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Abstract:

This paper investigates the oscillatory behaviour of solutions to a class of third-order nonlinear neutral delay
differential equations of the form:

(e®Q" ®) +a®f (b)) =0, t >t
where the neutral term is defined as:
Q(t) = x(t) + R(t)x(I(t)),
We operate under the assumption that the canonical integral condition

ft?p_l(s)ds‘:ooholds, ensuring the divergence of the potential function. By employing Riccati

transformation techniques and integral inequality methods, we establish new sufficient conditions that
guarantee all solutions are either oscillatory or converge to zero. This work accounts for the nonlinear
functional f, assuming only that f(u) =0, u 2k >0 for u # 0. The results further incorporate the
commutativity of delay operators I(t) & b(t) satisfies |°b = b ° [ to simplify the estimation of the neutral
coefficient R(t). Our findings extend and complement existing criteria in the literature.

Keywords: Oscillation Criteria, Third-order Differential Equation, Nonlinear delay, Neutral equations, Riccati
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1. Introduction
In this paper, we consider the third order non-linear delay differential equation of the form
(e(®Q" ®) +a®Of &(b(®)) = 0,t =t (1.2)
where the neutral term is defined as:
Q(t) = x(t) + R(t)x(I(t)) , (1.2)

and the following hypotheses are satisfied:

(Hy) 0,a,R € C([ty, ®),R), b€ C*([ty, ), R), 1 € C([to, ), (0,0)),and a(t) > 0;

(Hy) 0 >0, f;;og'l(s)ds =ocand0 < R(t) <R, < x; (1.3)
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(H3) b(t) <t 1) <t U'(t) =1, >0, tlim b(t) =}im I(t) =, andl°b=b°l (1.4)

A solution of (1.1) is defined as nontrivial solutions of (1.1) x € C([¢t,, o), [0, ©)) with

ty = to, which satisfies (1.1) and o(Q"") € C([ty, ), (0, ©)) on [t,, o). Those solutions of (1.1) exist on some
half-line [t,, ) and satisfy sup {|x(t)| : t, <t < oo} > 0 forall

tq = ty. A solution x is called oscillatory if it becomes either positive or negative. Otherwise, it is called a non-
oscillatory solution.

2. Preliminary results:

The following lemmas play a fundamental role in proving the subsequent results.
Lemma 2.1. [3, Lemma3] Suppose that g;, g2, g3 € C([ty, ), R), th_)rrolo g1(t) exists,

gs(t) <t
tll)r?o gs(t) = oo forallt € [ty, ),
and
tll_)rg infg,(t) > —1.

Moreover, assume that there is a function y€ C([t,,®),R"), where t, = MiNge[ey 0)1g3(0)},
such that y(t) — g,(t) — gz(t)y(gg,(t)) =0, for all t € [t,, o),

If }im sup y(t) > 0, then

tlim g1(t) > 0.

Lemma 2.2.[7] Assume that x is a non-oscillatory solution of (1.1). Then the corresponding function Q satisfies
Qt)>0,Q"(®) >0, (e(®)(@Q"®))) <0
Moreover, there exist only two possible cases for the derivative of Q:
Q'(t)<o0 (2.1)
and Q(®)>0 (2.2)

Theorem 2.1: [11] Suppose b(t) is non- decreasing function such that b(t)>t for t < t, and f € C(R,R) and
yf(y)> 0 for y # 0 suppose that f satisfies the following condition

lim supL=M,OSM<oo (2.3)
ly|-0 f)
If }im inf f:(t)p(s)ds > % hold, (2.4)

then all solutions of (1.1) oscillate

Suppose that M > 0. Then, by virtue of (2.3) we can choose t, > t; such that
fly(t) = = y(&) forallt > t, (2.5)
In 2025, Asma Al-Jaser [6] considered the following equation

(e(®Q" () + a®)(x(b(®))) = 0,t > t, (2.6)
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We say that (2.6) has property F if any solution x of (2.6) is either oscillatory or satisfies
x(t) > 0ast > o (2.7)
3. MAIN RESULTS

In the section, we will adopt the following notation:
t _
Pi(t, t1) = ftl 0 ' (s)ds,

Bolt,t) = [ J] @7 wduds,
and a (t) = min{a(t), a(l(t))}. (3.1)
Lemma 3.1. Suppose that x(t) > 0 is a solution of Eq (1.1) and

gim x(t) # 0. (3.2)

If ft"f (7 (1w) f,” & (s)ds) dudv > 2M (3.3)
then (2.2) holds.

Proof: Let x > 0 be a solution of (1.1). From (1.2), we see that
(@ ®)) = —a®f (x(b®)) <0
Using I(t) < t, we have Q(t)(Q”(t)) < p(l(t))(Q”(l(t))). (3.4)
Hence, (o(t)(Q" (t)))" < 0 has one sign. Also Q''(t) has one sign, and so either
Q"(t)>00rQ"(t) <O0fort=>t;.LetQ"(t) < 0.Then thereis a constant N > 0 such that
o®(Q"®)+N <o0. (3.5)
Integrating (3.5) from t; to t, we get
Q®) - Q'(t) < N [} o7M(s)ds.
Therefore, tlLrg Q'(t) = —o0. Using the fact that Q'(¢t) and Q"' (t) are negative, we note that tll_)rg Q'(t) = —oo.
This contradiction leads to Q"' (t) > 0.

Now, let Q'(t) < 0. According to (1.1), we obtain

R l "l ' 1
(O (®Q" ©)) + o(o( (t))l(oQ dG))) < M [—a(®)x(b(®)) — Roa(L(t))x (b(l(t)))]_
Set 0@ = (p()(Q" (1)) + el OO

Thatis  Q(8) < ———[(@(®x(b(®)) + Roar(1(8))x (b(1(1)))]
< —L(@ OGB®) + Rox (b(1®))]
In view of (3.1), we have Q(t) + i [e(b@®))a (v)] <o. (3.6)

Integrating (3.6) from t to oo, we get

lo

p(OQ" () + — = [7Q(b())a (s)ds <0,

Using (3.4), we have
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pU@)(Q" U(®)) - —[7Q(b(s))a(s)ds <0.

Based on (3.2) and Lemma 2.1, and since Q(b(t)) = L and }im Q(t) =L > 0,then we obtain

lop+Rg 2M

n l -
Q" (D) ~ e s W) [ @ ()ds 2 0.
Integrating the above inequality from t to o, we get
-Q'a®) Ll -1
o e —[7p7 @) (" @ (s)ds)du = 0. (3.7)

Integrating again (3.7) from t; to oo, we find

—QU®) Ll ft f p~1(1w) (f a (s)ds)dudv = 0.

lo lo+Ro 2M
fmpr‘l(l(u)) (foo& (s)ds)dudv = 2M.
ty Jv u

Which implies that Q'(t) is positive. This completes the proof.

Lemma 3.2. Suppose that Q is satisfied (2.2) fort = t; Then

pO)By(t, 1) < (3.8)

,,(t)

and POBLL) < 5 (3.9)

Proof: Since p(t)(Q”(t)) is nonincreasing, we have

0'® 2 [ ==(p()(0"()) ds = p)(Q"®) [{ 7=

p(S)

Which implies that  Q(t) - p(s)(Q"(s)) ft ( tlﬁdu)ds >0.

This completes the proof.
In the following results, we will assume that there exists a function p € Cl([to, ), (0, 00)), forall t; = t,.

Theorem 3.1. Suppose that (3.3) is satisfied, b(t) < I(t), and b'(t) > 0. If

. t ~ _ (lo+Ro) ’ 2
lim sup ftz[p(s) @ (s) B B ((p'(s))1)%ds > 2M,  (3.10)

fort, > t;, then (1.1) has property F.
Proof:
Assume that x > 0 is a solution of (1.1). As in the proof of Lemma 3.1, from (2.2) in Lemma 2.2 and (3.6),

and by using Lemma 3.2, we get (3.8). Set

e®Q' )
w(t) = 2B®) p(t) > 0. (3.11)

From Lemma 3.1, we see that

, oa0Q"® POICHO)Y
W' () = S980 pr(6) + (L9 (o)

!
_e0Q"® iy, (e@"®) (6) — 2OQ O CWPOL'®
(b(t)) Q(b(t)) Q%(b(1)

!
_e®"® .., (e®@"®)
* @) PO em PO
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_ Q" ®me' vy '
a2 PO () (312

In view of (2.2), (3.8), and b(t) < t, we obtain
Q'(b(®) = o(b(£))Q" (b(£))B1(b(t), t,)
> (e(0Q"(1))B.(b(1), ty).
Using (3.11) and (3.12), we get

(O@O) | 1y~ OO 2 (3.13)

W' O =P 0w e p(0)

Define another function as follows:

_ e(l®)Q" (1w)
v(t) = o) p(t). (3.14)

That is, according to Lemma 3.1, v(t) > 0, and

eC@)(e" ) | o0 <e(l(r))(a”(z(r)))>'

vi(e) = p'(®) Q(b(®) Q(b(®)

0(1®)(e" (1)) (e(z(r))(o”(z((n)))'
O (@) p(®)

oL Q" U())Q" (b())p ()" (V)
Q*(b(t))

=p'(t)

., (")) (e(l(t))(o”(l((t))))’
= ') oy + mmy—P®

— (1)) (LLUDLCW) (¢, (3.15)

Taking (2.2) and (3.8) with the fact that b(t) < I(t) into account, we have
Q'(b(1)) = (e(b(®)Q" (B (b(D), t1) = (e(L())Q" U()))B: (b (), 1),
Which from (3.14) and (3.15) implies that

( )) N (t) Z(t) B1(b(8), t1). (3.16)

' @)@ uwy’
<L ——— s -
v'(t) < P +v()— o)

Q(b®)
Using (3.13) and (3.16), we obtain

W' (O +v'(0) "2 < 2OS[(o(0)(0" () + e LON]

@) o, Bib@)t)

oL WO S @)
(P'®) oy Br0@)
[ (L)~ w20 LDy | (317)

By (3.6) and (3.17), we have

- (P'(”)+ BLb(D,t)
o0 1 —p(Oa() + w(6) — 7 — W (O) = ()
= m Ro GO PPN NCIGEN Y - 3.18)
O Ol ()

w'(t)+v'(t)
p(t)

By applying the inequality stated in [15], namely,
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B> Bu—4u? A >o0. (3.19)
44
That is
2 !
p(t) [CHG) (p (t))+ 2 B1(b(0),t)b' (1)
> — el
481 (b(6),t1)b (1) ( p(®) ) _w(t)< p(t) @*(t) ( p(t) )
and

p() ((p’(tm)z > (D) (o), — 020 (ﬂl(bm.rl)h’(r))
B0’ ® \ p) /T p(0) oy )

Which implies that

—p(®a®) + 5 - (@' ®4+)°
w’(t) + U’(t) Ro(t) < i 4 p()b'(®)B1(b(t),t1) (3 20)
ly — 2M ﬁ ((Pl(t))+)2 . .
4ly p()b'(t)B1(b()t1)

Integrating from t, to t, we see that

1t ~ _ ltRg ((P'(f))+)2 ) < Rov(t2)
zzwftz(p(s)“(s) TS RAEYRY el (w(t2)+ Io )

t ~ _ LtRg ((P’(f))+)2 ) < Rov(ty)
i (p@ats) - o OO Vo <ou (w(ey) +222)

Taking limit superior, we get

. t ~ _ (lo+Ro) ’ 2 <
lim sup [, [p(s) & (5) = 77 oo p wmen (P () +)?1ds < 2M,

Which is contradiction with (3.10). The proof is complete.
Theorem 3.2:

Let (3.3) be satisfied, b(t)= I(t). If

. t - (Lo +Ro) (0 (5))4)°
| - 2M 21
lim sup J, [p(8) &) = 5 vopmmamen® > 2M: (3.21)

for t, > t,, then (1.1) has property F.
Proof:
Assume that x > 0 is a solution of (1.1). As in the proof of Lemma 3.1, from (2.2) in Lemma 2.2 and (3.6),

and by using Lemma 3.2, we get (3.8). Define

NIOIG)
w(t) = £ P@) (3.22)

Then

L 0®Q"® POICHO)Y
W () = S980 51 (6) + (L9 (o)

!
_0®e"® ., . (e®@"®) _ e®@" )0 UO)p®I®
= Teaw) P ®)+ eawy P (®) Q2(1()
2(0Q"(®) (ew@"®)
= 0@ p(t)+—Q(Kt)) p(t)
0" ®QU®)
02U ey 3.3

It follows from (2.2), (3.8), and I(t) < t, that
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Q'(IM) = o(I®)Q"(I(M))B (L), t1)
> (p(0)Q" (1))B(U(1), tr).
Using (3.22) and (3.23), we get

' (Q(t)(Q”(t)) B1®).t1) 2
< ~
w'(t) < p(t) 2 p(t) p'w(t) — e U'(t)w=(t). (3.24)
Define another function as follows:
v(t) = LD®) )y (3.25)

Q@)

Then, according to Lemma 3.1, v(t) > 0, and

oo e®)( () ot (@ )\
v (t) - ,0 (t) Q(b(t)) + p(t)( Q(l(t))

e(u)(e"(®) | (@)@ (M®))  guenie” wene twpey'®

=p'(t)

Q(b®) JUG)) Q2(1(t)
_ (")  (et@)@"(1(@)))
Q" WWNR'®®Y
— (1)) (LELDLCD) 1 o) (3.26)

Taking (2.2) and (3.8), we have

Q'(I®) = B U®), t)e(1(®))Q" U®)),
Which from (3.25) and (3.26) implies that

" (t)
o0 S(Q(“tﬁfﬁtﬁ“”” () + (t)( ) b z(t)maEZm_ (3.27)

Due to (3.24) and (3.27), we obtain

W (t) 1+ (t) Ro(t) P(t) ( (t)(Q”(t)) ! +R0(Q(l(t))(Q”(l(t))))’

= 0©) fo
(') B (1(8), 1)
roO T T O T YO

From (2.2), (3.6) and (3.28), and b(t) = I(t), we obtain

p’(t)
e 1 |P@E@ + w(t)( )+ w2 (OBEEL ()
w'(t) +v'(t) o(f) < - (p ( )) . . (3.29)
[ OS5~ O RTER (t)]
By (3.29) and (3.19), we get
(' @®)+)°
—p(®)a(t) + ~ ——
(U’(t) + vl(t)RO_(t) < — 1 4 P(t)l (t)ﬁl(l(t) tl) (330)
lo M Ry ((0'@)4)

4lp p(OV(®)B1(U).E1)

Integrating (3.30) from t, to t, we see that
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1t Sry_ ltRe (@' 0)4)° ) < Rov(t2)
ZMftz(p )a(s) = T coremaem )% < (o) + L )

t ~ _ ltRg ((P’(t))+)2 ) < Rov(t2)
I (p ()a(s) = 0 soveaaem )9 =2M (@) + o )

Taking limit superior, we get

. t ~ _ (l0+R0) 14 2 <
lim sup [, [0(s) @ () = =i g amen (P (99)+)71ds < 2M,

Which is contradiction with (3.21). The proof is complete.

Remark 3.1: From Theorems 3.1 and 3.2, we can get some oscillation criteria for (1.1) with different choices of
p-

3.1. Absence of solutions in case (2.1)

Theorem 3.3:

If there exists a function {(t) € C ([TO‘OO), (o, 00)), b(t)< ¢(t), and l_l({(t)) < t such that the first — order

delay differential equation

W () + BOELOIO) (@) = 2m (3.31)

lo+Ro
is oscillatory, then case (2.1) cannot hold.
Proof:

Assume that x > 0 is a solution of (1.1). Let (2.1) in Lemma 2.2 hold. By (3.6), we obtain

Q (1) +5- Qb)) <0 (3.32)
It follows from o(t)(Q"'(t)) = 0 that
I ' ' _ v ” Q(S)
—Q'(wW) = Q') - Q (u)—juo ()25 ds

1

2 0)Q"(M) f, o5

ds,forv=>u=>t,.

From (3.9), we have

Q) = (" (D)B2(S, b(1)),
Which from (3.32) implies that

T < 2 (-aOhE b®) 6@ @) (333)
Since o(£)Q" (t) is nonincreasing, we get
G () < (lo+Ro) Q(llf)f))Q”(l(f)) ) (3.34)
Hence, we have
200" (U(1)) = 2T CW) (3.35)

(lo+Ro)

Combining (3.34) and (3.33), we note that w is a positive solution of the first-order delay differential inequality

( Q“(t))' < 1 baWREOIO) 5 (l_l(z(t)))_

2M lo+Ro

Then, the Eq (3.31) has a positive solution, which is a contradiction.
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Theorem 3.4:

If there exists a function a(t)EC([to,oo),(O,oo)),a(t)<t and b(t) <I(a(t)) such
that  lim inff,(I( a(6)), b(8)) [59 a(s)ds > 2M (lolﬂ) (3.37)
-0 Y
Then case (2.1) cannot hold.
Proof:

Following the same method as in the proof of Theorem 3.3 by integrating (3.32) from a(t) to t and using the
fact that Q is decreasing, we see that

H'(@(£)) 2 o(DQ" (1) + 5" Roe U Q" (1)) i a(s) &2 s

> fta(t)a ) Q(:A(/IS)) ds > Q(fl\(/lt)) fta(t)d(s)ds,

where

H(a()) = (e(a(®) (Q"(a(®)) + 17 Roe(Ua(®))) Q" (L(®))))'.

Since L(e(t)Q" (t)) <0 and a(t) < I(t), we have

o(U@())(Q"(L@(®))) (lgMy + Ro) = 222 [ a(s)ds. (3.38)

Using (3.9) in (3.38), we see that

QUEONQTUED) > L (01w (0)))(Q" (Ua®))) B (U(a®), b®)) [* a(s)ds.

(o+Ro) "o

that is,

15 (o + Ry) = 732(1((12(2)'“0) fta(t) @(s)ds.

Taking limit inferior, we get

lim inf B, (1 a(£)), b(6)) [79 a(s)ds < 2m ()

t lo
which is contradiction with (3.37), the proof is complete.
3.2. Philo’s-type oscillation criteria
In this section, we will establish some Philo’s-type oscillation results for (1.1).

Definition 3.1. Assume that D, = {(t,s):t >s>t,} and D = {(t,s):t =s = t, }, and

Fe C([D, R) satisfies the following:
(m F(t,s) >0,(t,s) € Dy and F(t,t) = 0, fort = t,;
(1) The partial derivative ?3_: exists on D, is continuous, and there exists a continuous function 8(t,s) such

F _
that P y(t, s)/F(t,s) < 0for(t,s)E Dy .

Under these assumptions, the function F satisfies the property P.
We introduce the following functions:

G(t,s) e(t,S)

G,(ts)=—— | G,(t,s) =—————
169 = 2@, b 2(65) = 5 5@, )b
_ o(t,s) _ a(t,s)

and G3(65) = F e ® ’ @) = paonro
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2
Q(t, S) — (10+R0)(y(t:5))

where
4lop ()

Furthermore, in this section, suppose that FE C(D,R) has the property F and there exists a function p €
Ct([tg, ©0),(0, ), forallt; >t .

Theorem 3.5:

Assume that (3.3) is satisfied, b'(t) > 0, and b(t) < I(t). If

1
(F(t,s)2 _ 9 _ &
y(t, s) oG - % F(t,s) e F(t,s), (t,s) € Dy, (3.39)
and
gim sup F71(t, ty) fttz(F(t, S)p(s)@(s) — G,(t,s))ds > 2M (3.40)

For t, > t;,then (1.1) has property F.
Proof: Assume that x > 0 be a solution of (1.1). As in Theorem 3.1, by defining w and v, we get (3.18). From
(3.18) and by replacing (p'(t)), by p'(t), we obtain

Rov'(8) +p’(t)m(t)

o POF®) < o' (6) -2 L0

RGeS o
o @@

Ro [(POP®  po@b' ) 5
o ( o0 o @ (3.41)

Multiply both sides by F(t,s), then integrate from ¢, to t. It follows that

1t ~ t / t F(ts)p'Sw(s)
mftzp(s)F(t,s)a(s) ds < —ftz F(t,s)w'(s) ds +ft2% ds

ot FEs)Bib().t)b'(s)
ftz — e w?(t)ds

_Ro t , t F(t,s)p' (s)v(s)
s (ftz F(t,s)v'(s)ds + ftz — e ds)

_ Ry (t FtS)B1 (GBS
L Ve, ) v-(s)ds.

Thus, we have
t ~
2 e, POF (6,9)a(s) ds < F(t,6)0(t2)

t

i p'()
-1, <—£F(t, s) — EF(t' s)) w(s)ds

_ ft F(t,5)B1(b(s),t1)b'(s)

2 Ro
6 ) w*(s)ds + .o F(t,t)v(ty)

Ry [* d 1
- ftz —gF(t,s)—@p (S)F(t,s) |v(s)ds

ot BB S)
ftz e v2(s)ds.

that is

o F9)p(©)a(s) ds < F(t,t)w(t) +72F (£, 1)v(tr)
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1
t [yes)(FEs))? _ E5)B1(b(s)t)b’(t) 5
+ft2 o w(s) o w?(s)|ds
7 /
Ry rt |y(ts)(F(t,s))? _ F9)B1(b(s),tDb () 5
+ W e, 6) v(s) ) v (s)l ds. (3.42)

Using (3.42) and (3.19), we find

-1 t ~re) _ lotRo ()2 (F(ts)? Rov(t2)
FU( ) fj [P 9)p(s)als) — i eI lds < 2 (w(ty) +252),

Taking limit superior, we get
tlim supF~1(¢,t,) f:z(F(t, s)p(s)a@(s) — G,(t,s))ds < 2M
and this contradicts (3.40). The proof is complete.

Theorem 3.6:  Assume that (3.3) is satisfied, b'(t) > 0,and b(t) < I(t), If

1
(F(ts)2 _ 8 B 0'(s)
e = s FUS) =TS F(Es), (t,s) € Dy, (3.43)
and
lim sup F71(t,8,) [, (F(6,9)p()@(s) = G, (t,5))ds > 2M (3.44)

fort, > t,, then (1.1) has property F.
Theorem 3.7:
Let (3.3) and (3.39) be satisfied, and b(t) = I(t), If

lim sup F~1(t,ty) fttZ(F(t, s)p(s)a(s) — Gs(t,s))ds > 2M (3.45)
fort, > t;,then (1.1) has property F.
Theorem 3.8:

Let (3.3) and (3.43) be satisfied, and b(t) = I(t), If

tlLrg sup F71(t,t,) fttz(F(t, S)p(s)@(s) — G4(t,s))ds > 2M (3.46)
fort, > t;, then any solution x of (1.1) is oscillatory or satisfies (2.7).

Example 4.1:

Consider the non-linear differential equation

(t2([x() + Rox(0.8t)]”))' + (t™*2)x*(0.8t) = 0, where f(x)=x* (4.1)
Where 1 > 0,R = R, > 0. Here, o(t) = t™2,b(t) = I(t) =0.8t, [, = 0.8, and a(t) = At™*.

That is, we have @(t) = min { a(t), a((1(t))} = min {1t™*,1(0.8t)™*} = At~

t
and B,(t, t;) = J- s2ds > t3.

t1
Thus (3.3) holds. Putting p(t) = t2 and according to theorem 3.1, we find

15 +Ro)

. t ~ _ i 2
Jim sup J, [0(5) @ () = s omeme (P ($))4)°1ds > 2M

p(s) =s3,p'(s) = 3s2.
@(s)= As7,b'(s) = 0.8, B1(b(s),t;) = (0.8s)% = 0.512s3
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li ft<3,1—4 08" + R, 322)d >2M
e P J, \° As™) = 0808y (7 (051257 O ) 4 ‘
t 9(0.8* + R,)
3 -1 __ -2
gLr?Osupj;l <As 71.6384(0.8“) s ds > 2M,

Evaluating the definite integral from t; to t

i t 11 < t > 9(0.8* + Ry) <1 1) < ou
e WP ) A\ T 163840080 \, ¢ ’
1

As t— oo the term % -0, In(ti) — 0,

1
In(t) = oo, the limit superior will automatically grow infinitely large and easily cross the finite threshold of >
2M. Provided that the coefficient A remains strictly positive.

Thus, we conclude that any solution of (4.1) is oscillatory or satisfies (2.7) if

9(0.8#+Rg)

1.6384(0.84) (4.2)
Example 4.2:
<t2 ([x(t) + Ryx (% t)] )) +(t2D)x3Q2)=0,t>t, >0 (4.3)

Where 1 > 0,R = Ry > 0. Here the exponent ¢ = 3, makes the equation strictly

non — linear.

o(t) = t2,b(t) = 2t, I(t) =23t, L =U(t) = % and a(t) = At2.

d (tt)—ft d >1(1t>2—1t2
an,[?l,l—tlss_22 =gt

Putting p(t) = t? and according to theorem 3.2, we find

o+p0) (0 (5))+)"
4lpl' () p(s)B1(1(s),t1)

. t ~
lim sup [, [ p(s) @ (s) =
(l0+p0)4'52 ]dS

. br g2 152 — _Uotpo)ds”
=W L L A )

> lim sup fttl (/1 - W)ds > 2M.

t—oo
Evaluating the definite integral from t; to t

¢ 1 1
lim supj </1 (t— t) +32(y + po) <— - —))
t—o0 ¢ t t

1
As t— oo the term At grows infinitely, while % vanishes to 0.

¢ 32(l, +
tlimsupf (l(t— tl)—M>=oo
t

—00
1 t

Since the limit goes to infinity, it is guaranteed that for any arbitrarily large positive

constant M.

(Lo +po)((P' ())+)’
ds =00 > 2M
PIRTS O RIS aadaie

lim sup [ p(s) @ (s) -
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Hence any solution of (4.3) is oscillatory or satisfies (2.7).
5. CONCLUSION

In this paper, the oscillatory behaviour of third order neutral delay differential Equations are discussed. The
sufficient conditions namely (3.3), (3.10), (3.21), (3.31), (3.37) establish the oscillations of the solutions of (1.1).
Additionally, we explore the philos — type oscillatory behaviour of Eq (1.1), through theorems (3.5 — 3.8).
Moreover, examples are given to substantiate theorem (3.1) and (3.2).
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