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Abstract-Queuing theory is the study and modeling of people who wait in lines. Uncertainty is created
when fuzziness gravels a perplexing item in regard to hazy information. Queuing systems are used in a

wide range of daily contexts, including media transmission systems, computer networks, industrial firms,
traffic control, organizations, and other industries and halls of fame. The M/M/1 and M/M/2 fuzzy queue
models are compared in the extended scenario. Rate of Arrival andrate of service are taking Fuzzy
numbers in triangular form. In order to quantify performance in queuing systems, this study proposes a
technique for building the membership function utilizing DSW algorithms. An example is provided to

compare the model's validity.
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INTRODUCTION

Earlier, all models in queuing theory have
assumed to follow poission incoming and
exponential outgoing times. In various real
world scenario, Conventions could be fairly
restrictive, particularly the idea that service
times are spread exponentially. Compared to the
more common crisp queues, fuzzy queues are
substantially more accurate.In reality, the terms
quick, slow, or moderate, which are used to
define the arrival rate and service rate. Many
researcher described queuing models under
fuzzy like Buckley[1], Negi and Lee[6], ;Li and
Lee[5] .

Currently, Chan[2][3] developed (FM/FM/1)
&(FM/FM/K) on basis of Zadeh’s extension
principle, Li and Lee[5] works on two fuzzy
queuing system. This paper indicates to follow
a-cut method to compare two fuzzy queue
models.DSW algorithm is used for various
values of a. The solution derive the membership
functions of the fuzzy queues by using DSW
algorithm..

Definitions

a-cut: If a fuzzy set A is defined on X, for any o €
[0,1], the a- cut of the fuzzy set A is represented
by

A =x/pa(x)zo,x€Z} ={La(x),Ua(a)}, Axis a non-
empty bounded interval contained in Z , la(e)
and Ua(x) represent the lower and upper bound
of x-cut of A respectively .

Triangular Fuzzy numbers:
x-a1/az-a1  forx<ai
pai(x)= as-x/as-az
0 otherwise

for ai<x<a:

Fuzzy interval arithmetic:

Let Z1 and Zz be two interval numbers defined by
ordered pairs of real numbers with lower and
upper bounds.

Z1=[xy]

Z2=[u,v]

General property of arithmetic with symbol *,
where *=[+,-,x,+] symbolically. The operation
Z1*Z2=[x,y]*[u,v] represents another interval.
Z1+Z2=[x+u ,y+v]

Z1-Z2=[x-v ,y-u]
Z1xZ>=[min.(xu,xv,yu,yv),max.(xu,xv,yu,yv)]
Z1+Z2=[x,y][1/v,1/u] provide uv#0

alxy] = axay a>0

ay,ax o<0
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DSW ALGORITHM:

One of the suitable techniques for using
intervals at different a -cut levels in establishing
membership functions is the (Dong, Shah, and
Wong) algorithm[23,24,25]. The modification of
the extension principle for continuous value
fuzzy parameters is simplified by the DSW
method. On the real line, such hazy numbers are
specified[10,11]. By applying discrimination to
each domain of the fuzzy variable, it avoids
irregularity in the output membership function
and can stop the typical interval analysis
approach from spreading the resultant
functional expression[26]. Any membership
function that has a continuous a-cut curve from
a =0 to 1 is allowed. Assume that the
membership function for the chosen -cut level
needs to be extended for a single input mapping
given by y=f(x) .

The following phases make up the DSW
algorithm.

1. Select the value of the a- cut in the range [0,1].
2. Locate the membership function intervals in
the input that match this.

3. Determine an interval for the outcome of the
membership function for the chosen a -cut level
using conventional binary interval operations.

4. Repeat steps 1-3 for different values of to
finish the solution's a-cut representation.

SOLUTION PROCEDURE

Integrating the M/M/1 queuing model with
fuzzy logic requires redefining rate of arrival
and rate of service as fuzzy numbers[12,13].
Fuzzy numbers are commonly represented as
triangular or trapezoidal numbers, due to their
mathematical and computational simplicity.
Suppose that we have an M/M/1 queuing
system, where both the arrival rate (A) and
service rate () are represented as fuzzy
triangular numbers[14,15]. A triangular fuzzy
number A can be represented as (ai, az as),
where az is the most probable value (mode), and
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[a1, a3] is the range of possible values[16,17].
Let's say that A is represented as a triangular
fuzzy number (2,3,4) customers/minute, and p
is represented as a triangular fuzzy number
(6,7,8) customers/minute[18,19.20]. To
calculate the performance measures for this
fuzzy M/M/1 queuing system, we would
perform fuzzy arithmetic operations on A and p
using the extension principle or alpha-cut
method [21,22].
The mathematical formulation of an M/M/1
queue system incorporating fuzzy logic would
require fuzzy arithmetic and the concept of
alpha-cut representation of fuzzy numbers.
Let's consider A and p to be fuzzy triangular
numbers. We can represent A = (A1, Az, A3)
and p = (p1, p2, ps3).
The alpha-cut representation for a triangular
fuzzy number A = (a1, az, as) is given as:
Ax =[a1 + a(az - a1), a3 - a(as - az)] for 0 <=«
<=1
The alpha-cuts of A and p can be represented as:
o= [A1+ a(Az - A1), A3 - a(As - A2)]=[a+2,4-a]
ne = [ + a(pz - pa), ps - a(ps - p2)]=[a+6,8-a]
Using these, we can compute the alpha-cut of p =
A / u (utilization) as:

{ma%—ﬂo @m(ﬂa—ﬂq)}
/13_“(,“3_:“2)’/11"'“(,“2 _:ul)

pe=
Similarly, the alpha-cut of Ls, Lq, Ws, Wq
Lo = - A

1_p(1 ﬂa _/10:

a\2

Laq = a (ﬂ’a) a

po(u=2%)
we b A

q /1(1 Iua (Iua _Za)

Wsa = 5 = —1

ﬁ“a ﬂd _ld

The following results obtained below in table:
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By this example , we can conclude that Ls value
at a=1 is 0.75 and impossible to fall outside
[0.33,2.0].

Similarly Lq maximum value is 0.321 and
impossible to fall outside [0.083,1.33].

GRAPHICAL REPRESENTATION
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Figure 3.1 Lq
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Figure 3.2 Ls
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[0 )\ 0 Ls Lq Ws Wq
0 [2.0,4.0] | [6.0,8.0] | [0.33,2] [0.083,1.33] [0.082,1] [0.0207,0.665]
0.2 | [2.2,3.8] |[6.2,7.8] |[0.39,1.58] | [0.11,0.967] [0.10,0.72] [0.028,0.44]
0.4 |[2.43.6] |[64,7.6] |[0.46,1.28] |[0.145,0.723] [0.13,0.53] [0.040,0.301]
0.8 |[2.83.2] |[6.87.2] |[0.63,0.88] | [0.247,0.418] [0.19,0.31] [0.059,0.149]
1 [3.0,3.0] |[7.0,7.0] |[0.750.75] | [0.321,0.321] [0.25,0.25] [0.107,0.107]
1.2
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Figure 3.3 Ws
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Figure 3.4 Wq

Performance Measures of Fuzzy M/M/2 : The
M/M/2 model under fuzzy intervals allows for
the calculation of various performance
measures that provide insights into the system's
behavior and efficiency. Some important
performance measures include:

1. Mean value of customer in system:
a a ﬂ’a
A H (7)2 1
LZ = = 2 I:’0 +—
2-D!2u* -2%) 78
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2.Mean value of customer in queue:

a (04 ﬂla
A% (=)
. U

- P,
C (2 Dlou a7

3. Mean timespend in'the Quete:
A%\
H(—)
a H

W = P
SRV

4. Mean time spend in the System:
A%
78 (?)

WS = —— R +—
2-DI2u"-1%) H
Where Po

[24

Example: Taking same example as we take in
M/M/1 model.(3.4.1)

Let’s consider A and p to be fuzzy triangular
numbers. We can represent A = (A1, A2, A3)
and p = (p1, p2, M3).

The alpha-cut representation for a  fuzzy
triangular number A = (ai, az, az) is given as:

A =[a1 + a(az - a1), a3 - a(as - az)] for 0 <= «
<=1

The alpha-cuts of A and p can be represented as:
A% =[A1 + a(Az - A1), A3 - a(As - A2)]=[a+2,4-a]
pe=[p 1+ a(pz - pa), ps - a(ps - p2)]=[a+6,8-
of
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32 [,7.2 [0.012, | 1,050 | 2,0.15 | 7,0.01
117 0.03] | 1] 7] 0]

[3.0 | [7.0 | [0.02 [[0.44 |[0.14 | [0.006,
3.0 [,7.0 [ 0,002 | 8,0.44 | 8,0.14 | 0.006]

] ] 0] 8] 8]

By this example we can conclude that Ls i.e.
average number of customers at a=1 is 0.0448
and impossible to fall outside [0.252,0.831].

Lq i.e. mean value of customers in the queue at
a=1 is 0.020 and its value impossible to fall
outside [0.002,0.171]

Similarly Wsand Wq at a=1 is 0.148 and 0.006
respectively.

GRAPHICAL REPRESENTATION :
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Figure 3.5 Lq
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Figure 3.6 Ls
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Figure 3.7 W;
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Figure 3.8 Wq

Comparison of M/M/1 &M /M/2 fuzzy models
:Comparison by graphs of min. and max. value of
different parameters of these models

0.35 0321
0.3
B min. value
0.25 av. No. of
customers
0.2 in the
queue
0.15 (M/M/1)
B min. value
0.1 0.08 av. No. of
customers
0.05 - in the
o (M/M/2)
0 02 04 08 1

Vol 44 No. 7
July 2023

the queue of Fuzzy M/M/1 and Fuzzy M/M/2
models. Lq value of M/M/2 model is lesser than
M/M/1 fuzzy model with respect to different a-
cut values.

1.4 1.33
1.2 B max. value of
average
1 number of
customers in
0.8 queue
inM/M/1
0.6 B maximum
value of
0.4 average
number of
0.2 customers in
0 queue M/M/2

0 020408 1

Figure:3.2 max. ofLq

This graph represents comparison between the
maximum value of mean value of customers in
the queue of fuzzy M/M/1 & M/M/2 models.
This shows that the maximum value of Lq
M/M/1 is higher values than that of fuzzy
M/M/2 model with respect to different a —cut
values.

0.8
H min. value
0.7 of av. No.
0.6 of
customers
0.5 in the
system(M/
0.4 - M/1)
H min. value
0.3 of av.
Customers
02 in the
0.1 system(M/
M/2)
0

Figure 3.1 min. value Lq

This graph represents that comparison between
min. value of average number of customers in

Figure 3.3 min. value of Ls
This graph shows the comparison bwteen
minimum values of mean value of customers in
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system of fuzzy models M/M/1 and M/M/2
model. Minimum Values of Ls M/M/1 model is
higher than M/M/2 model at different values of
a-cut.

2.5

B max. value
of average
no. of
customers
in the
system of
M/M/1

B max. value
of average
no. of
customers
in the
system og
M/M/2

1.5

0.5

0 02 04 08 1

Figure 3.4 max. value of Ls

This graph represents comparison between
maximum value of mean value of customers in
the system of M/M/1 and M/M/2 fuzzy models.
This shows that the value of customers is more
in M/M/1 in comparison to M/M/2 fuzzy model
with respect to a-cut value.

0.3
0.25 M min. value
0.25 of wating
time in the
0.2 system
(M/M/1)
0.15
H min. value
01 o.fwa\'ltlng
time in the
system(M/
0.05 M/2)
0
0 02 04 0.8 1
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system of M/M/1 and M/M/2 fuzzy models.
Firstly the minimum value of M/M/2 model is
greater but further it is lesser than M/M/1 fuzzy
model. So we taking mean value it is lesser than
M/M/1 with respect to a-cut values.

1.2
1 B max.
1 value of
waiting
0.8 timein
the
0.6 system
m (MM
0.4 value of
waiting
timein
0.2 the
system(M
0 /M/2)

0O 02 04 038 1

Figure 3.6 max. value of W;

In this comparison of maximum value of time
spend in the system of fuzzy queue models
M/M/1 and M/M/2 models respectively. This
graph shows that the time spend is less in the
M/M/2 fuzzy queue model with respect to a-cut
values.

0.12
0.107 @ min.
0.1 val.uc.e of
waiting
timein
0.08 the
queue(
0.06 M/M/1)
M min.
0.04 vaI.uc.e of
waiting
timein
0.02 - the
queue(
0 - M/M/2)

0O 02 04 08 1

Figure 3.5 min. value of Ws
This graph shows the comparison between
minimum value of average time spend in the

Figure 3.7 min. value Wq

This graph represents comparison between
minimum values of average waiting time in the
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queue of M/M/1 and M/M/2 fuzzy models. In
this value of waiting time in M/M/1 is greater
than M/M/2.

0.7 0:665
B max.
0.6 value of
waiting
0.5 time in
the
0.4 queue(
M/M/1)
0.3
B max.
value of
0.2 waiting
timein
queue
0 (M/M/2)
0O 02 04 08 1

Figure 3.8 max. value of Wq

This graph shows the comparison between the
maximum values of average number of
customers waiting time in the queue of M/M/1
and M/M/2 fuzzy models. In this graph time
spend in queue is lesser in M/M/2 fuzzy models
comparison to M/M/1 fuzzy models.

Conclusion:

In this chapter we find mean value of customers
in system and queue .Also find the value of mean
time spend in the system and in the queue by
the model M/M/1 and M/M/2 under fuzzy logic
by using a-cut method. Comparing these two
fuzzy models we conclude that when number of
server increase there is decrease in waiting time
of customers. This is shown by graphs with max.
and min. value of different parameters of
queuing theory. Similarly we can find different
parameters of queuing theory under fuzzy set by
increasing number of serversupto k.

Vol 44 No. 7
July 2023

Bibliography

[1] Buckely.].J, (1990) “Elementary queueing
theory based on possibility theory”, Fuzzy Sets
and Systems 37, 43 - 52.

[2] Chen.S.P, (2005) “Parametric nonlinear
programming approach to fuzzy queues with
bulk, service”, European Journal Of Operational
Research 163, 434 - 444.

[3] Chen. S.P, (2006) “A mathematics
programming approach to the machine
interference problem with fuzzy parameters”,
Applied Mathematics and Computation 174, 374
-387.

[4] Gross, D. and Haris, CM. 1985.
Fundamentals of Queuing Theory, Wiley, New
York.Kanufmann, A. (1975), Introduction to the
Theory of Fuzzy Subsets, Vol. I, Academic Press,
New York.

[5] LiR]J and Lee.E.S(1989) “Analysis of fuzzy
queues”, Computers and Mathematics with
Applications 17 (7), 1143 - 1147.

[6] Negi. D.S. and Lee. E.S. (1992), Analysis and
Simulation of Fuzzy Queue, Fuzzy sets and
Systems 46: 321 - 330.

[7] Timothy Rose(2005), Fuzzy Logic and its
applications to engineering, Wiley Eastern
Publishers. Yovgav, R.R. (1986), A
Characterization of the Extension Principle,
Fuzzy Sets and Systems 18: 71 - 78.

[8] Zadeh, L.A. (1978), Fuzzy Sets as a Basis for
a Theory of Possibility, Fuzzy sets and Systems:
3-28.

[9] Zimmarmann, H.J. (1991), Fuzzy Set Theory
and its Applicatins, 2nd ed. Kluner-Nijhoff,
Boston.

[10] Singha, A. K., Zubair, S., Malibari, A., Pathak,
N., Urooj, S., & Sharma, N. (2023). Design of ANN
Based Non-Linear Network Using
Interconnection of Parallel Processor. Computer
Systems Science & Engineering, 46(3).

[11] Zubair, S., Singha, A. K., Pathak, N., Sharma,
N, Urooj, S, & Larguech, S. R. (2023).
Performance Enhancement of Adaptive Neural
Networks Based on Learning Rate. Computers,
Materials & Continua, 74(1).

[12] Pathak, N., Siddiqui, S. T., Singha, A. K,
Mohamed, H. G., Urooj, S., & Patil, A. R. (2023).
Smart quarantine environment privacy through
IoT gadgets using blockchain. Intell Autom Soft
Comput (Accepted).

1229



JOURNAL OF HARBIN ENGINEERING UNIVERSITY
ISSN: 1006-7043

[13] Singha, A. K, Pathak, N. Sharma, N,
Gandhar, A, Urooj, S., Zubair, S,, ... & Nagalaxmi,
G. (2022). An Experimental Approach to
Diagnose Covid-19 Using Optimized
CNN. Intelligent Automation & Soft
Computing, 34(2).

[14] Singha, A. K., Pathak, N., Sharma, N., Tiwari,
P. K, & Joel, J. P. C. (2022). COVID-19 Disease
Classification Model Using Deep Dense
Convolutional Neural Networks. In Emerging
Technologies in Data Mining and Information
Security: Proceedings of IEMIS 2022, Volume
2 (pp.- 671-682). Singapore: Springer Nature
Singapore.

[15] Singha, A. K., Pathak, N., Sharma, N., Tiwari,
P. K., &]Joel, ]. P. C. (2022). Forecasting COVID-19
Confirmed Cases in China Using an Optimization
Method. In Emerging Technologies in Data
Mining and Information Security: Proceedings of
IEMIS 2022, Volume 2 (pp. 683-695). Singapore:
Springer Nature Singapore.

[20] Siddiqui, S. T., Singha, A. K., Ahmad, M. O,
Khamruddin, M., & Ahmad, R. (2022). I[oT
devices for detecting and machine learning for
predicting COVID-19 outbreak. In Recent Trends
in Communication and Intelligent Systems:
Proceedings of ICRTCIS 2021 (pp. 107-114).
Singapore: Springer Nature Singapore.

[21] Zubair, S., & Singha, A. K. (2021). Network
in sequential form: Combine tree structure
components into recurrent neural network.
In IOP conference series: materials science and
engineering (Vol. 1017, No. 1, p. 012004). 10P
Publishing.

[22] Singha, A. K., Kumar, A., & Kushwaha, P. K.
(2018). Speed predication of wind using
Artificial neural network. EPH-International
Journal of Science And Engineering (ISSN: 2454-
2016),1(1), 463-469.

[23] Singha, A. K, Singla, A.,, & Pandey, R. K.
(2016). Study and analysis on biometrics and
face recognition methods. EPH-International
Journal of Science And Engineering (ISSN: 2454-
2016),2(6), 37-41.

[24] Singha, A. K., Kumar, A., & Kushwaha, P. K.
(2018). Patient Cohort Approaches to data
science using biomedical field. EPH-
International Journal of Science And Engineering
(ISSN: 2454-2016), 1(1), 457-462.

[25] Singha, A. K., Kumar, A., & Kushwaha, P. K.
(2018). Classification of brain tumors using deep

Vol 44 No. 7
July 2023

Encoder along with regression techniques. EPH-
International Journal of Science And Engineering
(ISSN: 2454-2016), 1(1), 444-449.

[26] Singha, A. K., Kumar, A., & Kushwaha, P. K.
(2018). Recognition of human layered structure
using Gradient decent model. EPH-International
Journal of Science And Engineering (ISSN: 2454-
2016),1(1), 450-456.

1230



