,9; € C,(U,K) then Uq; = Kq; and Uq, =
Kq,. Using U is triangular admissible, for
B(Kq1,Kqy,t) <1, wehave G¢(Kqy,Kqy, t) > 0.

Gf(KQD Kqu t) = Gf (UQ1; UQZ! t)
2 B(Kq1,Kqz, t)Gr(Uqy, Uqy, t)
. t t
= min{Gy (qu,qu,;) , Gy (qu, Uq2,;),
t t t
Gr (Ka1, Uar, ), 6y (Kau, Ugz, %), Gy (Ko, Uds, )
. t t
= min{Gy (qu, qu,;) ,Gr (qu, qu,;),
t t t
Gy (Kas Kau,2), G (Kau K, 2) Gy (Kaz, K, o)}
. t t
> min{G; (qu, KCIZ;;):Gf (qu, qu;)
t
Gy (KCIZ'KCIZ';)}
Case(i) If
. t t
min{G, (qu, qu,;) , Gy (qu,qu,;),
t t
Gy (Kaz a2, 5)} = Gy (Kar, Kas. %)
then
Gr(Kq1,Kqz,t) = Gr(Kq1,Kqa,t/p)
> Gr(Kq1,Kqy, t/p?)
=2 Gf(KCh,KCIz't/pn) =lasn -
oo and p € (0,1).
Thus, G¢(Kq,,Kqy,t) = 1.
Case(ii) If min {G; (qu, Kq,, %) Gy (qu, Kqy, %)
t t
Gf (KQZ'KqZ';>} = Gf (ququl';)
then
t
G (Kq1,Kapt) =G <Kq1,Kq1,;> —1.

Case(iii) If
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min{G; (Kq1, Kq», %) Gy (Kas, Kas, %)

Gr (Kaz Ka2, )} = Gy (Kaz. Kas, %)
then
G (Kq,Kqyt) =Gy (qu,qu,g) = 1. O

Theorem 3.13 Let (G, Z,%) be a GFMS, f:E X E X
(0,0) — (0, ) and set of self functions then for any
v,u € C,(U,K) satisfies the following: (i) U(&) €
K(Z); (i) U and K is a admissible C; —contraction; (iii)
there exists ko € £ with B(Kky, Uky,t) <1 and
S(Gf, U,k t) > 0; (iv) U and K are continuous; (v) U
and K are commuting. Then U and K have a
coincidence point. Furthermore, if for any v,u €
C,(U,K) we obtain f(Kv,Ku,t) <1 then U and K
have a common fixed point.

Proof. Take k, € E such that 8(Kky, Uky, t) <1 and
8(Gs, U, ko, t) > 0.
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Since U(XF) c K(5), for meN, we construct
Km(ko) = Um_l(ko)-

With B(Kky, Uko, t) = B(Kko, K%ky, t) < 1 and using
Uis triangular—(ﬁ, Gf) —admissible with respect to K
implies

B(Uky, U?ky, t) = B(K?ko, K3kg, t) < 1.

Proceeding this process, we arrive,
B(K™ky, U™k, t) < 1form € N.

Since U is triangular—(ﬂ, Gf) —admissible with respect
to K, we arrive

B(K ko, U%kg, t) < 1for qy,q, € N.

Form € Nandi,j € N, we obtain

Gr(K™ 42 (ko), K™ ¥ (ko), £) = Gr (U™ (ko), U™ (ko), t)
> BK™* (ko) K™ (ko), )G (U™ (kg), U™ (ky), t)
= min{Gy (K™ (ko), K™ (ko), t/p), Gf(KmH(ko): U™ (ko). t/p),
Gr (K™ (ko), U™ (ko), t/p), Gr (K™ (ko), U™ (ko), t/p), G (K™ (ko), U™ (ko), t/p)}.

Taking supremum,

3 . . t . . t
é‘(Gf, U,U™ko, t) = min {sup Gr (K™ (ko), K™ (ko), ;) ,sup Gy (Km“(ko), U™ (ky), ;),
sup Gy (K™(ko), U™ (ko), %), sup Gy (K™ (ko), U™ (ko), 5 ). sup Gy (K™(ko), U™ (ko). )}
> min {sup G (U™ (ko), U™ (ko), 5), sup Gy (U™ ¥ (ko), U™ (ko). %),
m-1+j m+j t m—1+i m+j t m—1+j m+i t
sup Gy (U™ (ko), U™ (o), =), sup Gy (U™ (o), U™ (o), 5). sup Gy (U™41(ko), U™ (ko). =)}
> min{s (G, U, U™ ko, ), 8 (Gr, U, U™ ko, 5)}

5(Gr, U, U™ko,t) 2 6 (G, U, Um‘lko,i).
In the same way, it can be inferred that,
8(G, U, U™ko, t) = 8(Gs, U, ko, t/p™).

By employing the inequality mentioned above, for
every m,m; € N and m; > m, we obtain,

Gr (K™ (ko), K™ (ko) £) = Ge(U™*(ko), U™ 1 (ko), 1)

> 8(Gr, U, U™ (ko) t)
> S(Gf, U, ko, t/pm_l)

With §(Gf, U, (ko),t/p™ ') > 0and p € (0,1) we end

at lim  Gy(K™(ko), K™ (ko),t) = 1 which indicates
m,mq—

K™ (ko) is a Gy —Cauchy sequence. With provided that

(Gf, E,*) is Gf —complete, there exists [, € = so that

K™(ko) is Gy —convergent to [l,, that s,

1im Gy (K™ (ko), Lo £) = lim Gp(U™ (ko), L £) = 1.

Thus, K"ko, Uk, € S(Gf, Z, 1,).

From given hypothesis, U and K is continuous, we
obtain, UK™(k,) € S(Gs,Z,Ul,) and KU"(ko) €
S(Gf,E,Kla). Since U and K are commuting, we get
KU™ (ko) € S(Gy, E,Uly).

From proposition 2.10, Ul, = Kl,. Then [, is a
coincidence point of U and K.

Let Ul, = Kl, =, since U and K are commuting,
Kl, =KWUl,) = U(Kl,) = Ul,, that is, Kl =Ul,
then [; is a coincidence point.

From hypothesis B(Kl,, Kl;,t) < 1 and lemma (3.12),
Ul, =Kl, =Kl, =1, that is, Ul; = Kl; = l; which
implies I, is a common fixed point of U and
K. O
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Definition 3.14 Consider X = [0,1] and Gy defined as
eVt if v, u # 0;

Gr(v, i, t) = e #/2t  ifv =0;
e V2t ifu=0.

Then (Gf, ) ,*) is a generalized fuzzy metric space with
t —norm a x b = ab. Consider

1 v,u€e[0,1/n]withv #0oru=0;
2 otherwise

Blv,pt) = {

Define the mappings U and K as U(v) =v* and
K() =v2
Here U(Z) c K(&). Choose k, = 1/4 € £ then
B(K(ky),U(ky),t) =p(1/16,1/256,t) =1 and
8(G,U,1/4,t) > 0.
Also, it is easy to see U and K are continuous and
commuting. Now we show that U and Kis an admissible
Cs contraction.
Consider vi,v,,v3 €E. If B(Kvy, Kv,,t) <1 then
v:24,v,2€[0,1/2] and Kv;, = v,2 # 0orKv, = v,% =
0. Consequently, vi*,v,* € [0,1/4] and Kv, = v;* #
0 or Kv, =v,* =0 leads to f(Uvy,Uv,,t) <1 and
Gr(Kvy, Kvy, t) > 0.
If Bvy,vs,t) <1 implies vi #0 or v3=0 and
B(vs,v,,t) < 1implies vs # 0 or v, = 0 then we have
v; #0 or v, =0 and B(vy,V,, t) < 1. Therefore, we
have (1Cf), Uis triangu/ar—(ﬁ, Gf) —admissible with
respect to K.
Next to prove (ZCf), Consider v;,v, € £ and p = 1/2
with B(Kvy,Kv,,t) < 1 then v;%,v,2 €[0,1/2] and
Kv, =v,2 # 0 or Kv, = v,2 = 0. Here we arrive two
cases:
Case(i) If Kv, =0

B(Kv1, Kvy, )G (Uvy, Uvy, pt)

= B(Kv,0,t)G; (v14'0, %)

it vt
=e 20t/2) =t
vit+v,?

>e t  =G(Kvy,Uvy,t)
= min{G(Kvy, Kvy, t), Gr(Kvy, Uvy, t),
Gr(Kvy, Uvy, t), Ge(Kvy, Uvy, t), Gr (K, Uvy, t)}
Case(ii) If Kv, # 0

t
B(KV1, Ky, )Gr(Uvy, Uv,, pt) = Gf (v14,v24, —)

2
_vittvy? 2(vi*+vp?)
=e t/2 =g~ t
_viZ+vy?
>e ¢ =Gr(Kvq, Kvy, t)

= min{Gy(Kvy, Kvy, t), Gr(Kvy, Uvy, t),
Gr(Kvy, Uvy, t), Ge(Kvy, Uvy, t), G (K, Uvy, t)}.
Hence, U and K satisfies an admissible Cf contraction
with p = 1/2. Thus, all conditions of Theorem 3.13
satisfied. Hence, U and K have a coincidence point, that
is, 0. Also, 0 is the common fixed point for U and K in .
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4. Common fixed point theorem in new generalized
fuzzy metric space endowed with graph

Motivated by Charoensawan and Atiponrat[14] new
generalized metric space endowed with graph, we
introduce the concept of new generalized fuzzy metric
space endowed with graph.

Definition 4.1 Consider a non-void set &, * is a
continuous t—norm and a mapping Np:Z X E X
(0,0) - [0,1]. For all v,u € £ and t > 0, with the
following conditions:
(NsMS1) Np (v, t) > 0;
(NeMS2) Ne(v,pt) =12 v = p;
(NrMS3) Np(v, 1, t) = Ny (u, v, t);
(NfMS4) there exists a = 1 such that if v, €
S(N, E,v) and p, € S(Ny, £, 1) then

N¢(v, u, t) = imsupN¢ (v, phy, t/a);

n—-oo
(NfMSS) N¢ (v, u,-): (0,00) — [0,1] is continuous and
Then N¢ is a new generalized fuzzy metric and

(Nf, = ,*) is termed as new generalized fuzzy metric

space(briefly NGFMS).

The definitions of Cauchy, convergent, complete and
continuous, compatible of NGFMS are analogous from
GFMS.

Consider (Nf, E,*) a new generalized fuzzy metric
space. Let Y be a directed graph with set of vertices
K(Y) = E and set of all edges E(Y) with4 € E(Y) and
no parallel edges where 4 is the diagonal of = X Z.
From now we consider (Nf, Z,*) a generalized metric
space with graph Y.

Definition 4.2 Let (N;, Z,x) be a NGFMS endowed with
directed graph Y and U:(N;,Zx) - (Np, Zx) is
labelled as Y —continuous if for some v € £ with v, €
S(Nf, =, v) so that (Vy,, Vipy1) € E(Y) foreverym € N,
we arrive Uv,, € S(Nf,E', Uv).

Definition 4.3 Let (N, Z,%) be a NGFMS endowed with
directed graphY and U,K: = — =, we call U is K —edge
preserving with respect to Y if (Kq,Kq,) € E(Y)
signifies (Uq,,Uq;) € E(Y).

Definition 4.4 Let (N, £,x) be a NGFMS endowed with
directed graph then E(Y) fulfills the transitivity
property if for every qi,9,,q3 € E, we obtain
(91, 93), (@3, 92) € E(Y) signifies (q1,9,) € E(Y).

Definition 4.5 Let (N, ,x) be a NGFMS endowed with
directed graph Y and U,K:E — Z, the pair (U,K) is
called Ny —contraction whenever
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(1Nf) U is K —edge preserving with respectto Y.
(ZNf) For every g4, g, € £ and for some p € (0,1)
with (Kqq,Kq,) € E(Y) signifies
Ny (Uqy,Uqy, pt) = min{N;(Kqq, Kqs, t),
Nt (Kqz, Uqy, t), Ne(Kqy,Uqy, t),
Nf(K‘h' Uqy, t), Nf(KqZ' Uqy, 0)}.

Lemma 4.6 Let (Nf, 5,*) be a NGFMS endowed with
directed graph Y and U,K: & — E. The pair (U,K) is a
Ny —contraction then for any q,q; € C,(U,K)
satisfies the following

(i) Np(Kqz, Kqa, t) > 0 then Ne(Kq,,Kqy, t) = 1.

(i) Np(Kqz,Kqy1,t) >0 and (Kq,,Kq,) € E(Y) then
Kq, = Kq;.

Proof. (i) Let q, € C,(U,K) then Uq, = Kq;
Nf(KQZ' Kq,,t) = Nf(UQZ' Uqy, t)
= min{Ny(Kqy,Kqy,t/p), Nr(Kqz, Uqy, t/p),
Ne(Kqy,Uqy, t/p), Np(Kqa, Uqy, t/p),
Nt (Kqy, Uqy, t/p)}
> Np(Kq, Uqy, t/p) = Ne(Kqp, Ugy, t/p?)
> = Ne(Kqp,Uqy, t/p") =1asn > oandp €
(0,1).
(ii) Let g2, 9, € C,(U,K) then Uq, = Kq, and Uq, =
Kq,.
Ny (Kqz,Kq1,t) = Nr(Uq,, Ugy, t)
= min{N;(Kqz, Kq1,t/p), Nr(Kqz, Uqy, t/p),
Ny (Kqy,Uqy,t/p), Ne(Kqp, Uqy, t/p),
N¢(Kq1,Uq,, t/p)}
= min{N(Kq,,Kq1,t/p), Ny (Kqy, Kqz, t/p),
N¢(Kqy1,Kqq,t/p)}

we consider the following cases:
case(i) If
min {N;(Kq2, Kq1,t/p), Nr(Kqz, Kq2, t/p),
N¢(Kq1,Kqy,t/p)} = Np(Kqz, Kqy,t/p)
then
Nf(Kqz, Kqq,t) = Np(Kqz, Kqq,t/p)
> Ny (Kqz, Kqy,t/p?)
== Ne(Kqp,Kqq,t/p") = 1as
n — o andp € (0,1).
Thus, K(q,) = K(q1).

N (K™ ko), K™ (ko), t) = Np (U™ (ko), U™ (ko), t)
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case(ii) If

min {N;(Kq2, Kq1,t/p), Nr(Kqa, Kq2, t/p),
N;(Kq1,Kqy1,t/p)} = Np(Kqy, Kqa, t/p)

then

N¢(Kqz,Kqy,t) = Ne(Kqy,Kqp, t/p) =1

Thus, K(q;) = K(q4).

case(iii) If

min {N;(Kq,, Kq1,t/p), Nr(Kq2,Kqa, t/p),
N¢(Kq1,Kqy,t/p)} = Ne(Kqy,Kqy,t/p)

then

N¢(Kqz,Kqy,t) = Ne(Kqq,Kqq,t/p) =1
Thus, K(q2) = K(q,). a

Theorem 4.7 Let (Nf,E,*) be a complete NGFMS
endowed with directed graph Y and U,K: Z — Z, the
pair (U, K) is a Ny —contraction satisfies the following:
(i) U(E) € K(&); (ii) E(Y) holds transitivity property;
(iii) there exists vy € £ with (Kv,, Uv,,) € E(Y) and
6(Nf, U, vo,t) > 0; (iv) U is Y —continuous and K is
continuous and (v) U and K are compatible. Then U and
K have a coincidence point. Furthermore, if (Kv, Ku) €
E(Y) for any v,u € C,(U,K) and U and K are
commuting. Then U and K have a common fixed point.

Proof. Take k, € Z such that (Uky, Kky) € E(Y) and
8(Nf, U, ko, t) > 0.
Since U(X) c K(5), for meN, we construct
K™ (ko) = U™ (ko).
With (Kkg, Uky) = (Kko,K?ky) € E(Y) and using
(1Nf) U is K —edge preserving with respect to ¥’
implies

(Uko, Uky) = (K?ko, K3ko) € E(Y),
proceeding this process, we arrive
(K™ky, K™ 1k,) € E(Y) form € N.

Since E(Y) fulfills the transitivity property, we arrive,
(K*1ky, K*2k,) € E(Y) forall ky, k, € Nand k; < k.
Form € Nand i,j € N, we obtain,

> min {Ny (K™ (ko) K™ (ko). =), Ny (K™ Ueq), U™ (ko). %), Ny (K™ (o), U™ ko), ),

Nf (K"Hi(ko), pmti (ko)'i) , Nf (KMH'(kO), Um+i(k0),£)}

Taking supremum,

8(Ny, U, U™ko,£) = min {supNy (K™ Ceg), K™ (ko), ), suphy (K™ k), U™ (k). 2),

suply (K™ ko), U™ (ko), =), supNe (K™ ko), U™ (ko), =), supNp (K™ ko), U™ ko), 7))

8(Nf, U, U™ko, t) = 8(Np, U, U™k, t)
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In the same way, it can be inferred that,

S(Np, U, U™ko, t) = 8(Nf, U, ko, t/p™).
By employing the inequality mentioned above, for
every m,m; € N and m; > m, we obtain,
Np(K™(ko), K™ (ko) t)
= Nf(Um_l(ko): U™ (ko), t)
> §(N;, U, U™ Y (ko), t)
> 8(N;, U, ko, t/p™ ).
With & (Nf, u, (ko),pim) >0 and p € (0,1) we end at
lim Nq(K™(ko), K™ (ko),t) =1 which indicates
m,mq—oo

K™ (ko) is a Ny —Cauchy sequence. With provided that
(Nf, E,*) is N¢ —complete, there exists [, € Z so that
K™(ky) is Ny —convergent to [l,, that s,
lim Np(K™(ko), Lo, t) = lim Np(U™(ko), Lo, t) = 1
mooo mooo
Thus, K%k, Uk, € S(Nf,E, la). From  given
hypothesis, U is Y —continuous and K is continuous,
we obtain, UK™(ky) € S(N;, Z,Ul,) and KU™(k,) €
S(Ns, 2,Kly).
Utilizing U and K are compatible and (NfMS4),
Ne(Ulg, Klg,t) = aii_r)lgosupr(UK”(ko),KU”(kO), t)
=1,
we obtain Ul, = Kl,. Then [, is a coincidence point of
U and K. Let Ul, =Kl, =1, since U and K are
commuting, Kl; = K(Ul,) = U(Kl,) = Ul;, that is,
Kl = Ul, then [, is a coincidence point.
From given hypothesis and lemma 4.6, (Kl,, Kl,) €
E(Y), U, =Kl, =Kl, =1, that is, U, =Kl, = ;
which implies [; is a common fixed point of U and K.
O

Example 4.8 Let £ = [0,1] and define Ny be a new
generalized fuzzy metric space as
e 2/t ify u # 0;
Nf(vuu! t) = e_u/t, ifv= 0,
e v/t, if u = 0.

Then (Nf, E,*) is a new generalized fuzzy metric space.
Consider E(&) = (v, u):v # Ooru = 0. We will define
UK:Z - EZas

v
Uw) = ———
W =371z

K(V) =g

Here U(&) c K(&). Choose k, = 1, then
(Kko, Uko) = (K(1),U(1)) = (1/6,1/14) € E(2).
Nr(v, i, t) = e 2/t > =4/t > ( implies

B(G;, U, 1,t) > 0.
Also, it is easy to see that, U is Y —continuous and K is
continuous. Consider v;,v, € £ with (Kv,,Kv,) €
E(Z). For Kv; # 0 or Kv, # 0 implies v; # 0 or v, #
0, we arrive Uv; #0 or Uv, # 0 which implies
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(Uv,,Uv,y) € E(&) then U is K —edge preserving with
respect to Y. Next, we prove the transitivity property,
Consider (vq,v3),(v3,v,) EE(Y) for vy,v,.v3 €EE
then vz # 0 implies v; # 0 and v; = 0 impliesv; = 0,
that is, either v; # 0 or v, = 0 which implies (v;,v,) €
E).

Next, to prove that (U,K) satisfies Ny —contraction
with p = 1/2. Let v, v, € £ and (Kv,,Kv,) € E(Y).

Case(i) If Kv, = 0then Uv, = 0.Forp = 1/2,
N:(Uvy, Uv,, pt (7,0, )
f( vy, Uvy, pt) = v+ 12’2

2v11’112
= exp (‘ t/—z)
vi/12\ _ v
= exp (_ t/2 ) - exp( 6t)
= N¢(Kvy,0,t) = Ne(Kvy, Kv,, t)

= min{N;(Kvy, Kv,,t), Ny (Kv,, Uvy, t),
N¢(Kvy, Uvy, t), Ne(Kvy, Uvy, t), Ne(Kvy, Uvy, )},

Casel(ii) If Kv, # 0 then Uv2 #0.Forp=1/2
A v, t)
+ 12 2v, +12°2

2v1+12 2v2+12)
= exp 2
2(V1+V2)
( V1+6 )
2(V1+V2)
Zexp< i >

= Nf(Kvll KVz, t)
= mln{Nf(KV]_, KVZ, t), Nf(KVz, UVz, t),
N¢(Kvy, Uvy, t), Np(Kvy, Uvsy, t), Ne(Kvy, Uvy, t)}.
Consider a sequence q,, € Z satisfies
lim Uq,, = lim qu =q
m-

m-oo

forsome g € Z.

N¢(Uvy, Uvy, pt) = Nf 2v1

lim ¥ = lim
m-ooo 6 m—oo 2qm+12

Hence, we arrive ¢ = 0 and
Jim Ny (KU (@), UK (), £)

= q.

- lim ( m Am )
m-w \12¢q,, + 722G, + 72’
=1
which implies Ny —compatible. Then there is a
coincidence point for (U,K), that is, 0. Then 0 is a
common fixed point for U and K.

5. Conclusions

In this work, we have explored the common fixed point
theorems within the framework of generalized fuzzy
metric space. Furthermore, we introduced a new
generalized fuzzy metric space endowed with a graph
which effectively incorporates the connectivity of graph
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into the fuzzy metric framework. Within this extended
setting, we established the common fixed point
theorem and examples are included to support our
theorems. Our results contribute to the ongoing
development of fixed point theory in fuzzy and graph

contexts, with potential

implications for applied

mathematics and computational models involving
uncertainty.
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