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Abstract

A high-precision spectral implementation framework is presented for computing eigenvalues of second- and
fourth-order Sturm-Liouville problems on finite intervals. The framework employs the trigonometric
substitution r = cosf to assemble all derivative operations on Chebyshev polynomials entry-by-entry from
closed-form trigonometric identities, bypassing the repeated matrix multiplication that causes the standard
Chebyshev differentiation matrix (CDM) approach to accumulate roundoff at large N, high derivative order,
and in clustered spectral regimes. By reformulating the differential problem as a generalised eigenvalue
system solved via the QZ algorithm, the framework combines numerical reliability with high-order geometric
convergence. Multiple boundary conditions at the same endpoint are incorporated through a node-reduction
procedure; an empirical condition-number study is included to characterise its stability. All numerical
experiments are conducted in MATLAB at 34-digit precision, enabling eigenvalue errors at the level of 1072°
and providing self-convergence verification independent of double-precision saturation. The framework is
benchmarked across six problems including the Coffey—Evans equation and free vibration of exponentially
functionally graded beams, demonstrating good accuracy beyond double-precision references.

Keywords: Chebyshev spectral collocation; high-precision eigenvalue computation; Sturm—Liouville problems;
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1. Introduction Second-order SLPs have attracted a wide range of

L methods:  finite-element  formulations  [8],
Sturm-Liouville problems (SLPs) occupy a o
guadrature-based schemes [9, 10], decomposition
techniques [11], Chebyshev collocation [12, 13],

wavelets [14], homotopy methods [15], Legendre—

foundational role in mathematical physics and
engineering  analysis. Since the classical

contributions of Sturm and Liouville [1, 2],

eigenvalue problems of this type have served as Galerkin—Chebyshev approaches [16], variational

the backbone for modelling diverse physical iteration [17], Hermite interpolation [18], sinc-

. . Galerkin methods [19], polynomial expansion [20],
processes ranging from wave propagation and

. . . high-i igenf i imation [21],
heat conduction to vibrational and quantum igh-index eigenfunction approximation [21], deep

systems [3, 4]. In many settings, separation of learning [22], perturbative approaches [23], and

. . . li LP sol 24]. F h- LP
variables applied to linear PDEs naturally produces generalised SLP solvers [24]. Fourth-order SLPs are

A . more demanding because they require four
a Sturm-Liouville structure, making accurate & y q

. . . boundary conditions, often two at each endpoint.
eigenvalue computation essential [5, 6]. ¥ P

Oscillation theory methods [25], Fliess series [26],

Although some SLPs admit closed-form eigenpairs, iterative methods [27, 28], sampling [29], Fliess-

most practical models feature variable coefficients based approaches [30], matrix methods [31],

or higher-order structure. Numerical methods differential quadrature [32], dynamic stiffness

remain indispensable, and computing high-index methods [33], eigenvalue computations [34],

eigenvalues poses significant challenges [1, 3].
Standard ODE solvers often deteriorate for high-
index solutions, prompting the development of
tailored approaches [7].

Bernoulli-Chebyshev methods [35], fractional
pseudospectral approaches [36], and non-self-
adjoint extensions [37] have all been proposed.
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Pseudospectral methods offer spectral (geometric)
convergence for smooth problems [38, 39]. Among
these, Chebyshev collocation is particularly
attractive [40]. Implementation typically follows
Fornberg [41] or the differentiation-matrices
approach [42]. Taher et al. [5] used Chebyshev
differentiation matrices for fourth-order SLPs;

however, constructing D,E,k) by repeated
multiplication is known to accumulate roundoff
[42], with three distinct failure regimes that
motivate the present framework:

(i) LargeN: Each multiplication of Dy amplifies
rounding errors by a factor O(N) per level, so DIE,‘D
accumulates O(N3e,,.,) error per row for

moderate—large N [42].

(ii)High derivative order: Fourth-order problems
require D,E,A‘) = Dy - Dy - Dy - Dy, the worst case
for matrix-product roundoff; entries of magnitude
O(N®) combine small relative errors into large
absolute errors for high-degree modes.

(iii)Clustered spectra: Near-degenerate
eigenvalues (e.g., the Coffey—Evans triplets in
Example 1) require residuals below 107'3; at
double precision the CDM error floor precludes
their resolution, whereas the entry-wise
trigonometric assembly retains full extended-

precision fidelity.

The present framework addresses all three
regimes by evaluating Y}(k)(cosei) analytically at
each node from the trigonometric chain-rule
formulas, incurring only O(epacn) €rror per entry
without any matrix multiplication. This is a high-
precision spectral implementation framework: the
matrix entries produced are analytically identical
to those of the standard CDM, but the assembly
avoids the product-round of entirely. No claim is
made of a fundamentally new algorithm; the
contribution is a theoretically grounded
implementation optimised for precision-critical
regimes, complemented by complete convergence
proofs and multiprecision benchmarks.

The standard pseudospectral method [39, Chapter

6] assembles Dy directly and constructs D,E,k) by
matrix multiplication. The present method

evaluates Y}(k)(cosei) analytically at each node 6;

using analytical formulas. The two approaches
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yield the same entries up to floating-point
precision; the trigonometric evaluation avoids the
O(N?3) multiplication at each of k — 1 levels and
the associated cancellation error for large N.

The paper is organised as follows. Section 2
presents  notation, formulation, derivative
formulas, and the algorithm. Section 3 establishes
the theoretical framework, including a proof
roadmap. Section 4 gives numerical results.
Section 5 presents convergence analysis. Section 6
gives conclusions. Appendix A contains complete
proofs of the crucial hypothesis of convergence
analysis.

2. Mathematical Formulation
2.1 Notation and Coordinate Map
Table 1: Coordinate map summary
Symbol Domain Meaning

X [a,B] Physical coordinate

T [-1,1] Affinely
coordinate, via Eq. (1)

normalised

6 [0,t]  Trigonometric angle, r =
cos#, via Eq. (2)

h — L—«a

\.ﬁ

[-1,1] Chebyshev polynomial of
degree j

PP  (Om 1% (cosh)
analytically in 6

expressed

ﬁj — j-th  Chebyshev expansion

coefficient
Stage 1 — Affinemap (h = f — «):

x=M+Er, r € [—-1,1]; ﬂ:(z)ni

2 2 dxm h/ dr™

(1)
Stage 2 — Trigonometric substitution:

r=cosf, 6 €][0,r]; T;(cos@) = cos(j).

(2)
2.2 Canonical Problem Statements

Second-order SLP: The standard self-adjoint form
is
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- Y)Y +qx)y=2wx)y, x€lap]

(3)
with p,w > 0 and boundary conditions at x =
a,pB.

Fourth-order SLP: Following Zettl [58, Definition
4.2.1], the standard self-adjoint fourth-order SLP is

P2 ¥")" = (1) ¥) + po(x) y =
Aw(x)y, x€l[apl],
(4)

where p,,w >0 and py,p;,w € C([a,B]). The
weight function w and the potential p, play
distinct roles: p, contributes to the differential
operator on the left; w is the spectral measure on
the right. When p,, w > 0 uniformly, the problem
is regular.

Expanding (4) by writing (p,y")" = p,y™® +

1. n..n

2p,’y" +p,"y" anddividing by p, > 0, we have
Y@ = A y" + A, () Y + A () Y +
A)y+AW(x)y,

(5)

. —2py! —pon
With A =2 g, =8P g =
P2 D2
Py’ _ ~Pbo _
— 4 = T -
D2 D2 P2

(6)

Here A, = —po/p, is the potential contribution
and W =w/p, >0 is the normalised weight.
These two quantities are distinct; any formulation
conflating them is non-canonical.

2.3 Trigonometric Derivative Formulas

The approximate eigenfunction is expanded as

yn(x) = Z?’:o B; T;(r) = Z;y=0 Bj cos(j0).

(7)

We write Pj(k)(Q)E'I}(k)(COSG) for the k-th
derivative of the j-th Chebyshev polynomial

evaluated at r = cosf, expressed as a function of
6.

Lemma 2.1 (Trigonometric differentiation
recursion): Define D = (—sinf)~1d/df. Then
pltD) —D[P(k)] with P = cos(j@). The first
j - j i ’

four levels are:
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[€)) __ Jsin(j#)

F} ) = sing ’
(8)

) _ jsin(j@)cosB—j?cos(j6)sind

F} ) = sin30 ’
)
AOE
3jsin(j@)cos?8-j(j2—1)sin(j6)sin?0-3j2cos(j6)sinfcosd
sin50 !
(10)

A OE

jsin(j@)cosB[15cos?0—(6j%-9)sin?0]+j2cos(j0)sind[(j?—4)sin?6—15cos26]

sin76

(11)
Proof.
We have D[cos(j8)] = jsin(jO)/siné.

Setf = jsin(j8), g =sinf. Then (f/g)' =
(f'g - f9)/9? gives (j%cos(j6)sind —
Jjsin(j8)cos@)/sin?6. Multiplying this by —1/sin8
yields (9).

Set  f =jsin(j@)cosd — j2cos(jA)sinf, g =
sin30. Direct computation gives f'=
(2 — j)sin(j@)sind  and g’ = 3sin®Hcosh.
Forming  (fg™")' = (f'g —fg9)/9* and
multiplying by —1/sin@ vyields (10) after
simplification.

Denote the numerator of (10) by h,. The quotient
rule for h,/sin®@, followed by multiplication by
—1/sind, yields a rational function in sinf and
cosf. Grouping terms by jsin(j@)cosf and
j2cos(j@)sin@  and  collecting  polynomial
coefficients in cos?6 and sin?6 yields (11).

Numerical verification of formulas (8)—(11) is given
in Table 2 which compares Pj(k) (8,) from formulas
(8)—(11) against the (i,j)-entry of the standard

Chebyshev differentiation matrix D,E,k) assembled
by the Trefethen recurrence [39, Chapter 6], for
N = 20, at double precision.

Table 2: Entry-wise verification of formulas (8)-
(11) vs. standard CDM, N = 20

Each entry shows |Pj(k)(ei)— [Df\lk)]ij| (absolute

discrepancy) at double precision (€pach ®
2.2 x10716),
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Formula value CD('\:) entry  nicre
U, i, k P}(k)(ei) [Dx ]” pancy

(3, 5, —2.6180339887 —2.618033988" < 10716
3,5, 1.6180339887 1.618033988’ < 10716

(5, 3, —14.09016994: —14.09016994: 2.8
x 10715

4, 7, 6.1232339957 6.123233995" 3.0
x 10715

(6, 4, 176.999999999 176.999999999 2.2
x 10713

(8, 2, 2911.99999999 2911.99999999 < 10711

Low-order entries (k = 1,2,3) agree to near
machine precision (<3 x 107!%). The largest
fourth-order entries (k = 4, high degree j = 8)
show discrepancies up to 0(10711), consistent
with known roundoff amplification: the entries of
D,E,4) grow as 0(j®) (entry magnitude ~ 2912 for
j=8), and the relative discrepancy =
10711/2912 ~ 3 x 10~*> remains near machine
precision. In 34-digit arithmetic, all discrepancies
reduce to O (&34).

Remark 2.1 (Practical advantage at large N):
Formulas (8)—(11) are analytically identical to
entries of D,E,k). The practical difference is:
constructing D,E,4) by the recurrence D,E,k) =Dy -
DIE,k_l) requires  three O(N3) matrix
multiplications, each contributing O (N &) error
per row. Evaluating (8)—(11) directly at each node
incurs O(&mach) €rror per entry. For the three
failure regimes identified in the Introduction —
large N, high derivative order, and clustered
spectra — this distinction is consequential; Table 4
(Section 4.1) quantifies the improvement for
Example 4.

Lemma 2.2 (Exact endpoint values): At 6 = 0 (r =
1) and 6 =1 (r = —1), where sin6 = 0 makes
(8)—(11) indeterminate, the values are given by the
standard identity [51, §22.14.26; 52, Chapter 2]:

1

T = Gy oG —m?), 2k~
D=1-3--2k-1), (12)

(13)

Explicitly we have

'I}(l)(il) — (il)j+1j2;

(14)

@ _ i 120%-1)
T D) = (1)) =5,

(15)

®) _ i+1 2G2-1)(%-4)
T (D = @D/ ——F—,

(16)

@ _ i 1202124 (2-9)
7} * (D = (1 105 '

(17)
Proof. Formula (12) is established in [51,
§22.14.26] and [52, Chapter 2]. Equation (13)
Ti(-r) = (=1)/T;(r) by
differentiating k times. Equations (14)—(17) are the

follows from

four explicit instances.
2.4 Collocation Points

The Chebyshev—Gauss—Lobatto (CGL) nodes are

1; = cos0;.

(18)

Endpoints: 6, =0 (r=1, x=p0), Oy =m (r =
—1, x = a). CGL nodes include endpoints for
direct boundary enforcement and minimise the
Lebesgue constant to O(logN) [38, Theorem 4.2;
46).

2.5 Collocation System

Using (7)—(11), equation (5) at interior node 6;
becomes

YoB [Pj(4) - A1Pj(3) - Aze-(z) - A3}3_(1) -
A4c0s(j6)](6)) = AX)_o B; W(6))cos(j6;), (19)

where each A4, is evaluated at x(8;). Collectively
this forms the generalised eigenvalue problem

PB=41Q8.

(20)
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2.6 Node-Reduction: Structural Description and
Empirical Stability

Construction 2.1 (Node-reduction for fourth-order
boundary conditions) : A fourth-order SLP has four
boundary conditions B,[y] =0, ¢ =1,23/4.
Remove the four CGL nodes 0,0, 05_1, 0y from
the interior collocation set, replacing those rows
with the four boundary condition equations:

(i)Interior collocation rows: (N + 1) —4 = N — 3,
(ii)Boundary condition rows: 4,

(iii)Total: N+ 1 rows in N+ 1 unknowns — a
square system.

Each boundary row has entries B{;[T]-](rbc)

assembled exactly from Lemma 2.2.

This construction gives the correct system
dimensions and avoids over-determination when
two boundary conditions are imposed at the same
endpoint. It does not constitute a proof of
stability, conditioning, or equivalence to
tau/Galerkin enforcement.

Two standard alternatives to node-reduction are:
(i) the tau method [39, Chapter 12], which
overwrites the last few rows of the collocation
matrix with the boundary conditions without
removing nodes; and (ii) Galerkin enforcement,
which imposes boundary conditions weakly by
restricting the test and trial spaces to functions
satisfying the BCs. Tau and Galerkin methods avoid
the node-removal step entirely and have well-
developed stability theories. The present node-
reduction approach is functionally equivalent to
the tau approach for self-adjoint problems (both
insert boundary-condition rows into a square
system), but maintains the direct trigonometric
assembly structure of Lemma 2.1, which simplifies
the entry-wise evaluation of the derivative
matrices. The collective compactness proof of
Theorem H4 (Appendix A) effectively provides the
stability guarantee that the node-reduced pencil
produces no spurious eigenvalues; an O(N~1)
quadrature error analysis analogous to tau-
method stability is given in Lemma A.4.

To assess conditioning of the node-reduced pencil
empirically, Table 3 reports k(P) =|| P ll,Il P71 |I,
for Example 4 (clamped-clamped beam, p, =1,

Vol 46 No. 12
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p1 = po = 0, w = 1) as a function of N, computed
at 34-digit precision.

Table 3: Condition number k (P) of the CTC

stiffness matrix for Example 4 vs. N
N k(P) Spurious eigenvalues Scaling

20 48x107 0 —

30 12x10° 0 ~ N78
40 13x10° o0 ~ N7
60 3.1x10% 0 ~ N7?
80 3.3x102 o0 ~ N7

The condition number grows as approximately
O(N®), consistent with the 0(j®) scaling of
fourth-order differentiation matrix entries. Despite
this growth, no spurious eigenvalues are observed
at any N, and all returned eigenvalues are real —
consistent with the collective compactness result
of Theorem H4 (Appendix A), which guarantees
that the CTC solution operators map bounded sets
to precompact sets in L2, preventing spectral
pollution. At N = 80 the condition number ~ 1012
is well within the 34-digit arithmetic working range
(€34 = 5 x 1073%), explaining why no precision
degradation is observed in the numerical
experiments.

Remark 2.3: Construction 2.1 successfully handles
all boundary-condition types (Dirichlet, Neumann,
clamped, pinned) across the six benchmark
problems in Section 4. No spurious eigenvalues
were encountered at the N values reported.

2.7 Eigenvalue Extraction

Solving pencil (20) via QZ [45, Theorem 7.7.3]
yields N + 1 eigenpairs. The Q matrix has four
zero rows, producing four infinite eigenvalues
which are discarded. Finite eigenvalues satisfying
[Im(1)| > 107°|Re(1)| are discarded as
numerically non-real.

Remark 2.4: For the self-adjoint problems studied
here, all exact eigenvalues are real (Theorem 3.1).
The threshold 107® is a practical heuristic
calibrated for self-adjoint problems: at 34-digit
precision, genuine eigenvalues of self-adjoint
pencils satisfy [Im(4)| < O(eg,) I P |, well below
the threshold.
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2.8 Algorithm

Algorithm 1: Chebyshev Trigonometric
Collocation (CTC) for Fourth-Order SLP

Input: Coefficients p,, py,po, W in canonical form
(4); domain [a, B]; degree N; boundary condition
types; precision level (default: 34-digit).

Output: Eigenvalue approximations ASN) <--<
A(N)
m

Set h=pf—a; initialise extended-precision
arithmetic; evaluate A4, ..., A4, W from (6).

Compute CGL nodes (18); identify interior set

Gl

Evaluate 13.(")(&-) using (8)—(11) at interior nodes;
use (14)—(17) at endpoints.

Assemble interior block from (19), scaled by
(2/m)*.

Assemble four boundary condition rows from
(14)—(17).

Build P, Q; solve by QZ; filter and sort.
3. Theoretical Analysis
3.0 Proof Roadmap

Before stating the individual results, we outline
the logical structure of the convergence argument
and identify precisely what is new versus what
adapts standard spectral theory.

Standard components: The following results are
standard in spectral approximation theory and are
invoked without modification:

(i) Babuska—Osborn eigenvalue perturbation
theory [54, Theorem 7.3]: for a simple eigenvalue
of a self-adjoint operator approximated by a
collectively compact, pointwise-convergent family

of operators, the eigenvalue error is bounded by

Cy I'yx — Y1(<N) I1Z.

(ii)Bernstein ellipse coefficient decay [53, Theorem
8.2]: if f is analytic on &y, its Chebyshev

coefficients decay geometrically as |cj| < 2Mp/pi.

(iii)Rellich—-Kondrachov ~ compact  embedding:
H%([o, B]) © L2([o, B]) compactly, which is the
mechanism converting a uniform H? bound on
{Exf} into pre-compactness.

The critical novelty specific to the CTC scheme is
Property (F):

(Lyp)(x) = (L°p)(x;) for every polynomial p
€ Py and every CGL node x;.

This algebraic identity — which holds because
formulas (8)—(11) give the exact derivatives of
Chebyshev polynomials, not approximations — is
what distinguishes the CTC scheme from finite-
difference and general collocation schemes, and is
the key mechanism exploited in both (H4) and
(H5):

(i)Why CTC satisfies (H5): Property (F) collapses

the consistency residual LNy,EN) —AkWNy,EN) to

Ley + A Wey, where ey =y,§N) — Yy, is the
polynomial truncation error. For analytic y;
(guaranteed by Lemma 3.1 under (H1)), Lemma
A.2 gives || els,k) o= 0(p'™™), so the residual
decays geometrically. Without Property (F), a non-
vanishing approximation error in the derivative
representation would block this collapse.

(ii)Why CTC satisfies (H4): Property (F) ensures
that the discrete bilinear form ay equals the
continuous coercive form a up to a CGL
quadrature error of size O(N~!) applied to a
polynomial integrand (Lemma A.4). This O(N™1)
perturbation is absorbed for all N > N, (Lemma
A.5), vyielding uniform coercivity and hence a
uniform H? bound on {Eyf} (Proposition A.1), to
which Rellich—-Kondrachov applies.

The proof dependency chain is therefore: Property
(F) = Lemma A.4 = Lemma A.5 = Proposition A.1
= Theorem H4; and in parallel: Property (F) =
Lemma A.2 = Theorem H5. Both threads then
feed into the BabuSka—Osborn estimate, yielding
Theorem Al
convergence). The complete details are in

(unconditional geometric

Appendix A.
3.1 Well-Posedness

Theorem 3.1 (Self-adjointness of the fourth-order
SLP operator): Let (4) be regular and the boundary
conditions be symmetric and separated in the
sense of Zettl [58, Definition 4.2.1]. Define
L:D(L) » Li,([e, B by Ly =w[(py")" -
(p1y")’ + poyl on the natural domain. Then:
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(i) L is self-adjoint on 12,.
(ii) The spectrum is real, bounded below, and
consists of isolated eigenvalues accumulating only
at ~+o00.
(iii) The eigenfunctions form a complete
orthonormal basis for 12,.

Proof. Symmetry: for u,v € D(L), integrating
(p,u™)"v by parts twice yields [ p,u”v" dx plus
boundary terms; the latter vanish under
symmetric separated BCs. Self-adjointness (D =
D*) follows from regularity [58, Theorem 14.4; 57,
§8.4]. Boundedness below: (Ly, y)w =
Pmin/Wma) | Y 12=C Il y I3, Discreteness:
compact  embedding  H? & I? (Rellich—
Kondrachov). Completeness: [56, Theorem 9.4].

3.2 Eigenfunction Analyticity

Lemma 3.1: If p,,p1,Po, W extend analytically to
an open set Q D [a, B] with p, # 0 on Q, then the
eigenfunction yy extends analytically to Q.

Proof. Standard ODE analyticity theorem [56,
Chapter 2]: solutions of a non-singular ODE with
analytic coefficients are analytic on the same
domain.

3.3 Convergence Result

Setting: The Bernstein ellipse £, (p > 1) is the
image of {|z| = p} under r = (z +2z71)/2 in the

complex r-plane. Functions analytic on £, have 1.
Chebyshev coefficients decaying as 0(p~/) [39,
Chapter 8; 53, Theorem 8.2]. 2.
Hypotheses:

(H1): p,, Py, o, W are analytic on &, for some p >

1 (in r-coordinates). 3

(H2): p,,w = ¢y > 0 uniformly on [a, B].
(H3): A, is a simple eigenvalue of L.

(H4): (Collective compactness.) The CTC solution
operators {Ey} form a collectively compact family
in L2, — proved in Appendix A, Theorem H4, via
Property (F) and Lemma A.4.

(H5): (Consistency.) The CTC discrete operator
satisfies || LNy,EN) — Aka,EN) =0 —
proved in Appendix A, Theorem H5, via Property
(F) and Lemma A.2.

Vol 46 No. 12
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Theorem 4.1 (Unconditional geometric
convergence): Assuming (H1)—-(H3), we have, For
every p' €(1,p), the kth eigenvalue
approximation from Algorithm 1 satisfies

P‘k — )\l((N)| < Ck p’_ZN

(21)

for all sufficiently large N, where Cy > 0 depends
on k, p, and the problem data. This result is
unconditional under (H1)—-(H3) (Appendix A,
Theorem A.1).

Proof (Utilizing (H4)—(H5) from Appendix A)
Step 1. By Lemma 3.1, y; is analytic on Ep-

Step 2. Analyticity on &, gives [53, Theorem 8.2]:

2M, (N) 2Mp
| <=L I — II,2< =
ol ol Yie ™ Ve 2= G0)0n

0(p™). (22)

Step 3. Consistency is Theorem H5 (Appendix A).

Step 4. For a simple eigenvalue under (H3)—(H4),
the Babuska—Osborn theory [54, Theorem 7.3]

gives |4 — AN < G Il yie — Y 12+ 0(p"~2Y).
with 1l v — v ll,= 0(p'™) by (22) and elliptic
regularity, (21) follows.

Remark 3.1 (Limitations of Theorem 4.1).

Analytic coefficients only: For C° coefficients, the
rate degrades to O(N ™).

Simple eigenvalues only: For clustered eigenvalues
— such as the Coffey—Evans triplets — the result
applies eigenvalue-by-eigenvalue once the cluster
is resolved, but C;, may be large.

Mode-index growth: C; grows with k because M,
(the maximum of y, on &,) grows for higher
eigenfunctions.

Remark 3.2 (Super-geometric convergence for
entire coefficients): When p,, p;,po, W are entire
(polynomials, exponentials), p is unbounded and
(21) gives convergence faster than any fixed
geometric rate. This applies to Examples 1, 4, 5,
and 6.

Remark 3.3 (Role of extended precision): The
bound (21) predicts errors ~ Cpp'"2V. For the
Coffey—Evans problem at N = 120 with empirical
p = 141 (Section 5), this gives errors ~ Cj -
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1417240 = C, - 10725, below double precision.
Extended-precision arithmetic is therefore a
methodological necessity for validating the
convergence theory, not merely a computational
convenience.

3.4 Fourth-Order Error Bound

Theorem 3.2 (Error bound for fourth-order
eigenvalues): Under hypotheses (H1)—(H3) (with
(H4)—(H5) proved in Appendix A), and with yy €
H*([a, B]), the bound

P‘k - )\1((N)| < Ck pI_ZN(l + N_Z)

(23)

holds for all sufficiently large N, where C, depends
onk, p’, and the H* norm of y.

Proof. The graph norm of L controls || u [+ by
elliptic regularity. The Markov-type inverse
estimate [38, Chapter 5] gives |l y; —y,EN) 4=
O(N*p'~M). Substituting into the Babugka—Osborn
estimate yields |2, —AECN)| < CN8p'2N_ For any
p" € (1,p"), the factor N® is dominated by
(p'/p™?N for all large N, giving (23) after
relabelling.

4. Numerical Results

Computational precision: All computations were
performed in MATLAB using the Multiprecision
Computing Toolbox at 34-digit precision (g5, =
5 x 10735) on a 2.10 GHz CPU with 4 GB RAM. This
precision level is essential for resolving the sub-
10716 errors predicted by the convergence theory;
values marked “(dbl.)” in comparison tables were
obtained at standard double precision by the cited
authors. Absolute errors are Err(1;) = |Ak —

2.

4.1 Comparison with Standard Chebyshev
Differentiation Matrix Method

Table 4: Proposed CTC framework vs. standard
CDM [39] for Example 4 1, =
98.40909103400243 .., both at 34-digit
precision)

Improvement
N CDMerror CTCerror factor

Improvement
N CDMerror CTCerror factor

10 3.2 29x107* 1.10
x 107*
20 1.7 1.5x107% 1.13
x 1078
30 6.0 48 1.25
x 10713 x 10713
40 3.8 <1071 > 3.8
x 10714

The two methods are equivalent at small N. At
N = 40, the CTC framework reaches sub-10~14
error slightly before the CDM, consistent with the
entry-wise assembly avoiding matrix-product
roundoff accumulation (Remark 2.1).

4.2 Example 1: The Coffey-Evans Equation
(Second-Order)

—y" + [2B?%cos?(2x) — Bsin?(2x)]y =y, =x €
[-n/2,m/2], y(xm/2)=0. (24)

At [ = 30: spectral clustering with 4, = 0 and
nearly equal triplets differing in the ninth decimal
place. The potential is an entire trigonometric
polynomial, so Remark 3.2 (super-geometric
convergence) applies. Reference  methods
Neumann Series (Ns), Magnus Series (M), Constant
perturbation method (C)[1] use step-based
integrators at double precision with 500
equidistant steps.

This problem is a well-known benchmark in
Sturm-—Liouville theory due to its highly clustered
eigenvalue spectrum, where multiple eigenvalues
lie extremely close to each other. Such clustering
makes it particularly challenging for numerical
methods to resolve eigenvalues accurately.
Therefore, this example is crucial for assessing the
ability of a method to distinguish near-degenerate
eigenvalues and maintain precision beyond
standard double-precision limits.

Table 5: Absolute errors, Example 1 (f = 30, N =
120, 34-digit precision)

Met Met

hod hod Met

Ns M hod Propo
k  Exact 4, [1] [1] C[1] sed
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Met Met

hod hod Met

Ns M hod Propo
k  Exact A, [1] [1] C[1] sed

1 0.000000000 6.4E- 1.0E- 6.4E- 6.63E
000 9 7 9 -25

2 117.9463076  1.5E- 2.5E- 1.5E- 2.44E
62069 8 7 8 -13

3  231.6649292 1.6E- 7.9E- 1.6E- 9.66E
37127 9 8 9 -14

4  231.6649293 3.4E- 1.6E- 3.4E- 1.95E
12961 8 7 8 -14

5 231.6649293 2.3E- 2.3E- 2.3E- 8.56E
88795 9 7 9 -14

6  340.8882998 1.5E- 2.5E- 1.5E- 2.75E
09613 8 7 8 -14

1438.295244  2.5E- 2.8E- 2.5E- 4.46E
1 640802 9 8 9 -13

3060.923491 4.5e- 8.8E- 4.5E- 5.70E
1 511421 10 9 10 -13

1 10653.52543 1.1E- 5.5E- 1.1E- 1.67E
5875921 10 10 10 -13
1

The error for A, =0 at 6.63x107%5 —
inaccessible to double-precision methods —
confirms super-geometric convergence (Remark
3.2) and illustrates the clustered-spectra regime
identified in the Introduction. The triplet
(A3, 4, 15) — differing only in the ninth decimal
place — is resolved to < 1073 errors; Proposition
1 applies to each eigenvalue individually with a
large but finite Cj,.

4.3 Example 2: Second-Order SLP with Variable
Coefficients

y'+e*y =21y, xe€l0,n], y(0)=y(m) =0.

(25)

This example represents a class of problems with
non-constant coefficients, which frequently arise
in practical physical models. Unlike constant-
coefficient cases, variable coefficients introduce
additional complexity in both analytical and
numerical treatment. It serves as an important test

Vol 46 No. 12
December 2025

for evaluating the robustness and general
applicability of the proposed method to realistic,
non-uniform systems.

Table 6: Numerical eigenvalues for Example 2
(N = 60, 34-digit precision)

Bounds
kA [16] [13] ICC[13] Proposed
1 4.8966 4.8966693' 4.896669 4.896669
693799 37997206 37996769
6

2 10.045 10.045189! 10.04518  10.04518
189893 98932573 98932537
25 0 4

4 23.266  23.266270' 23.26627  23.26627
270940 09400248 09400223
02 4 4

6 43.220 43.220019: 43.22001  43.22001
019640 96405329 96405341
53 2 4

8 71.152  71.152997! 71.15299  71.15299
997537 75370528 75370578
06 5 2

1 107.11 107.11667 107.1166  107.1166

667613 76138271 76138267
83 30 80

1 263.07 — — 263.0750
506796 67960127
01 81

2 407.06 — — 407.0652
523526 35267339
73 44

All proposed values fall within the rigorous
inclusion bounds of Yuan et al. [13]. The modest
discrepancies from ICC [13] at the 15th significant
digit arise because ICC used double-precision
arithmetic.

4.4 Example 3: Semi-Periodic Boundary
Conditions (Second-Order)

y"+10cos’(2x)y = Ay, y(-m/2) =y
(n/2), ¥y'(-m/2)=y'(=/2). (26)
Problems with semi-periodic or mixed boundary

conditions are important in modelling wave
propagation and periodic structures. These
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boundary conditions often lead to closely spaced
eigenvalues and careful numerical
handling. This the method’s

capability to accurately incorporate non-standard

require

example tests

boundary conditions while preserving spectral

accuracy.

Table 7: First ten eigenvalues for Example 3 (N =

30, 34-digit precision)

k Bounds [13] Ay [16] Proposed

1 —5.79008059 —5.79008059¢ —5.79008059¢
2 1.858187541! 1.8581875415 1.8581875415
3 9.236327713¢ 9.2363277136 9.2363277136
4 11.54883203¢ 11.548832036 11.548832036
5 25.51081604¢ 25.510816046 25.510816046
6 25.54997174¢ 25.549971749 25.549971749
7 49.26138311: 49.261383111 49.261383111
8 49.26145490¢ 49.261454908 49.261454908
9 81.15645495! 81.156454955 81.156454955
1 81.15645499:. 81.156454992 81.156454992
0

All values fall within the rigorous bounds of [13].
The nearly equal pair (1,,Ag) is resolved to <
10~ errors.

4.5 Example 4: Fourth-Order SLP with Constant
Coefficients

y® =2, x€[01], y(0)=y(©)=yQ1)=
y'(1) =o. (27)

Fourth-order problems arise naturally in
applications such as beam theory and structural
mechanics. This example is significant because it
involves higher-order derivatives, which are known
to amplify numerical errors in traditional
approaches. It provides a stringent test of the
framework’s ability to handle high derivative
without loss especially

orders of accuracy,

compared to standard differentiation matrix

methods.

In canonical form (4):p, =1, p, =p, =0, w = 1.

Exact eigenvalues: A = up where

cos(u)cosh(u) = 1.

Vol 46 No. 12
December 2025

Theorem 4.1. The operator Ly =y™® with
clamped-clamped conditions is self-adjoint and

definite:  {(Ly,y) = folly"l2 dx =c |
y II>> 0 by the Poincaré inequality for clamped

positive

functions. The spectrum is Ay = pp 7+ [58,
Theorem 14.4].

Table 8: Eigenvalues for Example 4 (N = 40, 34-
digit precision, absolute values)

Meth

od A Ay A3

FDM  98.40512... 1559.29... 7888.25...

FDM  98.4090908 1559.54546 7891.13637

C 0..

MN 98.4090905 1559.54545 7891.13638

MC 3.

BVM  98.4090869 1559.54545 7891.13637

10C 7...

Prop  98.4090910 1559.54545 7891.13637

osed 3400242 6544039 3754197

Exact 98.4090910 1559.54545 7891.13637
3400243 6544039 3754197

Meth

od Ay As e

FDM  5495.996.. 6427.316.. 26112.663...

FDM  6088.068... 9740.909... 15585.454...

C

MN 6088.068...  9740.909... 15585.454...

MC

BVM  6088.068... 9740.909... 15585.454...

10C

Prop 6088.06819 9740.90910 15585.4545

osed 9625152 4400244 65540390

Exact 6088.06819 9740.90910 15585.4545
9625152 4400244 65540390

The CTC framework matches all displayed digits of
the exact eigenvalues. Agreement at 14-15
significant figures at N = 40 confirms the super-
geometric convergence of Remark 3.2 and

illustrates the high-derivative-order regime

identified in the Introduction.
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4.6 Example 5: Fourth-Order SLP with Variable Ak [5] A [6]
Coefficients BC k (dbl.) (dbl.) Proposed
y® 4 0.02x2y" + 0.04x y" + (0.0001x* + Ca 1 0.8669025 0.8669025 0.8669025023
0.02)y' = Ay, x €0,5]. se 02392 02400 997065

(28) 1

This example combines the challenges of higher-
order differential operators and variable
coefficients, making it substantially more
demanding than earlier cases. It is particularly
useful for evaluating stability, convergence, and
self-consistency of the method. The inclusion of
different boundary condition types further
demonstrates the flexibility of the approach.

Boundary conditions: Case 1 (pinned-pinned): y =
y" =0 atx = 0,5; Case 2 (free-free): y = y" =0
at x = 0,5. All coefficients are polynomial, hence
entire, so Remark 3.2 applies.

Self-convergence for Case 2, k=5. Table 9
provides internal self-convergence validation by
showing monotone digit stabilisation at increasing
N, constituting an internal consistency check
independent of external benchmarks.

Table 9: Self-convergence for Example 5, Case 2,

A5 (34-digit precision)
N  Proposed Ag Change from N — 10

20 99.05344780742... —

30 99.053447806348985 1.1x107°
40 99.053447806349012 2.7 x 10714
50 99.053447806349013 < 10715

The value stabilises to 99.053447806349013 ...
by N = 50, with successive changes decreasing by
five orders of magnitude each step — the pattern
expected from geometric convergence. The
discrepancy from Taher et al. [5]
(99.05347803835, differing in the 6th digit) is
consistent with the double-precision limit of that
computation. The discrepancy from Huang et al.
[6] (99.05648209545, differing in the 4th digit)
likely reflects the lower resolution of that method
for this higher mode.

Table 10: First five eigenvalues for Example 5
(N = 30, 34-digit precision)

Ca 2 6.3576864 6.3576864 6.3576864481
se 48144 47870 458948
1

Ca 3 23992746 23.992746 23.992746850
se 85033 94654 302341
1

Ca 4 64978667 64.978695 64.978667595
se 59484 59404 017299
1

Ca 5 144.28062 144.28413 144.28062692
se 68838 96046 744928
1

Ca 1 0.2150508 0.2150508 0.2150508643
se 6432 6437 6971553
2

Ca 2 2.7548099 2.7548099 2.7548099346
se 3362 3469 830347
2

Ca 3 13.215351 13.215351 13.215351540
se 54058 54730 558118
2

Ca 4 40.950819 40.950823 40.950819759
se 75814 19826 161487
2

Ca 5 99.053478 99.056482 99.053447806
se 03835 09545 349013
2

Reference labels “(dbl.)” denote double-precision
computations from those papers.

4.7 Example 6: Free Vibration of Exponentially
Functionally Graded Beams

The governing equation in canonical form (4) with
p,=e",py=p, =0,w=e"is

(e*W")" + A12e¥*W =0, x €]0,1].

(29)

Since e¥* is entire, super-geometric convergence
(Remark 3.2) applies.
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This problem is motivated by real-world B Method
engineering applications involving functionally C y k [37] Method [4]  Proposed
graded materials, where material properties vary 3 894052 89.4052081 89.4052030
spatially. Such models are critical in modern 0 5 5
structural design and vibration analysis. This
example highlights the method’s effectiveness in 0 4 158596 158.598100 158.596890
handling complex, physically relevant systems and 89 59 7
accurately computing frequency parameters 0 5 247486 247.590793 247.486299
essential for engineering applications. 29 31 5
_ - nmyn
Theorem 4.2. The operator TW = —e™"*[e"*W"] 1 1 841048 8.41047574 8.41047574
is self-adjoint and positive definite on LZyx([0,1])
under CC or PP boundary conditions. The
eigenvalues A2 are real and positive. [Follows from 1 2 410705 410705582 41.0705582
Theorem 3.1 withp, =w =¢e¥* > (.] = 6 2 2
Table 11: Frequency parameters 12 for EFG beams 13 911735 911795802 91.1795819
(N = 22) 8 8 5
B Exact Method 1 4 160.664 160.663830 160.663589
C [47] [35] Proposed >3 01 0
C 22.93773  22.937727 22.9377267 1 5 249.734 249.947698 249.734726
C 7 74 95 4
C 62.42273  62.422732 62.4227321 For PP beams with y = 0, the exact frequency
C 7 equation of Li et al. [47] yields A; = 9.4873 ..,
agreeing with method [4] and the present
¢ 121.7227  121.72273  121.722732 computation. The value 9.84725 reported by
¢ 3 2 3 method [37] is inconsistent with the exact
C 200.7186 200.71860 200.718609 reference; [37] employs a non-self-adjoint
C 1 9 3 formulation that may reflect a different
normalisation convention. For PP beams with y =
C 24.78955 24.78955 24.7895502 1, higher modes (k = 4,5): cross-method
¢ 3 differences have not been independently verified
C 64.70943 64.709434 64.7094342 and are left as an open question.
¢ 6 5. Convergence Analysis
¢ 124.1958  124.19582  124.135826 5.1 Observed Convergence Rate (Coffey—Evans,
C 3 6 0
A1)
¢ 203.3035  203.30351  203.303510 Table 12: Convergence history, Example 1 (f =
¢ 1 ! ? 30,1, = 0)
Ratio / 20 Empirical p via
B Method N Err(4,) nodes (30)
C [37] Method [4]  Proposed 20 ~ 10-6 — —
9.84725 9.48725368 9.48725367 40 ~ 10-12 ~ 106 ~ 141
6
60 ~ 10718 ~ 10° ~ 1.41
P 39.8523  39.8523159 39.8523159
P 2 7 67 80 ~ 10722 ~ 10* =~ 1.26
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Ratio / 20 Empirical p via

N Err(4,) nodes (30)
120 6.63 — (precision
x 10725 plateau)

The empirical Bernstein ellipse radius is estimated

as

) Erry, 1/(N2—Nyp)

p-= (Erer) ’
(30)

giving p =104~ 141 for N €[20,60],
consistent with the trigonometric potential having
large but bounded analytic extension.

5.2 Computational Cost

The dominant cost is the QZ solve: O(N?) for an
(N +1)x (N+1) pencil [45]. Matrix assembly
costs O(N?). At N =120, total wall time
(including multiprecision evaluation) is under 5
seconds on the test platform.

6. Conclusions

This work has developed a high-precision
Chebyshev  Trigonometric  Collocation (CTC)
framework for the numerical solution of second-
and fourth-order Sturm-Liouville eigenvalue
problems, addressing several long-standing
limitations of classical spectral differentiation
approaches. The study establishes both theoretical
rigor and computational reliability, making the
framework suitable for precision-critical
applications in spectral analysis and engineering

models.

The formulation of the fourth-order problem in
AEZ canonical form provides a structurally clean
separation of the potential and weight functions,
enabling a transparent operator-theoretic
interpretation and  facilitating  subsequent
convergence analysis. Within this setting, the
proposed CTC framework constructs
differentiation  operators  entry-wise  using
trigonometric identities, thereby avoiding matrix-
product accumulation errors. This directly resolves
the three principal failure regimes of conventional
CDM approaches—namely large spectral order N,

high derivative order, and spectral clustering.

An important practical contribution is the node-
reduced square-system construction, supported by
an empirical conditioning study. While the
approach demonstrates favorable numerical
stability and connects naturally with tau and
Galerkin enforcement strategies, a complete
theoretical characterization of conditioning
remains an open question.

The use of extended-precision arithmetic (34-digit)
plays a crucial role in validating the theoretical
predictions, allowing the observation of errors
below 1076, This highlights the necessity of the
proposed formulation for high-accuracy regimes
where standard double-precision CDM

implementations become unreliable.

Finally, the well-posedness of the continuous and
discrete problems is rigorously established,
including self-adjointness and the existence of a
real, discrete spectrum for general fourth-order
operators, with specific verification for the
clamped-beam and EFG beam models.
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Appendix A: Proofs of Hypotheses (H4) and (H5)
for the Chebyshev Trigonometric Collocation
Scheme

Companion technical appendix to Section 3 of the
main paper:

A.1 Overview

This appendix provides complete proofs of the two
technical hypotheses that underpin Theorem 4.1.

Hypothesis (H5) — operator consistency at rate
0(p'™) — is proved in Theorem H5 by exploiting

Property (F): the trigonometric derivative formulas
(8)—(11) evaluate the differential operator exactly
at collocation nodes for any polynomial, reducing
the consistency residual to a pure polynomial
truncation error that decays geometrically for
analytic eigenfunctions. Hypothesis (H4) —
collective compactness of {Ey} — is proved in
Theorem H4 by establishing a uniform H? bound
on {Ey} via discrete coercivity of the CTC bilinear
form (using Property (F) and Clenshaw—Curtis
quadrature theory), followed by the Rellich—
Kondrachov compact embedding theorem.
Together, Theorems H4 and H5 make Theorem 4.1
unconditional under (H1)—-(H3).

A.2 Background, Notation, and Statement of
Results

A.2.1 Setting

We work with the fourth-order Sturm-—Liouville
problem in AEZ canonical form

Lyl = () y")" = @:1(x) y) +po(x)y =
Aw(x)y, x € [a, B], (A.1)

with p,, w € C([a, B]), p2(x) = Pmin > 0, w(x) =
Whin > 0, and separated symmetric boundary
conditions. We identify £ with the self-adjoint
operator established in Theorem 3.1.

After the two-stage coordinate change x » r €
[—1,1] followed by r = cos@, equation (A.1) takes
the expanded form

y(4) =A;(0)y" +A,(x0) y" + As(x) y' +
Ay()y +AW(X) y,
(A.2)

with coefficients A;, A, A3, A4, W as defined in
equation (6) of the main paper, and W(x) =
w(x)/p2(x) > 0.

A.2.2 The CTC Scheme: Precise Definition

Polynomial space: Let P2¢ denote the space of
polynomials of degree < N satisfying the four
boundary conditions B,[y] =0, £ =1,2,3,4. Its
dimensionis N — 3.

CGL nodes: The interior collocation set (after
node-reduction) is Jy = {6;:i =2,...,N — 2}, of
cardinality |7y| = N — 3.

Notation for Wy: Throughout this appendix, Wy
denotes the nodal evaluation of W(x) =
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w(x)/p,(x) at the collocation nodes: (Wy); =
W(x;) for 6; €Jy. It is the diagonal matrix

diag(W (xy), ..., W (xy_2)).

The Exactness Property. For any polynomial p €
Py with Chebyshev expansion p = Z?’zoﬁjTj(r)
and any interior node 68; € Jy, the following is an
algebraic identity:

dak
£ |T=Ti = Z?]:O ﬂ] [;(k)(gl), k= 1,2,3,4-

drk

(A.3)

This is not an approximation: Pj(k)(G) is by
definition the exact k-th derivative of T;(r) with

respect to r, expressed as a function of 8 =
arccosr.

The CTC differential operator. Define Ly: PS¢ —

RN by
d*p d°p
(LNP) (61) = ﬁ |xi - Al(xi) @ |xi
d’p dp
— Ay (x;) dx2 |, — A3 (x;) dx |x; — Ay(x) p(xy),
(A.4)

By the Exactness Property (A.3), entries of Lyp are
assembled from formulas (8)—(11) exactly. A
pivotal consequence is that for any p € Py and
every 0; € Jy:

(Lyp)(6:) = (Lp)(xp),

(A.5)

where L°:=0% —A,;03 —A,0%2—A;0,— A, is
the expanded continuous differential operator.
Property (F) (equation (A.5)) states that the CTC
discrete operator coincides with pointwise
evaluation of the exact continuous operator on
polynomials.

The CTC eigenvalue problem: Find u, € P2¢ and
A € R such that

(Lyuy)(6) = AW (x)uy(x;),  V6; €Iy,

(A.6)

which in matrix form is the generalised eigenvalue
problem PB = AQp of the main paper.

Vol 46 No. 12
December 2025

A.2.3 The Hypotheses to be Proved

(H4) Collective compactness: The family {Ey}ysy,
is collectively compact in L%, ([a, B]).

(H5) Operator consistency: For every p’ € (1, p),

I LNyIEN) — AWy YIEN) lez(gyy= 0
(™) asN - oo,
(A.7)

A.2.4 Main Results

Theorem H5 (Section A.3): Under (H1)-(H2), the
CTC scheme satisfies (H5) for every p' € (1,p),
unconditionally.

Theorem H4 (Section A.4): Under (H1)-(H2), {Ex}
are collectively compact in L?,, unconditionally.

Theorem A.1 (Section A.5): Under (H1)—(H3),
| A — Ach)| < Cep' "N for every p'€(1,p),
unconditionally.

Remark A.0 (Indispensability of (H1)). Analyticity
of the coefficients on €&, is the essential
assumption separating geometric from algebraic
convergence. For coefficients with only finite
Sobolev regularity (p,, w € C*), both (H5) and the
convergence rate degrade to O (N ~%).

A.3 Proof of Hypothesis (H5): Operator
Consistency

A.3.1 Chebyshev Approximation Theory for
Analytic Functions

Lemma A.1 (Geometric coefficient decay): If
f:[=1,1] - R extends analytically to £, with M,
i= maxgplfl < oo, then its Chebyshev coefficients

satisfy
2M ,
(A.8)

Proof. By contour integration on &,; see [53,
Theorem 8.2].

Lemma A.2 (Geometric decay of derivative
approximation errors): Under the conditions of
Lemma A.1, the truncation error ey = f — f®™) =
— 2>~ ¢ T; satisfies, for any p' € (1,p) and any
integer k > 0,
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Ckp.pr Mp

]

(k)
Fey” liog-1ay = =%

(A.9)
where Cy , ,r < 0 depends on k, p, p' but not on
N.
Proof. From Lemma A.1, |¢;| < 2M,p~/ for j > N.

The Markov-type bound || Y}(k) o< j2K [55,
Proposition 5.4.1] gives

ley o < 2M, Xy j2 p.

(A.10)

For p' € (1,p) write p~/ =p'~/ - (p'/p)’. Since
p'/p < 1, the tail satisfies

Yisn i (0'/p) < Cipp (01PN,

(A.11)

from the standard estimate Zj>Nj2k q’ < Ck‘qu
for 0 < q <1 [53, Chapter 8]. Combining gives
(A.9). =

A.3.2 Proof of Theorem H5

Theorem H5 (Operator consistency): Assume
(H1)—(H2). For every p' € (1, p),

Ly = L Wy 3 N2y = 0G0™™).

(A.12)

Proof.

Step 1 — Apply Property (F). Since y,EN) € Py,
Property (F) (equation (A.5)) gives at every node
Hi € jN:

(Layi™)(0) = 1w () v (x:) =

(LMY ) = 4w () 7 ().

(A.13)
Step 2 — Add and subtract the exact
eigenfunction. Since y, satisfies L°y, = 4, Wy,
exactly, writing ey : = y,EN) — Yk =—XjsnG T

Loy () = W )y () = [Len](x) +
[Loy — LWy ](x;) + AkW(xi)[Yk(xi) -

YIEN) (xi)]-

(A.14)

This simplifies to

(Lyy™)(6) = MW )y (x) = [Loen](x) +
AW (x;) ey (x;). (A.15)

Step 3 — Pointwise bound. Using the triangle
inequality:

|[£oen] )l < el oo +I1 Ay leo]|e$ Nl +1I
Ay ol e oo +1l Ag llyeoll 5 llyeo +11 Ay llyoll

eN "L°°.
(A.18)

The L* norms of A4,..,A, are finite by (H1).
Applying Lemma A.2 at each level k = 0,1,2,3,4:

|[L°eN](xi)| < CL,p,pr Mpp’_N

(A.19)

uniformly over all 0; € Jy. Similarly
[ W (xey (x| = 0(p"™).

Step 4 — Discrete £ norm. With |7y| =N —3
nodes and quadrature weight h/N:

h
I Laye” = B Wayi™ Wz < (N =3) -
C2p'2N < hC?p7?N. (A.20)

Taking square roots gives 0(p' ™). =

Remark A.1. The residual collapses to L°ey
precisely because Property (F) gives exact
pointwise evaluation of L° on polynomials.
Without this exactness, a non-vanishing
approximation remainder would prevent the
geometric rate.

Remark A.2 (Rate p’ vs p). The exponent p' < p
appears because of the polynomial factor j2* in
the Markov bound. The estimate holds for every
p' € (1, p) with a constant growing as p’ = p.

A.4 Proof of Hypothesis (H4): Collective
Compactness

Intuitive meaning: Collective compactness of {Ey}
means the entire family maps any bounded set to
a single precompact set uniformly in N. In the
spectral approximation context, this prevents
spurious eigenvalues. The Anselone theory [60,
Chapter 2] guarantees that collectively compact,
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pointwise-convergent approximations produce
eigenvalue estimates converging to genuine
eigenvalues of the limit operator.

A.4.1 The CTC Solution Operator

Fix u € C in the resolvent set of L. For N > N,,
define Ey: L2,([a, B]) = P2 by Eyf = uy, where
uy € PEC satisfies

(Ly — uWy)(uy)(6;) = W(xy) f(xp), vo; e
Iy (A.22)
A.4.2 Continuous Bilinear Form and Coercivity

Define the symmetric bilinear form on
Hipc(la, B]) 1= {u € H*:B,[u] =0, £ = 1,2,3,4}
by

mn._.n

a(w,v) := ff[pzu v +p U v+
pouv] dx — uffw uvdx.
(A.22)

Lemma A.3 (Coercivity of a). For u in the resolvent
set, there exist y, > 0 and Cy = 0 such that

awu) 2 yo lu"llz = Co lullz,  Vue
Hi g (A.23)

Proof. Using p, = Prmin > 0 and the Poincaré—Korn
inequality Il u' 122< Cp Il u” 1172 [59, §5.8):

a@,w) = Pmin—ll p1 = Cp) 1" If2= Cy |l
u 2. (A.24)

Setting Yo = Pmin—Il P1 lle Cp > 0 completes the
proof. =

A.4.3 Consistency of the Discrete Bilinear Form
Define

h
ay(uy,vy) = ﬁZeiejN [((Ly — uWy) (uy)(6))] -
vy(x), uy,vy € PRC. (A.25)

Lemma A.4 (Discrete bilinear form consistency):
For any uy, vy € PEC,

ay(uy, vy) = a(uy, vy) + Ry(uy, vy),

(A.26)

where |RN| < NN I Uy ”HZH Un ”HZ with NN <

CquadN_l - 0.

Proof. By Property (F) (A.5), the relation
(Lyup)(6;) = (Loupy)(x;) holds exactly.

Therefore ay(uy,vy) equals the CGL nodal
quadrature rule applied to g(x)=[(L°—
uW)uy](x) - vy (x), a polynomial of degree < 2N.
By Clenshaw—Curtis convergence theory [53,
Theorem 19.3]:

C C
IRy (uw, va)l < 25 Ml g llyn < 222 C 1l

uy gzl vy 2. (A.27)

Setting Ny = CquadC - N~ completes the proof. =
A.4.4 Uniform Discrete Coercivity

Lemma A.5. There exists Ny:=min{N:ny <
Yo/ (2Cy2)} < oo such that for all N = Ny and all
uy € PEC,

Yo 2 2
ay(uy,uy) = > I uy” 72— (Co+1) lluy "Lﬁ/'

(A.28)

Proof. From Lemmas A.3-A.4 and |l uy ||212S

2 2
Crz (Il uy"” 172 +1 uy 1%2):

"2

ay(uy,uy) = (ro —nnCy2) luy” lI2—
2 Yo "2

(Co + nNCHZ) I Uy ”L%/v = > I Uy ”Lz_

(Co+ 1) lluy lifz-

(A.29)

A.4.5 Uniform H? Bound and Collective
Compactness

Proposition A.1 (Uniform stability): Forall N > N,
and f € L3, | Enf lly2< Csan | f llyz, with Copap
independent of N and f.

Proof. Set uy = Eyf, test against uy, apply
Cauchy-Schwarz, Young’s inequality, and the
Poincaré estimate || uy "12}“,5 Cp Il uy" %2 to get |l

uy" 2< \/8C; /v, Il f 2, Poincaré estimates for
lower derivatives complete the H? bound. Uniform
coercivity also confirms Ej is well-defined for N >
Ny. =

Theorem H4 (Collective compactness): The family
{En}nsn, is collectively compact in L%, for any
bounded B c L2, the image set Fg:={Eyf:N =
Ny, f € B} is precompact in L2,.

Proof. By Proposition A1, F5 S X :={u € H?:||
u lly2< CsapR}. By the Rellich-Kondrachov
theorem [59, Theorem 6.3], H?([a,f]) ©
L?([a, B]) is compact; the same holds for L2, since
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w is bounded above and below. Therefore X is
precompact in L2,. =

A.4.6 Pointwise Convergence of Ey

Proposition A.2 (Pointwise convergence): For any
f €L, WEyf—Efllz—0 as N — oo, where
E=(L-pt

Proof. let u=Ef € H*, uy = Eyxf, u®™ the
degree-N truncation of u. The error ey = uy —
u™  satisfies ay(ey,vy) < 8y Il vy 2 where
6y = 0 by Lemmas A.4 and A.2. A bootstrap via
Lemma A.5 and Poincaré gives || ey |2< Céy —
0. Therefore lluy —u IIL‘z”SII EN "L5v +l ey ll2—
0.

A.5 Corollary: Unconditional Geometric
Convergence
Theorem A.l (Unconditional geometric

convergence): Under (H1)-(H3), the CTC
eigenvalue approximations satisfy

e = A1 < Gep'™N

(A.30)

forevery p' € (1, p) and all sufficiently large N. No
additional hypotheses beyond (H1)-(H3) are
required.

Proof. By Theorem H5, (H5) holds with rate
0(p'™™). By Theorem H4 and Proposition A.2, the
hypothesis (H4) holds with pointwise convergence.

Babuska—Osborn [54, Theorem 7.3] then gives
|Ak — AECN)| < Cy ll yi —y,EN) II%. By graph-norm
equivalence [I-ll;~Il-ll;+ and Lemma A.2 at k = 4,
|y — y,EN) ;= 0(p'~N). Squaring gives (A.30).

Remark A.3 (Second-order case): Theorems H4
and H5 hold verbatim for the second-order CTC

scheme (formulas (8)—(9) only), with H? replaced
by H'.

Remark A.4 (Fourth-order error bound):Theorem
3.2 of the main paper also becomes unconditional
under (H1)-(H3): |4, — AE(N)| <Cp?N1+N?)
forevery p’ € (1, p).

A.6 The Role of the Exactness Property

Both proofs rest on the single algebraic identity,
Property (F):

Lyp)(x) = (L°p)(x) for every p
€ Py and every CGL node x;.

For (H5): Property (F) collapses the residual to
L°ey + A4 Wey, which decays geometrically by
Lemma A.2.

For (H4): Property (F) equates ay to a plus a CGL
quadrature error on a polynomial integrand of
degree < 2N. Clenshaw—Curtis theory gives
O(N™Y) decay (Lemma A.4), yielding uniform
coercivity, hence the uniform H? bound of
Proposition A.1 and collective compactness via
Rellich—Kondrachov.

The CTC scheme is theoretically superior to
algebraically-convergent  finite-difference  and
finite-element methods for SLP eigenvalue
problems with analytic coefficients precisely
because the entry-wise exactness of formulas (8)—
(11) enables both of these mechanisms
simultaneously.

359



