Journal of Harbin Engineering University
ISSN: 1006-7043

Vol 46 No. 8
August 2025

Two Species Interact in the Ecosystem with Michaelis Menten

Harvesting Rate and Holling Type Il Functional Response
S. Vijaya and M. Krishika’

1'ZDepartment of Mathematics, Annamalai University,
Annamalai Nagar-608 002, Inda.

Abstract

In the study, a mathematical model was proposed two nonlinear ordinary differential equation to depict the relationship
between prey and predator population. This approach provides insights into the behaviors of prey-predator interaction.
In the context of our model, the Holling type Il functional response is accompanied, by a Michaelis Menten harvesting
rate on prey. Inthe investigation of the presence, boundedness of positive outcomes, and local stability at each feasible
equilibrium point of this model are explored. The model includes four equilibrium points, with two being unstable,
whereas the others are contingent upon specific conditions. Utilizing the Bendixson-Dulac criterion, the global stability
of the equilibrium point representing predator extinction is analyzed. A theorem presents the global stability criteria.
Lastly, two instances of numerical analysis demonstrate the validity of the theoretical approach.
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1. Introduction

A mathematical model comprising predators and prey,
exhibiting mutual influence is analyzed through
dynamics methods. As for the growth rate, its a
conceptual structure that considers population limits in
the context of growth dynamics[1]. The Lotka-volterra
model, a core component of prey-predator model,
employs a set of equations that describe the dynamics
for both species. The population limits for prey and
predators are addressed in [2] and [3]. In an
ecosystems, the relationship between prey and
predators induces changes in population dynamics.
The impact on the species involved can be positive,
negative or even nonexistent, depending on the
dynamics between prey and predators [4]. According
to the model, there is a recommendation for
transformation to

dk ~ k ~
d_tl = klw(l - ;1) — fckyk,

()
T = ke + Ak,

Here, k; and k, represent the densities among the prey
and predator populations respectively, ¥V denotes the
population limit, while € signifies the predators death
rate.W denotes the internal growth rate. The function
fi(k;) characterizes the functional response,
illustrating the rate at which each predator kills prey
per unit time. Through a logical reasoning involving the
allocation of a predators time into two periods, pursuit
and consumption of prey, the Holling type Il functional
response is evident. In a mathematical context,
arguments regarding temporal distinctions in species

behavior were employed and elaborated upon in [5].
Harvesting various organisms serves a range of
purposes. Either as a result of population growth or in
the pursuit of economic progress, the ever increasing
use of natural resources persists these actions often
result in the eradication of various organisms globally.
Reducing the negative impact can be achieved by
harvesting these specific organisms. For business
proposes, the exploitation of natural resources also
take place. As harvesting increases, the like hood of
predator populations facing extinction also rises[6]. To
analyze local stability, one typically examines the
Jacobian matrix of the system at the equilibrium points.
However, the Jacobian matrix of a nonlinear system can
have complex eigenvalues, leading to oscillatory
behavior near equilibrium points. The analysis can be
intricate and might not straight forwarding extent to
global stability.

In prey-predator dynamics, various methods of
harvesting are proposed and studied. The commonly
employed harvesting functions include constants
proportionate, and nonlinear Michaelis-Menten
type[7]. Harvesting isn't necessarily carried out with a

constant yield or intensity[8].

dk, N k, . ~

o= kaw(1- )= Atk - Al

(2

dk, 5 .
at = —tk, + fifi(kyk,
The remainder of this paper is structured in the
following manner: Section 2 presents the formulation
of the mathematical model. Section 3 delves into the
analysis of positivity and boundedness concerning the
prey predator equation. Section 4 explores the

determination of various equilibrium points, which is
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conducted in section 5. Section 6 deals with global
stability of the predator existence equilibrium point.
Section 7 exhibits the outcomes obtained through
numerical suggestion conclusively, the last section
discusses the outcomes of this research.

2. Mathematical Modeling

In the absence of natural predators, the prey
population increases rapidly, and predators hunt the
prey with a Holling type Il functional response. The
predator's rate of prey consumption is determined by

~ 1k . .
k) = ” ij. Modeled as follows, the Micaelis-
1
. . . ~ Rk
Menten harvesting rate is described h(k;) = %
01R+ 03 kq

These elements combined, the format formulation of
the model is as follows:

dk, _ k;\  Ik.k, xRk,
—_ = kIW(l—T)_ =T =5 —
dt \Y% kl + ] OlR + 02k1
) (3)
dk, filk, k,
—2= %k, +
a T g
Where,

I- rate of predation.

j- half saturation constant.

X - catchability coefficient.

R- extrinsic effort dedicated to harvesting.

07, 0,- appropriate constant.

fi- natality rate of predators by each individual relative
to the highest intake for each individual.

3. Positivity and Boundedness

Theorem: 3.1 If the equation is positive at all time, k; >
0,k, =0 then every solution of equation(3) is
positive.

Proof:

Let the first equation from the model

&: kw(l_ﬁ)_Tklkz _ xRk,

dt 1 v ki+] 67R + 67k,
dks _ [\Tv(l— k_l)_ T L]

dt 1 v ki+j  63R + 63k

dki _ [\Tv(l— k_l)_ Jky &] dt

Kkq v ki+j  01R+d3kq

dk ~

k_l = K(ky, ko) dt

1

~ ~ kq Tk, xR

Where K(kl,kz) = [W (1 - g) - m— m]

Integrating over the interval [0, t] we obtain,
k,(t) = k,(0)ef *kik2)dt 5 0y ¢t since k,(0) = 0

Next consider the second equation
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dk; _ filky k,

e ck, + K+
dk; _ [_~ filk, ]

dt k; C+k1+j
dky _ [_~ ﬁTkl]

o = c+lirj dt
dk ~

k_2 = G(ky, kp)dt

2

filk,

Where ¢(kq, k) = —C+ —

Integrating over the interval [0, t] we obtain,
k,(t) = k,(0)efStkuka)dt 5 v ¢ since k,(0) =0

Thus, the outcomes of equation(3) may remain
uniformly non-negative.

Theorem: 3.2 The domain R2 = {(k;,k,) eR?: k; >
0,k, =0} every solution of the equation(3) are
bounded.

Proof:

Let w(t) = k; + k, then differentiate with respect to
t and we get,

do  dk; , dk;

dat  dt dt

dw ~ k xRk

- = k1W(1 - Tl) - ﬁ

dt v 01R + 03k,

dw ~ kW xR ~
== kl[W— 1T—T]—Ckz
dt v 01R + 03ky

For any £ > 0.Given any € > 0, there exists t, such
thattont > t;, we get

+ N P kW xR
e
+ (€ — Ok,

In this case where §is a positive constant for
W+¢8& =20—-70 =0.

dw
dt

du(t) R -B + VB2 - 4K(AI+ G- B
dt < 2A - ¢
=1n+e€
Where A = 0,W

C = xRV — Wo;Rv — &;R¥
Applying Aziz-Alaoui and Okiye, lemma

0< p® < % (1—e 30 + w(ty)e™ st- %)
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limitt - oo and lettinge — 0.
Hence, 0 < w(t) < %

Therefore, the system of equations are bounded.
4. Presence of Equilibrium Point

Analyzing the local stability in the prey-predator
model necessitates the equilibrium points in the
dynamical systems. Model(3) equilibrium points

are determined through the steady state equation

dk dk . .
d—tz =0and d—tl = 0. Algebraic computations are

conducted to determine the trivial and nontrivial
equilibrium points.

i.The initial equilibrium point E;(0,0)
represents the absence of both prey and
predators.

ii.The predator existence equilibrium point
E;(kl(ii)' 0) exists, as the prey population
grows without predation.

—S,+ [S,%-4S,S3
Wherek; = ————

251

—S,—|S;2-45,S3

284

—S,+ S;2—454S3

254

Therefore k) = and

kl(ii) =

When S, <0, S;>0, if xVR<Wo;¥R, the
equilibrium point ky ;) is exist.

iii. The non-negative equilibrium point E;(k}, k3)
exists when both coordinates k; and k, are positive.

5. Stability Analysis of Equilibrium Points
Regarding the equilibrium points, the jacobian
matrix of model (3) is as follows:

é11 é12:|

ky, ky) =
J(ky, k2) [621 8,

Where
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5 — o 2k, ik, N Tk, k,
BEYTTT T D Gt
xR N xR0,k

(GR+ ozki)  (5;R + o7k,)°
A ik,
B,= - ——
12 &+ )

~ filk, filk, k,

0,, = =~ — -
2Tkt D G+ )2
5 filk,

C
2 (ke + 1)

Theorem: 5.1 System(3) shows a saddle at the
equilibrium point {k; = 0,k, = 0}.

Proof:

The jacobian matrix is,

I
|
o

. —~ X
The eigenvaluesare A, = W — —, 2,

Q]
=

If o% > W, then E; is stable.
1

Theorem: 5.2 The system(3) exhibits stability an
equilibrium point {kl =Kkygip kz = O} when ever

xRozky i) < 2G| X

HE)

w + — and ¢ >
(o1R+ 6‘51(1(“))2 v (61R+ 67Kk i)
ﬁikl(ii)
(keGpy+ 1)’
Proof:

The jacobian matrix is,

](k1(ii):0) _ [‘051 P12

—
P22
Where
%EH - ZWkl(ii) Xﬁ
11 - p S~
v (O7R + 5k ip))
xR0k (ijy
— 2
(OlR + OZkl(ll))
r(;—\ _ Tkl(ii)
12~ — 77 A
(kl(ii) +7)
97 =0
—_—_ ﬁikl(ii)
22 (k1ci+7)

The eigenvalue of E;(kl(ii), 0) are
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ZWkl(ii) Xﬁ
v (6‘[? + 6§k1(ii))

}\1=~

xROzKq i)

— Z
(01R+ 67K i))

ﬁikl(“)

(ke +7)’
xR63K (i 2WK1 (ii
— 11(11) z< ~1(11)_|_
(G1R+ 67K i) v

In the case where W +

xR . A1k, (i
——————andC > ;(“)”
(61R+ 83K if)) (ki *+7)
stable in k; — k, direction. However, if W +

xRozKy (i) 2WKy i) xR
P z p —— and
(81R+ o2k (i) v (01R+ 52k ip))

the equilibrium point is

1K, 35
—10D_ it is unstable because it is stable point.

(kG *+7)

Note: If A% — Tr(E;)A+ Det(E;) = 0,then the
necessary and sufficient requirement crucial for
determining the outcomes for the linear stability
characterization are

Tr(E3) < 0 and Det(E;) > 0.

Theorem: 5.3 The internal equilibrium point {k; =
ki, k, = k3}is locally asymptotically stable if

oz, 2wk T e ey KRS
W<t — ) (k3 — ki) )
xR __ xRozk;
(61R+63k3)  (s7R+ 03K%)° and
-~ 2
= 0;R + 0;k]
R > ~(*1 2 1)~ -
x[02k1 - (01R+ ozkl)]
[ 1 ( filk;2k; fil?k; ks ) _
ek + P+ alkg \(kf + D2 (ki +9)
2Wk3 1k ki ks ]
voooki+D ki+D?

Proof:

The jacobian matrix is

N1 N
sk = [
N21 N22
Here
_ 2wk Ik Ttk
N1 =W ——— —5——+ 5
t v i+ ki+D?
xR 4 xR0k}
(GR+ 53ki)  (orR+ o5k;)°
_ Tk;
Rp= — ———
. &+
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- ik, filk;k;
AT ki+D &+ 2

— ATk}
Ry, =—C+ 1
22 (k3 +7)

The characteristic equation,

A? — Tr(E;)A + Det(E;) = 0

Where

20k Tk N Tkiks

v ki+ D (ki+ ]2
xR
(OiR + OK})
xﬁé‘;k{ 5 r"ﬁk{

+ — et
(o:R + o;k;)° ki +D

Tr(E;) = W —

= )\1 + )\2
= ~ 2WK] K5 KK
Det(E3)= (w— LS e _
v () (ki)
xR xRozk} )
(GiR+53K1) | (o7R+ 03K;)°

5 ﬁIk’{ ﬁizkizkz ﬁizkikz
—Cc+ * =~ |+ * ~N2 * N3
ki +7 ki +7 ki + 7

== Alxz + A3
Here,
A= W — 2wk Ikp ik’;k’;z _
v (Ki+7)  (ki+79)
xR xRk}
(GiR+33K1) | (67R+ o3K})’
~ filk]
A= T+ —%
(k1 +7)
A = Al%kky;  APKGKG

o) (k)

By note, E; is stable if Tr(E3) = A, + A, < Oand
Det(E3) = AA, + A; >0 by solving we get

~ oz, 2wk 1 oy IKiKS
W<t — D)) (k3 — 1k}) )
xR ___ xRozkj
(G1R+03K})  (67R+03k})° and
e~ N2
- (G:R + o7k])
R > —— —
x[02k1 - (01R+ ozkl)]
[ 1 <ﬁT2k’{2k§ fil2k: ks > -
ek + D+ alk; \(kj + D (ki +9)°
2Wkj 1k Ik ks ]
vooo&ki+D ki+D?
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Therefore, the theorem is proved.
6. Global Stability Analysis

The section examines the global asymptotic stability of
the predators extinction equilibrium point E5 (k}, k3) in
the equation(3) using the Bendixson-Dulac criterion.
Theorem: 6.1 The globally asymptotically stable
for the positive equilibrium point E3(k},k3)
k*

L >1

2
v

of equation system(3) is satisfied if

K ~
and —— > ii
ki +]j

Proof:
In the equilibrium point E; (k},k3)

1
I(k;, k3) = —
( 17 2) k;k;
Clearly, I(k3, k3) is non-negative for both ki > 0and
k; > 0.

Let M. = k' [w_zww; Ik xR ]
1 1 v Ki+] O0iR+03K;
filk}
My = I [+ 2
2 2 Ki+]
= — 4 —
2 ot ot
DU UL R 1 R
= id —2_ 2
v (k1+]) (k1+])
xR ( o3k ) o filk?
(67R+ 63K7) \o71R+ G7k] (k1 +7)
~ 2Kk} 1 kik3
- (1) (4
v ki+J \Kj+]
~ xR o7k} ~
) e () e
(61R+ ozk}) \o71R+ 03k}
<0
2K K -
If the condition is satlsfled71 > 1and k*ii > fi then
1

above equation is less than zero.

In the positive quadrant of the ki — k5 plane the
value of M(k], k 3) do not change the sign and are not
identically zero.  Thus, by the Bendixson-Dulac
criterion, there is no closed curve in the ki — k3 plane
of RZ.

E;is globally asymptotically stable, thus ensuring
system stability.

7. Numerical Simulation

For this model(3), real world data are not accessible as
it is not a case study. Consequently, consider using
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hypothetical data solely to demonstrate the result
established in this section. The illustration were
produced utilizing MATLAB software. To examine the
essential characteristic relevant to the equation(3),
one can vary parameters appropriately to confirmed
through the assignment of two sets of well-defined
parameters. The unique results obtained for each set
of values ensure that the characteristics of the model
are thoroughly analyzed. The parameter values are,
k; =0.6,k, =0,W=1.5¥=1.9, j=0.72,x =
0.65,R = 0.34,0; = 0.65,0, = 0.41,& = 0.6,

xR67Kq (if)

n= 056,1 = 072, in this case W + - . 2 <
(B1R+ 07k i)
2WKy (i R - filky (i
i ORI L and t> —a By
v (G1R+ 53Ky jj)) (ki)

theorem(5.2), the point E;(kygp,0) is stable (see
figure:1(a) and 1(b)). Let's consider the following
parameter values:

k, =05k, =03,®%=19,=14, j=034x=
0.045,R = 0.64,8; = 0.56,5; = 0.45, = 0.04,

fi = 0.23,1= 0.6, these values illustrates the effect of

harvesting on prey density. The equilibrium points

E;(k;,k3) is asymptotically stable(see figure:2(a) and

2(b)) in the case that the condition are

2Wk} I
v (G+)

xR xR67k]

(6iR+03k})  (o7R+ 63K;)”

KK,
T A2
(k1+7)

W< &+ (k3 — fik}) —

and

(GR + 57k;)°
x[ozki - (GR+ o7k7)]

=)

>

[ 1 (ﬁizk;2k§ A2k ks )
eki+ D+ Ak \(k1 + D2 (k] +9)3

. 2Wk; Tk
W TN
v kD)
Tk; k3 ]
(ki + 12

] 20 40 60 80 100 120 140 160 180 200
Time

Figure: 1(a) — Population over time in prey-predator model
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11 1z
Prey Population (k1

Figure:1(b) — Phase plot on E,

Prey (k1)
Predator (k2)

o

Population

0 20 40 60 80 100 120 140 160 180 200
Time

Figure: 2(a) — Population over time in prey-predator model

Figure: 2(b) — Phase plot on E;

8.
onclusion

This paper focuses on studying the interactions of the
prey-predator model. The Holling type Il functional
response for both prey and predator is evident in the
ecological model. Local stability is examined in the
behavior of the model, focusing on the presence of
potential steady states. the system's global stability is
established through the use of the Bendixson-Dulac
criterion in E; The figure: 1(a) shows the prey absence
and the predator population grows exponentially at
time t. The figure: 1(b) shows the prey and predator
populations in a phase plot. Figure: 2(a) illustrates the
increase of the prey and predator populations over
time t, while figure:2(b) presents the phase plot at
equilibrium point E;.

Refrences

[1] H.M. Safuan, H.S. Sidhu, Z. Jovanoski and I.N.
Tower, 2014. A two species predator-prey model

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

Vol 46 No. 8
August 2025

in an environment enriched by a biotic resource,
Proceedings ANZIAM journal conference Vol-54,
c768-c787,
https://doi.org/10.21914/anziamj.v54i0.6376.
H.Vahidin, M. Mehujicw xz and B. Jasmin, 2017.
Lolka-Volterra model with two predators and
their prey, TEM Journal Vol-6, issue-1, 132-136,
http://dx.doi.org/10.18421/TEM61-19.

D. Hang, C. Fengde, Z. Zhenliang and L. Zhong,
2019. Dynamic behaviors of Lotka-Volterra
predator-prey model incorporating predator
cannibalism, Advances in difference equations,
359,
https://advancesindifferenceequations.springero
pen.com/articles/10.1186/s13662-019-2289-8.
Didiharyono, 2016. Analisis Kestabilan dan
Keuntungan Maksimum model Predator-prey
Fungsi Respon tipe Holling Ill dengan Usaha

Pemanenan, Journal Masagena Vol-ll,
http://dx.doi.org/10.31232/osf.io/xk9j2.
P. Auger and R. Roussarie, 1994. Complex

ecological models with simple dynamics: From
individuals to populations, Acta Biotheoretica 42,
111-136, https://doi.org/10.1007/BF00709485.
S.Krishna, 1998. Conservation of an ecosystem
through  optimal  taxation,  Bulletin  of
Mathematical Biology  Vol-60, 569-584,
https://doi.org/10.1006bulm.1997.0023.

S. Al Momen, R.K. Naji, 2022. The dynamics of
modified Leslie-Grower prey-predator model
under the influence of nonlinear harvesting and
fear effect, Iraqi Journal Science 63(1), 259-282,
https://doi.org/10.24996/ijs.2022.63.1.27.

J. Chen, J. Huang, S. Ruan and J. Wang, 2013.
Bifurcation of invariant tori in predator-prey
models with seasonal prey-harvesting, SIAMJ
Journal of Appllied Mathematics 73(5), 1876-
1905, http://dx.doi.org/10.1137/120895858.

S. Vijaya, M. Krishika, 2024. Two species interact
in the ecosystem with quadratic harvesting rate
and holling typell functional respons,
International journal of all research education and
scientific methods Vol-12, issue-5,
https://www.ijaresm.com/uploaded_files/docu
ment_file/S.-Vijaya_jF9Y.pdf.

B. Sahoo, 2012. Effects of Additional Foods to
predators on Nutrient-Consumer Predator Food
Chain Model, ISRN Biomathematics, Vol-8,
http://dx.doi.org/10.5402/2012/796783.

67



