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Abstract: In this manuscript, we investigate the Stein-type inequalities for the fractional Fourier Transform in the 
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introduction 

The Fourier Transform of a complex-valued 

(Lebesgue) integrable function ϕ(t)ϵ𝐿1(ℝ)  on the real 

line is the complex valued function 𝜙 ̂(𝜁)  is defined 

by the integral \cite{1.} as follows, 

𝜙 ̂(𝜁) =
1

2π
∫ 𝑒𝑖𝜁𝑡  ϕ(t)dt

∞

−∞

 

so that its inverse is given by 

ϕ(t) =
1

2π
∫ 𝑒−𝑖𝜁𝑡𝜙 ̂(𝜁)d

∞

−∞

𝜁 < ∞ 

 

The Fourier Transform and its name can be traced 

back to Jean-Baptiste Joseph Fourier's (1768-1830) 

publication on heat flow in 1822. 

Firstly, Wiener developed the concept of the fractional 
Fourier transform (FrFT) in 1929 [1]. In 1980, Namias 
also explored the FrFT [2] as a means of determining 
the solutions to certain differential equations that 
sometimes arise in quantum physics. This 
transformation is crucial for resolving a number of 
issues in signal processing, optics, and quantum 
physics [2,4,5,6,7,8,9,10,11,12].  A variety of 
mathematical analytic fields have examined the FrFT, 
which is a generalization of the Fourier transform. FrFT 
[5,17,18,19,20,21,22,23,24,25] of a function  of a 
function ϕ ϵ 𝐿1(ℝ)  with parameter α denoted 

by (𝔉𝛼𝜙)(𝜁) = 𝜙𝛼̂ (𝜁)  is given in  𝐿1(ℝ)   as follows:  

(𝔉𝛼𝜙)(𝜁) = 𝜙𝛼̂ (𝜁) = ∫ 𝐾𝛼  (𝜂, 𝜁)
∞

−∞

𝜙(𝜂)𝑑𝜂 

where the kernel 𝐾𝛼  (𝜂, 𝜁) is given by 
 

𝐾𝛼   = {
𝐶𝛼𝑒

 𝑖(𝜂2+𝜁2)𝑐𝑜𝑡𝛼
2

−𝜂𝜁𝑖𝑐𝑠𝑐𝛼,, 𝛼 ≠ 𝑛𝜋, 𝑛 ∈ ℤ
1

√2𝜋
𝑒−𝜂𝜁𝑖 , 𝛼 =

1

2𝜋
,

 

and 𝐶𝛼 = √
1−𝑖𝑐𝑜𝑡𝛼

2𝛼
. 

The inverse  𝑜𝑓 (𝔉𝛼𝜙)(𝜁)  is given by  

𝜙(𝜂) = ∫ 𝐾𝛼 (𝜂, 𝜁)

∞

−∞

(𝔉𝛼𝜙)(𝜁)𝑑𝜁        

and  𝐾𝛼  (𝜂, 𝜁) = 𝐾−𝛼 (𝜂, 𝜁).   

The Stein inequality of Fourier Transform [6] is 

defined as follows 

‖𝜙̂‖
𝐿𝑖′,𝑗(ℝ)

≤ 𝜅‖𝜙‖𝐿𝑖′,𝑗(ℝ)  

where 1 < i < 2, 𝑖ˊ= 
𝑖

𝑖−1
  and 0 < j ≤ ∞; 𝐿𝑖′,𝑗(ℝ) is the 

classical Lorentz space.  

In both pure and applied mathematics, the L(i, j)-

spaces are quite interesting. The Stein inequality, 

called as the Hardy-Littlewood-Stein inequality in 

recognition of the contributions of Hardy and 

Littlewood [23] or the Fourier inequality, has been 

thoroughly examined in scholarly works. This 

inequality has been studied in Lebesque spaces with 

generic weights by several writers. Lars Erik Persson 

[24] published one of the first research on Stein’s 

inequality in Lorentz spaces, as far as we know. The 

goal of this research work is to derive Stein-type 

inequality for the FrFT of inequality (3).  

2 Primary Findings 

Let μ be the one dimensional Lebesque measure 

given in ℝ. Let ϕ be a measurable mapping defined 

on ℝ. 

A mapping 

             𝜙∗(𝑥) = 𝑖𝑛𝑓{𝜎: 𝜇{𝑦𝜖𝛺: |𝜙(𝑦)| > 𝜎} ≤ 𝑥}  

(4) 

is known as the non-increasing rearrangement of the 

mapping ϕ. Let 1 < 𝑖 < ∞ and 0 < 𝑗 ≤ ∞. The 

Lorentz Space 𝐿𝑖,𝑗(ℝ) is the is the set of a 

measurable function ϕ for which  
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‖𝜙̂‖
𝐿𝑖,𝑗(ℝ)

= ((𝑥
1
𝑖  𝜙∗(𝑥))

𝑗
𝑑𝑥

𝑥
)

1
𝑗

< ∞, 0 < ∞, (5) 

and  

‖𝜙̂‖
𝐿𝑖,∞(ℝ)

= 𝑥
1

𝑖  𝜙∗(𝑥) 𝑥>0
𝑠𝑢𝑝

< ∞                                (6)      

for   𝑗 = ∞.  

Theorem 1. Let 1 <  𝑖 <  2, i′ =
i

i−1
  and 0 < 𝑗 ≤

∞,  

                               then     ‖𝜙̂α‖
𝐿𝑖′,𝑗(ℝ)

≤

|Cα|‖𝜙‖𝐿𝑖,𝑗(ℝ),   where ϕ is a measurable function. 

 
Proof: We have 

‖𝜙̂α‖
𝐿𝑖′,𝑗(ℝ)

= ((𝜁
1
𝑖′(𝜙̂α)

∗
(𝜁))

𝑗
𝑑𝜁

𝜁
)

1
𝑗

˂∞,                  0

< 𝑗 ≤ ∞. 
Now, we obtain 

(𝜙̂α)
∗
(𝜁) = 𝑖𝑛𝑓{𝜎: 𝜇{𝜉𝜖𝛺: |(𝜙̂α)(𝜉)| > 𝜎} ≤ 𝜁} 

                                                          =

𝑖𝑛𝑓{𝜎: 𝜇{𝜉𝜖𝛺: |∫ 𝐾𝛼  (𝜂, 𝜉)
∞

−∞
| > 𝜎} ≤ 𝜁}    

                                                           =

 𝑖𝑛𝑓{𝜎: 𝜇{𝜉𝜖𝛺: ∫ |𝐾𝛼 (𝜂, 𝜉)||𝜙(𝜂)|
∞

−∞
𝑑𝜂 > 𝜎} ≤ 𝜁} 

                                                           ≤

𝑖𝑛𝑓{𝜎: 𝜇{𝜉𝜖𝛺: |Cα| ∫ |𝜙(𝜂)|
∞

−∞
𝑑𝜂 > 𝜎} ≤ 𝜁} 

                                                           = 

|Cα| 𝑖𝑛𝑓{𝜎: 𝜇{𝜉𝜖𝛺: ∫ |𝜙(𝜂)|
∞

−∞
𝑑𝜂 > 𝜎} ≤ 𝜁}. 

 
It implies that   

                     (𝜙̂α)
∗
(𝜁) ≤ |Cα|𝜙∗(𝜁).  

This proves that  

                              ‖𝜙̂α‖
𝐿𝑖′,𝑗(ℝ)

≤ |Cα|‖𝜙‖𝐿𝑖,𝑗(ℝ). 

This is called Stein-type inequalities for the fractional 
Fourier transform. 

 

References 

[1] Pinsky, Mark A: “Introduction to Fourier analysis 

and wavelets,”American Mathematical Society 

102, 2023. 

[2] Wiener,N.: Hermitian polynomials and fourier 

analysis, Journal of Mathematics and Physics  8, 

70-73 (1929). 

[3] Namias,V.: The fractional order fourier 

transform and its application to quantum 

mechanics, IMA Journal of Applied Mathematics 

25, 241-265 (1980). 

[4] Kerr, H.: Namias fractional fourier transforms on 

l2 and applications to differential equations, 

Journal of mathematical analysis and 

applications 136, 404-418 (1988).. 

[5] Alieva, V., Lopez, Agull-Lpez, F. and Almeida, L.: 

The fractional fourier transform in optical 

propagation problems, Journal of modern optics 

41, 1037-1044 (1994). 

[6] Stein, .M.:”Interpolation of linear operators,” 

Trans. Amer. Math. Soc., 83(1956) 

       482-492. 

[7] Almeida, L. B.: The fractional fourier transform 

and time-frequency representations, IEEE 

Transactions on signal processing 42, 3084-3091 

(1994). 

[8] Stein, . Almeida, L. B.: Product and convolution 

theorems for the fractional fourier transform, 

IEEE Signal Processing Letters 4, 15-17 (1997). 

[9] Lohmann, A. W. and Soffer,B. H.: Relationships 

between the radonwigner and fractional fourier 

transforms, JOSA A 11, 1798-1801 (1994). 

[10]  Ozaktas, H. M. and Mendlovic, D.: Fourier 

transforms of fractional order and their optical 

interpretation,Optics Communications 101, 163- 

169 (1993). 

[11]  Zayed, A. I.: A convolution and product theorem 

for the fractional fourier transform, IEEE Signal 

processing letters 5, 101-103 (1998). 

[12]  Zayed, A. I.: Fractional fourier transform of 

generalized functions, Integral Transforms and 

Special Functions 7, 299-312 (1998). 

[13] Zayed, A. I.: On the relationship between the 

fourier and fractional fourier transforms, IEEE 

signal processing letters 3, 310-311 (1996). 

[14] Pathak, R. Prasad, A. and Kumar, M.: Fractional 

fourier transform of tempered distributions and 

generalized pseudo-differential operator, 

Journal of Pseudo-Differential Operators and 

Applications 3, 239-254 (2012). 

[15] Ozaktas, H. M. and Kutay, M. A.: The fractional 

fourier transform, in 2001 Euro-pean Control 

Conference (ECC) (IEEE, 2001) pp. 1477-1483. 

[16] Zayed, A. I.: A class of fractional integral 

transforms: a generalization of the fractional 

fourier transform, IEEE transactions on signal 

processing 50, 619-627 (2002). 

[17] Prasad, A. and Singh, V. K.: On pseudo-

differential operator associated with Bessel 

operator, Int. J. Contemp. Math. Sciences 6, 

1237-1243 (2011). 

[18] Prasad, A. and Mahato, K.: On the sobolev 



 
 
 
 

234 
 

Journal of Harbin Engineering University 
ISSN: 1006-7043 

Vol 46 No. 11 
November 2025 

boundedness results of the product of pseudo-

differential operators involving a couple of 

fractional hankel transforms, Acta Mathematica 

Sinica, English Series 34, 221-232 (2018). 

[19] Shekhar, A. and Agrawal, N. K.: Fractional fourier 

transform on sobolev spaces connected to 

negative definite functions, Asian Journal of 

Pure and Applied Mathematics , 112-122 (2023). 

[20] Shekhar, A.: Fractional fourier-bessel type 

transform, in AIP Conference Proceedings, Vol. 

3180 (AIP Publishing, 2024). 

[21]  Shekhar, A. and Agrawal, N. K.: Inequality and 

estimate of generalized pseudo-differential 

operators involving fractional fourier transform, 

in American Institute of Physics Conference 

Series, Vol. 3087 (2024) p. 090001. 

[22]  Shekhar, A. and Agrawal, N.: Generalized 

pseudo-differential operators associated with 

symbol classes involving fractional fourier 

transform, Serdica Mathematical Journal 48, 

247-270 (2022). 

[23]  Hardy, G.H., Littlewood, J.E.: Some new 

properties of Fourier constants. Math.Ann. 97 

(1927), No. 1, 159-209. 

[24]  Persson,L.E.: An exact description of Lorentz 

spaces .Acta Sci. Math. 46 (1983), 177-195. 

[25] M.:”Interpolation of linear operators,” Trans. 

Amer. Math. Soc., 83(1956)482-492. 

 

  


