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1. Introduction

Throughout we shall deal with C=n, the space of
n X n complex matrices. Let C" be the space of
complex n-tuples, we shall index the components
of a complex vector in C" from 0 to n-1, thatis u =
(uo, u1, uz, ..., un-1). Let G be the Minkowski metric

tensor defined by Gu = (uo, - u1, - uz,.... = Un-1).
Clearly the Minkowski metrix matrix
G = (1 0 )
0 - n-1/
(1)

G=G* and G2 =I,. In[11], Minkowski inner product
on C" is defined by (u, v) = [u, Gv], where [,,.] denotes
the conventional Hilbert space inner product. A space
with Minkowski inner product is called the
Minkowski space and denoted as 4. For A € C™,
x,y € C"by using (1),

Ax, y) = [Ax G = [x AGy]

=[x, G(GA*G)y] = [x, GA~y] = (x, A~y).

Where A~ = GA*G. The matrix A~ is called the
minkowski adjoint of A in .#. Naturlly we call
amatrix A € Cr=n #.-symmetricin M.ifA=A ~

For A € CPXn, et A%, A~, AD A" R(A) and N(A)
denote the conjugate transpose, Minkowski adjoint,
Minkowaki inverse, Moore-Penrose inverse, range
space and null space of a matrix A respectively. In
denote the identity matrix of order n X n
Generalized inverses of matrices have important roles
in theoretical and numerical methods of linear
algebra. The most significant fact is that we can use
generalized inverse of matrices, in the case when
ordinary inverses do not exists, in order to solve some
matrix equations. Similar rea- soning can be applied
to linear (bounded or unbounded) operators on
Banach and Hilbert spaces.

2. Preliminaries
Definition 2.1 [7] As is said to be generalized
inverse of A, if AAsA =A.

Definition 2.2 [7] Ar is said to be a reflexive
generalized inverse of A if AATA =A and
ArAAr = Ar.

Definition 2.3 [7] For A € Cn=n, AD s the
Minkowski inverse of A if

AADA = A, APAAD - A® AAD and APA are
m-symmetric.

Definition 2.4 [7] An operator E € Cn>n js said to
be EP if there exists E® and EE®? = EQE.
Definition 2.5 [3] An operator E € Ch*n is said
to be normal if EE~ = E~E.

Definition 2.6 [12] Let A be an m xn complex
matrix. Then range space of A is defined byc
(A)={y eC™ :y = Ax for some x € C""}.
Definition 2.7 [12] Let A be an m xn complex
matrix. Then null space of A is defined by
N(A)={xeC" :Ax =0}.

Theorem 2.8 [3] Let X be a Banach space and
consider E € L(X) such that E® exists and

E € U (L(X)) in M. Then the following
statements hold.

(()R(E7)< R(E) if and only if E=EEE® in ..
(ii) N(E) c N(E™) ifand only if E=E?EE in .
In addition, if the condition of statements (i)
and (ii) are satisfied, then E is an EP operator
in .

Proof: (i) Let us assume that R(E™)c R(E)

To prove that E = EEE®

since R(E)=R(EE®) =N (I -EE®)

R(E~) S R(E) is equivalent to E~ = EEQE-~
Next consider U,V € H(L(X)) suchthatE=U +
iv
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~=U~ _ iV~
=U-iV (U, V are M-symmetry U~ =U, V~
V)

Adding E and E~, we get

E +E~ =2U

EEPE +EE®E~ = 2U

EEME +E~)=20 EE™U =20

EE®y =v.

E-E-=2Vi
EE®E - EEQE~-= 2vi
EE®(E-E-)=2Vi
EE® 2vi=2vVi
EE®y =v.

Therefore U = EE®U and V = EE®V

In addition,

UEE®=EE®U and VEE® = EEQY

E=U~+iV

- UEE® +i VEE®
WEE® - EE®u)+i VEE® - EE®V)=0
(2)

However, since V, EE®¢ H(L(X)),

i(VEE®- EE®V ) e H(L(X))

In addition, c
(UEE®.- EE®VU) =4 (VEE® EE®V) €

H(L(X)).

Multiplying by to -i equation (2), we obtain
VEE® -EEM)+i(EEQU -UEE™) =0

Hence (V EER EE®V) € H(L(N(E))).

However, UE EM=E E®U and VEE®=E E®
V.

Consequently, since EEis an idempotent, R(E)
=R(EE®) and

N(Em) = N(EEm) are closed invarient subspaces
both for U and V.

Consider U =U € t1);(1\/(14':‘3)) and V. =V EL(N

(e?). "

U,V H(L(NE®)).
m
If E'the restriction of Eto N [Em] then it is clear

Vd

that E =U +iV .
To prove that N(E) < N (E™)
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from we know from E =EE®E
E+E~=U +iV +U~ -iV~
=U +iV +U -iV
Substracting E and E~, we get
E-E~=U~+iV-U~+iV~
=U+iV -U+iV (U V are
M-symmetry U~ =U, V~ =V)
=(U +i V)EE®
- EEE®,
Conversely,
m
Let us assume that E=EEE® .To prove

that R(E~ < R(E).
If E=EEE® then U +iV = (U +iV)EE® =

EEQU +i V).
In particular

However, since E = EE Em, N( Em)g N(E)
which according toimplies that U =V =0.

In particular, E~(N (Em)) = 0. It is clear that
E™ (R(E)) cR(E).

Therefore R(E™) R(E).

(ii) Let us assume that N(E) < N (E™).

To prove that E =. E®EE

Since N(E)=N(E®?E)=R(I-EQE), NE)c N

(E™) is equivalent to E~= E~EYE.

Now as in the proof of statement (i), if E=U+i V
and E~= U-iV with U,V € H(L(N(E)))

Adding and subtracting £ and E~ and using E =

EEmE, it is then clear that U = UEmE andV =
VEQE
In particular, UERE, v E® E H(L(N(E)))
Again

UVEPE -E®EUand VEQPE = EQEV.
E=U+iV

=UEYE +iv EQF
=EPEW +iv)

-E®EE.
Conversely,
0]

Let us assume that E -EQEE.
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By using statement (7) but considering

that UEQE = EQEU and VEQE = EQPEV.
As a result, since EmE is an idempotent such that

NE®E)=N(E).

Hence N(E) is a closed invarient subspaces for U
However, since E(N(E))=0, U=V =0.
Consequently, E~ (N(E)) = 0 equivalently N (E)
S N(E™).

Notice that R(E~)SR(E) is equvalientto E~

-EE®E~,

by R(E)=R(EE®)=N(IEE®).

3. Partial Isometry and EP Matrices

In this section, we establish some characterizations
of partial isometrices in Minkowski space.
Theorem 3.1 Let E be a unital Banach algebra

and consider E€ U(E) such that E?®and E#
exists in 4. then the following statements are
equivalent

(i)E is a partial isometry in .#

()E#E~ E = E*

(I)EE~ E#* =F

Proof: (i)=(ii):
Since Eis  apartial isometryin .4, EE"E = E
To prove that E#¥ETE = E#.Now,
E#E"E= (E*#)?EE"FE
= (E#)ZE
= E#,
(i) = ()
Let us assume that E#E~ E = E#.
To prove that E is a partialisometry in .#
Consider,
EE"E =E?(E*#E~E)
= E2E#
=FE.
(@) = (ii):
Letus assume that E is a partial isometry in .4,
EE"E = E
To prove that EE~E*# = E#¥.Now,
EE~E# =FEE~E(E*)?
= E(E#)2
= E*,
(i) = (:
Let us assume that EE~E# = E#,
To prove that E is a partial isometry in .#

Proof: (i) =(ii):

Let us assume that E is a partial isometry and EP
in It is enough to
prove that E is normal in .# alone.
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and V.
Consider [E U, V=V €L(N(E)).
U Ve H(L(N(E))).

The condition N(E) € N(E™).Isequivalent
to E~ =.E~ E®E. because

N(E)=N(E®E)=R(I- E?E)

EE~E =(EE~E*)E?

= E#E?

=E.
Theorem 3.2 Let X ba a Banach space and
consider E'€ A X) such that E® and E# exists
and let E€U(AX))in ¥ then the following
statements are equivalent :
(i) E is a partial isometry and EP in .#
(ii) E isapartial isometry and normal in .#
(iii) E~ = E#,
(iv) EE~= E®E and E=EEE®,
(V)E~E =EE®and E=E®EE,
(vi)EE~=EE#*and E =EEE®
(vii)E~E = EE# and EEPEE,
(vii) E~E® = EOF#
(ix) E?E~ = E#E®,
(x\)E?E~=E®E# and E = EEE®,
(xi)E~E?=E#E® and E =E®EE,
(xil)E~E# =E#E® and E = E?EE,
(xiii) E~E®?=E#E# and E = E?EE,
(xvi)E~E# =E#E# and E = E?EE,
(xV)EE~E# =E® and E =E®EE,
(xvi)E~E? =E and E = E?EE,
(xvii) E2E~ =E and E = EEE®,
(xviii) EE?E~=E# and E = EEE®,
(xix) E~EPE=E#andE=ECEE

Since Eis EP E =EEE® E~=EE®E~
since E is a partial isometry, we have
EE~E# = EE~E(E#)? [E# =
E(E#*)?]

490



Journal of Harbin Engineering University
ISSN: 1006-7043

= (EE~E)(E#)?

= E(E*)?2 (1)

= E# 0

E~E*E = EE® E~E# E
= E*,

Thus EE~E* = E~E*E and EEQEE = E is
normal

(i) = (iii):

Let us assume that E is a partial isometry and
normal in 4.

.To provzg that E~ = E*.
The condition E is normal - E~ = EE~E*,
Because E is a partial isometry, we have
E~=FE~E#
=EE~E(E#)2

EE~ =FEE#

=E#E [Eisan EP, EE®= EOE)

=E~FE
Therefore EE~ = E~E

EFEE~FE =FE*#FE [E~ =
E#]

=E.

E isnormal gives E is EP. The condition (i) is
satisfied. =
(i) = (v):

Let us assume that E is a partial isometry and
normal in A

To prove that EE~ = E?E and E = EEE®.
FE is normal gives EE~E# =E#FEFE~ and E =
(iv) - (vi):
Let us assume that EE=E®E
To prove that EE~ = EE* and E = EEE®
Consider,
E#(EE~)=E*E®
=(E#)2EEQE [E# =(E#)E]
= E#

Similarly,
EE~E# =E(EE~E#)E#*# [E~ =
EE~E#]
E(E*EE~)E*
E is normal and E is EP.

Hence EE~ = EQE =EE® =EE#
Let us assume that EE~ = EE# and E =
EEE®
To prove that E is a partial isometry and normal
in M.
Now,

E(EE~) = EEE*

[EE~E*#
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EQEE~EE# [Eisan EP, EE®=EQE]

-FE (EE~E)E#
=E EE#

= E#EE#

= E(E#)?

=E#

(iii) (1):

Let us assume that E~ = E*,

To prove that E is a partial isometry and EP in
M.

Since E~= E*#, we get

EEE®
Now, EE~ =E(E*#EE~)
=E(EE~E*)

[EE~
E# =E#EE~]
=(EEE~)E#

[EEE
~=FEE~E]
=(EE~E)E*
= EE*.
since E is normal
EE~ =EE*

= E#FE [since E is normal, EE# = E# E|

=E® E. [E# =
EY

E is EP, then

and E =EEE®.
m

=E#EE-~]
= EE#E#
= E(E*)?
=E#. [E# =
E(E*#)?]
and E#*EE~ = EE~E*

= E2E*#

=FE E =
EZE#]

=(EE*)E

=FEE~E

Hence E is a partial isometry and normal.
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(ii) = (v) = (vii) = (ii): these implications can be
proved in the same manner as(ii) = (iv) = (vi) =

(viii) = (xi): suppose that, ENEm
To prove that E~-EP=E#E®and E =
EPEE.
Consider,

EE# = EE(E#)2 [E# =
E(E#)?]
=EE EQE(E#)?
=EE(EQE#H) [E# =
E(E#)?]
-EEE~E®
=EE(E~-EMNEE®

-EEEQE#EED

(xi) = (xvi):

Let us assume that
E~E®-E#E® and E=EPEE

To prove that E~E2? =E and E = E?EE.
The assumptions E~EP=E#E® and E =
EPEE.

Now,

E~E? = (E~ EME[?

=e#EOEE?

=(E#*)2EEQEE? [E# =
(E*#)E]

=E#EQEE?

=E#EOEEE

= E*EE

= E#E?

=E. [E =
E#E?| =

(xvi) = (xiv):

Let us assume that E~EQ-E#E# and E=-E®

m m
EE

To prove that E~E?= E#EPand E=EPEE
m m

Multiplying the equality E~EQ=-g#E# by
m

EED®
i) ) (vid):

Let us assume that E~E#=E#Emand E =
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(ii)
(i)= (viii):is an immediate consequence
—EOp+#
-EEE®EE#E®
= EQEE#)

=EE® EQ=E®
EE#]
Hence, EE# is hermitian and E' is EP.Now
condition (xi) is satisfied by

E~E® - EQp#
=g# EQ®
[E® E# = g# O
and EQEE - EE®E - E.

[EE#E®

Let us assume that

E~E?2=F and E=EE®E.
To prove that
E~E# = E#E*# and

E =EE®E.
Multiplying E~E? = E by (E#)3 from the right
side, we get
E~E?(E#)3 = E(E*#)3
E~E2(E#)2E#* = E(E#)2E#
E~EE(E#)Q2E#=E#E#
E~EEH#E# = FH#E#
E~E(E#)2 =E#E#
E~E# = E#E#,
Hence E satisfies condition (xiv).

[E# =E(E#)?]

(xiv) (xii):
Let us assume that E~E# = E#E# and E =

EPEE

E~E®-g#E# EED®
m

= (E#)2EE®

“E#E® [E# =
m
(E#)2E]

Hence E~Em = E#Em. So, we deduce that
condition (xi) holds.

EPEE
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To prove that E~E = EE# and E = EQEE
Now,

E~E =(E~E#)E? [E =
E#E?| m

=E#(EVE?) [E =
E®E?)
= E*E.

(i) = (ix) = (x) = (xvii): similarly as (i) = (viii) =
(xi)== (xvi).

(xiii)= (xi):

Let us assume that E~E® = E#E# and E =
E®EE

To prove that E~E® = #E®and E = EQEE
Multiplying the equality E~E® = ErE#
by EEm from right side, we get

E~E® = p#g# EEO
= (E#)2EE®
=E#ED [E#=(E#)2E]
Hence E~E® = E# gD

So we deuce that
condition(xi) holds.

(xi)= (xiii):
By (xi), we have that E is EP and condition (xiii) is
satisfied.

xv)= (i):

Let us assume that EE~E# = E®and E = E®
EE.

To prove that E is partial isometry and EP in . &7
Now,

(xviii) N (iii):
Let us assume that EEm

To prove that E~ = E*.

Now,

E~=EE®E~

= E#,

(i) = (xviii):

Let us assume that E~ = E#

To prove that EEQ?E~ = E# and E = EEE®
Now,

Vol 44 No. 7
July 2023

(xvii) (vi):

Let us assume that E2E~ = E and F =EEEm
To prove that

EE~ =EE* and E= EE E®
Consider,
EE~ =E*EZ2E~
= E*E.
and the condition (vi) is satisfied.

EE~E =(EE~E*#)E?
= E®EE
=E
E® - EE~E#
= E#E2E~E(E#*)?
=E#E(EE~E)(E*#)?
partial isometry, EE~E=FE]
=E#EE(E#)2
=FE#EFE# [E# =
E(E*)?]
= E*,
Therefore, E is a partial isometry and EP in . &

[E= E#E?]
[since E'is a

] (xv):

Let us assume thatE is a partial isometry and EP
in . &ZTo prove that EE~E# = E®and E =E®
EE.

The hypothesis E is EP gives E = E®EE and
because (i) implies (iii).

EE~FE# = EE#E#

= E(E*#)2

=E# [E# =
E(E*)?]

g0

E~=E*and E = EEE®.

EEQE~- EEPE#

- EE® E(E#)? [E# =
E(E#)?]
= E*,
and E is EP E =-EEE®

It is clear that
(iii) & (xix): Analogy as (iii) & (xviii)
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