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Abstract:

The aim of this paper is to investigate Boros integral with three parameters, involving generalized Galué- type
Struve function and k-Struve function. The outcomes of results are expressed in terms of the generalized Wright
hypergeometric function. Several interesting corollaries of various Struve functions and generalized functions are
deduced as special cases. The applications of the obtained results are useful in applied mathematical sciences.
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1. Introduction and Preliminaries

Numerous integral formulae associated with generalized special functions have been derived in the last decade
due to their potential applications in science and engineering [1-4]. A lot of research has been carried out on
generalized Struve function and its applications [5-9]. In this sequel, we focus our work on two important special
functions, Galué type Struve and k-Struve functions.
Non-homogeneous Bessel differential equation is defined as
6
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The particular solution of the non-homogeneous Bessel differential equation is known as Struve function [10].1t

is defined as follows:
w DG
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where I'(z) = fooo tte~tdt,R(z) > 0
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(1.2)

Furthermore, Orhan and Yagmur have introduced several generalizations of Struve function [11] and [12], as
below:
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A new generalization of Galué-type Struve function is introduced by Nissar et al. [13] as follows: For n,b,c € C
andgq €N
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The k-Struve function, introduced by Nisar et al. [14] is another generalization of the Struve function.
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In 2007, Diaz and Pariguan [15] introduced the k-Pochhammer symbol and k-gamma function as follows:
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The following relation holds

L) = ki'r (%) (1.7)
Clearly, for k = 1, (1.7) reduces to the classical Pochammer symbol and Euler's gamma function, respectively
[16].

A generalization of the generalized hypergeometric series ,F,(1.7) is due to Wright [17-18] and Fox [19] gave the
generalized (Wright) hypergeometric function

(all Al) ((Xp, p) Z 1 T (aj+A5Kk) zk z (1 8)
(B4, By), ""(Bq' o); k=0 H;‘ 1r(B,+B Kk :
Where the coefficients A, ..., Aq and By, ..., Bare real positive numbers such that
1+XL B =X, A20 (1.9)
A special case of (1.4) is
(ag, 1), s (ap, 1) 52] T, Tiap [0(1. oy Op Z] (1.10)
(Bl; 1); ey (Bq; 1)' qu:11" (B]) P Bl' e Bq ; .
Where ,F is the generalized hypergeometric series [20].
Oy s @p 321 O (@) (@p)n 2"
B s Bgs ] = Znzo (B1)n(Bq nn! (1.11)

Lemma 1. Fora > —VIim,l >0,m>=0andp > %, the Boros integral [21] which depends on three parameters is

o 2 P VAT (p—3)
fO (lx4+2):1x2+m) dx = 1 - 1 (112)
r(p)Vi2P*2(a+Vim)? 2

2. Relation of generalized Galué type Struve function qwf{'; c f(z) with some generalized special functions:

In this section, the connection of generalized Galué type Struve function with some generalized special functions
will be enumerated as follows:

(i) Onsubstitutingé = a = q = 1and p = = in (1.4), it reduces to generalized Struve function S, ;, .(z) as defined
by Yagmur and Orhan [11] and [12].

3
1=
Wy p o1 (@S pc(2) (21)

(ii) On substitutingé =a=qgq=b=c=1andyu= ; in (1.4), it reduces to Struve function S,,(z) of order n as
deflned in [10].

Wy 111 (2)=5n(2) (2.2)

(iii) On substitutingé =a=q=b=1,c=—-landyu= % in (1.4), reduces to modified Struve function S,,(z) of
order n defined in [22].

3

12
Wy 111 (2)—Hn(2) (2:3)

(iv) For §=qg=1,b=2,c=n= -1 and z = 2vz in (1.4), reduces to Wright function ¢ (u, a;z) as defined in
(23],

W14 (2vz)~¢ (1, o 2) (2.4)

(V) On puttingé =u=1,a=b=0,c = —1,n=n—1and z = 2v/z in (1.4),we get
Wnr0-11 (2V2)=2"?Eg 0 (2) (2.5)
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Where E, ,, (z)generalized Mittag-Leffler function defined in [24]

(Vi] On putting ¢ =u=a=c=1,b=2and n =n— 1in(1.4),we get
qW 1 1-11 @)=z 1,(2) (2.6)
Where 41, (2) is Galue type generalization of modified Bessel function defined in [25].

(Vii) Onputtingq=é =pu=a=c=1,b=2andn =n—1in (1.4),we get
qW 11 11 (@)~ 1,(2) (2.7)
Where I,(z) is the modified Bessel function of first kind of order n [26].

(viii)Relation with Fox-Wright function [17-19] is

n+1 (1,1) ; _ZZ
nbcg’ (Z)—>( ) 1P, (), (§+b;2 ) (2.8)

2

3. Main Results
Theorem1. [~ (L)p Wit (L) dx =

Ix*+2ax?+m nbcs \ix*+2ax2+m )

1 —CZ
z\"+1 +n+-,2),(1,1 ; ——————
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Under the conditionsa > —vVim,l > 0,m > 0and p > E (3.1)
Proof. Let J; be the left-hand side of (3.1) and applying (1.12) to the integrand of (3.1)
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On interchanging the order of integration and summation above equation gives
)2k+n+1

= (_C)k (% o X2 p+2k+n+1
71 = Z J ( 4 2 > dx
k=0 I (ak + )T (qk+€+b+2) Ix* 4+ 2ax? +m

From the condition given in (3.1) sincea > —VIim,l >0,m>=0and (p +2k+n+1) > iand using (1.12) we get

TG i (—0)* (g)% [(p+2k+n+1/2)

2p+n+2(a+m) % k=o T(@k + )T (p+ 2k +n+ 1T (qk+f+b;2) (a+\/ﬁ)2k

In view of definition in (1.8) required result can be obtained.

Theorem 2. fooo (m)p Sé“c (Lzz) dx =

Ix*+2ax2+m
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L aatkp(an )R (p+i+1 2) E+21).G1)
Under the conditionsa > —VIim,l > 0,m >0 and D> 5 (3.2)

Proof. LetJ, be the left-hand side of (3.2) and applying (1.12) to the integrand of (3.2)

4
2r+k+1

3
w (_r(Z 2r+E+1( x2 )
g =foo< x* )pZ( ) (2) Ix* + 2ax?+m
: 0 =0

Ix*+ 2ax?> +m (rk+f+3k)r‘<r+%)

On interchanging the order of integration and summation above equation gives

(=0 ( )Z”k 1 . 2 pH2r+pHl
:72 = Z J- < Z 2 > dx
ork(rk+f+3k) (H%) o \Ix*+2ax?+m
From the condition give in (3.2) sincea > —Vim,l >0,m > 0and (p + 2r + E +1)> %and using (1.12) we get
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In view of definition in (1.8) and (1.7) we get the required result.

4. Special Cases
2
For X = ———— following are some corollaries of theorem 3.1:
Ix*+2ax“+m

Corollary 3.1foré =a=q=1and u = g theorem 3.1 reduces in following form where S, , .(z) is generalized
Struve function given in (1.3) defined by Yagmur and Orhan.

1
. - z\*1 ptn+s3,2 (1,1);
Jy X)PSppe(zX)dx = \ﬁ # W5 ( oo ) ani (4.1)
2[2(a+VIm)] "2 ( +— 1) ( ), (p+n+12)

Corollary 3.2foré =a=q=b=c=1landyu = ; theorem 3.1 reduces in following form where S,,(z) is Struve
function of order n given in (1.2).

1 1 —
(g) (p tnt 2’ 2) (1 1) 16(a+m) (42)

f x)rs, (zX)dx—\F Ipp— L
202(a+vim)P (n +2, 1) , (Z 1) (p+n+12)

Corollary 3.3 Onputtingé =a=q=b=1c=—-1andu= % theorem 3.1 reduces in following form where
H,(z) is modified Struve function [22] of order n.

ne1 +n+1,2), (11
fooo (X)pHn(ZX)dX = \/? L-'—# le3 (p n ) ( ) 16(a+m) (43)
2[2(a+Vm) P2 (n+§,1),(§,1),(p+n+ 1,2)

Corollary 3.4 for ¢ =q=1,b=2,c= n=-1 and z = 2V/z theorem 3.1 reduces in following form where
¢ (u, o; z) is Wright function [23].

¥, I (p - %' 1); 2(a+zx/ﬁ) l (4.4)

Iy 0Pz = [F o
p, L), {4, a

l M1 p—%
2P Z(a+vIm)

Corollary 3.5 for {=pu=1,a=0n=n—-1 and z= 2+/z theorem 3.1 reduces in following form where
E,»(zX) is generalized Mittag-Leffler function [24].

Iy @PEgu@X)dx = |7 ———— ;%
2

!
2P 2(a+yim)

( )(1 D; z(a+m) I (4.5)
(p, 1), (n,q)

Corollary 3.6 foré =uy=a=c=1b=2, n=n—1landz= 2+/z theorem 3.1 reduces in following form where
¢In(2X) is Galué type generalization of modified Bessel function [25].

z\1 _1 . 722
[2 (X)P I, (2X)dx = \/E B ) R (p+n-32); L6t l
0 amn 21 p+n-3 2
2P (q+yIm)" " 2 (p+n2),(n+1,q
(4.6)

Corollary 3.7 forq=¢ = pu=a =c=1,b =2 and n = n — 1 theorem 3.1reduces in following form where I, (2) is
modified Bessel function of first kind of order n [26].

2 COP L) (zX)dx = JE ) R,

21 -1
20+ (qyim)? T2

2

1 i z

(P tnog 2) " 16(a+Vim) ]
(p+n,2),(n+1,1)
(4.7)

5. Concluding Remark

Boros integral with three parameters for the generalized Galué-type Struve function and k-Struve function has
been obtained in this article. Additionally, relations of the generalized Galué-type Struve function Wn b Cf(z) with
some generalized special functions are also derived which makes these results more significant. Furthermore,
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using these relations more forms of Boros integral can be found. Derived results can also be obtained in Beta
integral.
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